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Preface 


In the summer of 1986 I left Stanford University, after 26 years on 
the faculty, to assume the job of Scientific Director at the Continuous 
Electron Beam Accelerator Facility (CEBAF) now known as the Thomas 
Jefferson National Accelerator Facility (TJNAF). This facility, funded 
by the Department of Energy and located in Newport News, Virginia 
provides a high-energy, high-intensity, high-duty-factor electron accelerator 
for studying the internal structure of nuclei and nucleons. It has long been 
a top priority for the field of nuclear physics in the United States. Each 
year I gave a physics lecture series at the site. The initial series on electron 
scattering was based on a set of lectures I had given at Argonne National 
Laboratory in the winter of 1982-1983. As Scientific Director, I was 
continually called upon to make presentations on this topic. This book is 
based both on the lecture series on electron scattering, and on the many 
presentations I have given on this subject over the years. 

The scattering of high-energy electrons from nuclear and nucleon targets 
essentially provides a microscope for examining the structure of these tiny 
objects. The best evidence we have on what nuclei and nucleons actually 
look like comes from electron scattering. An intense continuous electron 
beam with well-defined energy provides a powerful tool for structure inves- 
tigations. Inclusive experiments, where only the final electron is detected, 
examine static and transition charge and current densities in the target. 
Coincidence experiments, where other particles are detected together with 
the scattered electron, provide valuable additional information. 

In electron scattering experiments where the momentum of the initial 
and final electron are well-defined, a virtual quantum of electromagnetic 
radiation is produced which interacts with the target. The energy of 
this quantum is determined by the energy transfer from the electron, 
and the momentum of the quantum from the momentum transfer. The 
electromagnetic interaction is well-understood; the interaction is with the 
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local, static and dynamic charge and current densities. The scattering 
cross section is determined by the four-dimensional Fourier transform of 
these quantities. For a given energy transfer to the target, one can vary 
the three-momentum transfer by varying the momentum vector of the 
final electron. One then maps out the Fourier transform of the spatial 
densities, and by inversion of the Fourier transform, one determines the 
spatial distribution of the densities themselves. The wavelength with which 
the target is examined is inversely proportional to the three-momentum 
transfer. In electromagnetic studies in nuclear physics one focuses on how 
matter is put together from its constituents and on distance scales ~ 10 fm 
to ~ 0.1 fm where 1fm = 107! cm. Particle physics concentrates on finer 
and finer details of the substructure of matter with experiments at high 
energy which in turn explore much shorter distances. To carry out such 
studies, one needs electron accelerators of hundreds of MeV to many GeV. 

A theoretical description of the nuclear and nucleon targets is required 
to interpret the experiments. The appropriate description employed de- 
pends on the distance scale at which one examines the target. Imagine 
that one looks at the earth from space. The appropriate quantities used 
to describe these observations, the appropriate degrees of freedom, are 
macroscopic ones, the location and shape of continents, oceans, clouds, 
etc. When one gets closer, finer details emerge, trees, houses, cars, people, 
and these must be included in the description. At the microscopic level of 
observations, it is the atomic and subatomic description which is relevant. 
It is thus self-evident that 


The appropriate set of degrees of freedom depends on the 
distance scale at which we probe the system. 


At the macroscopic level, one describes nuclei in terms of properties 
such as size, shape, charge, and binding energy. Further refinement de- 
scribes, for example, the spatial distribution of the charge. A finer and 
more detailed description is obtained using nucleons, protons and neu- 
trons, as the degrees of freedom. The traditional approach to nuclear 
physics starts from structureless nucleons interacting through static two- 
body potentials fitted to two-body scattering and bound-state data. These 
two-body potentials are then inserted in the non-relativistic many-body 
Schrödinger equation and that equation is solved in some approximation 
— it can be solved exactly for few-body systems using modern computing 
techniques. Electromagnetic and weak currents are then constructed from 
the properties of free nucleons and used to probe the structure of the 
nuclear system. 

Although this traditional approach to nuclear physics has had a great 
many successes, it is clearly inadequate for an understanding of the nu- 
clear system on a more microscopic level. A more appropriate set of 
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degrees of freedom then consists of the hadrons, the strongly-interacting 
mesons and baryons, where baryon number, a strictly conserved quan- 
tity, counts the number of nucleons that now exhibit internal structure 
and dynamics. There are many arguments that one can give in sup- 
port of this picture. For example, the long-range part of all modern 
two-nucleon potentials consists of the exchange of mesons including 
n with (J",T) = (0-,1),c(0*,0),@(1~,0), and p(17,1). We know that 
at long range the force between two nucleons comes from meson ex- 
change. Moreover, the first excited state of the nucleon, the A(1232) with 
(J”, T) = (3/2,3/2), was first successfully described as a resonance arising 
from pion-nucleon dynamics. As a further example, one of the significant 
achievements in the field of electromagnetic nuclear physics in recent years 
has been the unambiguous identification of exchange currents, additional 
currents present in the nuclear system arising from the flow of charged 
mesons between the nucleons in the nucleus. 

In any extrapolation away from the traditional nuclear physics ap- 
proach, it is important to incorporate general principles of physics such 
as quantum mechanics, special relativity, and microscopic causality. The 
only consistent theoretical framework we have for describing such a rela- 
tivistic, interacting, many-body system is relativistic quantum field theory 
based on a local lagrangian density. It is convenient to refer to relativistic 
quantum field theories of the nuclear system based on hadronic degrees 
of freedom as quantum hadrodynamics (QHD). 

At a still finer level, we now know that the hadrons are themselves 
composite objects made up of quarks held together by the exchange of 
gluons. We now have a theory of the strong interactions binding quarks 
and gluons into the observed hadrons. This theory is based on an internal 
color symmetry and is known as quantum chromodynamics (QCD). The 
theory of QCD has two absolutely remarkable properties. The first is 
asymptotic freedom, which roughly states that at very high momenta, or 
very short distances, the renormalized coupling constant for the basic 
processes in the theory goes to zero; as a consequence, one can do 
perturbation theory in this regime. The second property is confinement. 
The basic underlying degrees of freedom in the theory, quarks and gluons, 
do not exist as asymptotic, free, scattering states in the laboratory. They 
exist and interact only inside hadrons. You cannot hold a single quark, or 
single gluon in your hand. There are strong indications from lattice gauge 
theory, where QCD is solved at a finite number of space-time points, 
that confinement is indeed a dynamic property of QCD arising from the 
nonlinear gluon couplings. Ultimately, nucleon and nuclear physics are 
the study of strong-coupling QCD. 

As for the other basic forces in nature, surely one of the great in- 
tellectual achievements of our era is the unification of the theories of 
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electromagnetism and of the weak interactions. It is essential to continue 
to put this theory of the electroweak interactions to rigorous tests and fully 
explore its consequences. Nuclei and nucleons provide unique laboratories 
in which to conduct such tests and explorations. 

The current picture of the nucleus in the standard model is that of a 
bound system of baryons and mesons, which are in turn confined triplets 
of quarks and of quark-antiquark pairs, respectively. The electroweak 
interactions of leptons (electrons and neutrinos) with the nucleus are 
mediated by the photon and the heavy weak vector bosons, the Z° and 
W. The electroweak interactions couple directly to the quarks; the gluons 
are absolutely neutral to the electroweak interactions. Thus every time one 
studies a nuclear gamma decay, for example, one is directly probing the 
quark structure of the nucleus. Once the quark is struck, it is not a 
quark that is emitted from the target, but a hadron. Nuclei are the ideal 
laboratories for studying this process of hadronization. 

Another truly remarkable property of QCD is that the effective degrees 
of freedom at low energy and long wavelengths are the hadrons, the 
baryons and mesons. 

In this book, the motivation for electron scattering is examined in 
some detail. The theoretical analysis of the process is developed, as is our 
current theoretical understanding of the underlying structure of nuclei and 
nucleons at appropriate levels of resolution and sophistication. Selected 
examples are given, present experimental capabilities are summarized, and 
future directions are previewed. 

In part 1 of this book modern pictures of the nucleus and nucleon are 
surveyed. As an introduction to electron scattering, the optical analogy is 
developed. The virtues of electron scattering are described and a qualitative 
overview of the nuclear response surfaces in inclusive electron scattering 
presented. The arguments for coincidence experiments are then given. 

In part 2, a general theoretical analysis of electron scattering is devel- 
oped, starting from a discussion of the electromagnetic interaction with an 
arbitrary localized quantum mechanical system. This includes a multipole 
decomposition. The relativistic electrons of interest here are described by 
the Dirac equation, and the necessary tools are developed. A covariant 
analysis of the scattering of an electron by nuclear and nucleon targets 
is then carried out. Both the excitation of discrete target states and one- 
particle emission coincidence experiments are analyzed. An analysis of 
deep-inelastic scattering (DIS) experiments, where the four-momentum 
transfer squared and energy transfer both grow large, but with a fixed 
ratio, is presented. This section ends with a general analysis of parity 
violation in inclusive polarized electron scattering. 

Since electrons are charged and light, they by necessity radiate dur- 
ing the scattering process. This is one of the technical complications of 
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electron scattering. This radiation as well as the accompanying virtual 
electromagnetic effects are described by quantum electrodynamics (QED); 
part 3 presents a brief review of the essentials of QED. 

Part 4 presents experimental and theoretical results for selected exam- 
ples. These examples are chosen to illustrate the wide variety of incisive 
information that can be obtained about the structure of nuclei and nu- 
cleons, the influence electron scattering has had on the development of 
our pictures of these systems, the role various laboratories throughout the 
world have played in these developments, and, quite frankly, the beauty 
of this branch of physics. Theoretical background in traditional nuclear 
physics, relativistic mean field theory, the quark model, QCD, and the 
standard model is developed in sufficient depth that the reader can indeed 
work through the examples in detail. 

In part 5, future directions for the field are discussed, building on the 
evolving TJNAF program, but including other world-wide developments 
at both intermediate and very high energy. 

Nine appendixes are included which explore some of the more interest- 
ing and important technical aspects of this subject. 

The book assumes only a working knowledge of quantum mechanics 
and special relativity and develops the theoretical analysis in a self- 
contained fashion up to current levels of sophistication. It is basically 
aimed at first-year graduate students and advanced undergraduates in 
physics, although it should be accessible to others in the natural sciences. 
Parts 1 and 5 can be read by a wider audience interested in understanding 
the essentials of the subject. The book should serve effectively as a text 
for special topics courses on this subject or as a supplemental text for 
nuclear or particle physics courses. It should also serve as a summary and 
reference for researchers already working in electron scattering as well as 
those in other areas. 

This manuscript was typed by the author in IATEX, from which the 
book is printed. Figures are reproduced by permission. 


Williamsburg, Virginia John Dirk Walecka 
April 22, 2001 Governor’s Distinguished CEBAF 


Professor of Physics 
College of William and Mary 
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Introduction 
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Motivation 


This monograph is concerned with the study of nuclear and nucleon 
structure through the scattering of high energy electrons. The history of 
this field is well summarized in the proceedings of the Conference on 35 
Years of Electron Scattering held at the University of Illinois in 1986 to 
commemorate the 1951 experiment of Lyman, Hanson, and Scott; this 
experiment provided the first observation of the finite size of the nucleus 
by electron scattering [Ly51, I187]. Hofstadter and his colleagues, working 
in the High Energy Physics Laboratory (HEPL) at Stanford University 
in the late 1950’s, beautifully and systematically exhibited the shape of 
the charge distributions of nuclei and nucleons through experiments at 
higher momentum transfer [Ho56, Ho63]. Subsequent experimental work 
at HEPL, the Bates Laboratory at M.I.T., Saclay in France, NIKHEF 
in Holland, and both Darmstadt and Mainz in Germany (as well as 
other laboratories), utilizing parallel theoretical analysis [Gu34, Sc54, A156, 
de66, Ub71], clearly exhibited more detailed aspects of nuclear structure. 
Experiments at higher electron energies and momentum transfers at the 
Stanford Linear Accelerator Center (SLAC) by Friedman, Kendall, and 
Taylor, together with theoretical developments by Bjorken, for the first 
time demonstrated the pointlike quark—parton substructure of nucleons 
and nuclei [Bj69, Fr72]. This work played a key role in the development 
of modern theories of the strong interaction. Major efforts today at 
CEBAF, the Continuous Electron Beam Accelerator Facility (now known 
as TJNAF, the Thomas Jefferson National Accelerator Facility) in the 
U.S., Bates, Mainz, SLAC, DESY in Germany, and CERN in Geneva 
(using muons) contribute to the development of our understanding of 
nuclei and nucleons. 

In part 1 we discuss modern pictures of the nucleus and nucleon, 
starting with non-relativistic nucleons interacting through static poten- 
tials and proceeding to quarks and gluons with interactions described 
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by strong-coupling quantum chromodynamics (QCD). As an introduction 
to electron scattering, the optical analogy is developed. The virtues of 
electron scattering are described and a qualitative overview of the nuclear 
response surfaces in inclusive electron scattering presented. The arguments 
for coincidence experiments are then given. 

In part 2, a general theoretical analysis of electron scattering is devel- 
oped, starting from a discussion of the electromagnetic interaction with an 
arbitrary localized quantum mechanical system. This includes a multipole 
decomposition. Since electrons are relativistic here, they are described by 
the Dirac equation and the necessary tools are developed. A covariant 
analysis of the scattering of an electron by a nuclear target is then carried 
out. Both the excitation of discrete target states and one-particle emis- 
sion coincidence experiments are analyzed. An analysis of deep-inelastic 
scattering (DIS) experiments, where the momentum transfer squared and 
energy transfer both grow large, but with a fixed ratio, is presented. 
This section ends with a general analysis of parity violation in inclusive 
polarized electron scattering. 

Since electrons are charged and light, they by necessity radiate dur- 
ing the scattering process. This is one of the technical complications of 
electron scattering. This radiation as well as the accompanying virtual 
electromagnetic effects are described by quantum electrodynamics (QED); 
part 3 presents a brief review of the essentials of QED. 

Part 4 presents experimental and theoretical results for selected exam- 
ples. These examples are chosen to illustrate the wide variety of incisive 
information that can be obtained about the structure of nuclei and nucle- 
ons, the influence electron scattering has had on the development of our 
pictures of these systems, and the role various laboratories throughout the 
world have played in these developments. 

In part 5, future directions for the field are discussed, building on the 
evolving TJNAF program [Wa93, Wa94], but including other world-wide 
developments at both intermediate and very high energy. 

One of the most attractive and powerful aspects of the field of electron 
scattering for the structure of nuclei and nucleons is that experimental 
and theoretical developments have always progressed hand in hand, with 
each reinforcing the other. 

We start this monograph with a more detailed discussion of the mo- 
tivation for studying the structure of nuclei and nucleons through the 
scattering of high energy electrons. 

Let us go back to the beginning. Why do we do nuclear physics? Why 
is nuclear physics interesting? First of all, the nucleus is a unique form 
of matter consisting of many baryons in close proximity. All the forces of 
nature are present in the nucleus — strong, electromagnetic, weak, and 
even gravity if one includes condensed stellar objects which are nothing 


1 Motivation 5 


more than enormous nuclei held together by the gravitational attraction. 
The nucleus provides a microscopic laboratory to test the structure of 
the fundamental interactions. Furthermore, the nucleus manifests remark- 
able properties as a strongly interacting, quantum mechanical, relativistic, 
many-body system. In addition, most of the mass and energy in the visi- 
ble universe comes from nuclei and nuclear reactions. Also, we now know 
there are new underlying degrees of freedom in the nucleus, quarks and 
gluons, interacting through remarkable new forces described by quantum 
chromodynamics (QCD). The single nucleon itself is now a complicated 
nuclear many-body system. The electromagnetic properties of nucleons 
and nuclei provide benchmarks with which to test our understanding of 
strong-coupling QCD and the quark substructure of matter. Moreover, 
nuclear physics is crucial to the understanding of the universe, for exam- 
ple: the early universe, formation of the elements, supernovae, and neutron 
stars. In sum, nuclear physics is really the study of the structure of matter. 

Where is nuclear physics going? The nuclear science community in the 
U.S. recently underwent one of its periodic long-range planning exercises 
under the leadership of the Nuclear Science Advisory Committee (NSAC) 
and the Division of Nuclear Physics (DNP) of the American Physical 
Society (APS). In the report entitled Nuclear Science:A Long-Range Plan 
[NS96] the headings in part II on The Scientific Frontiers capture the 
present frontiers: 


1. Nuclear Structure and Dynamics: Exploring the Limits 
2. To the Quark Structure of Matter 
3. The Phases of Nuclear Matter 


4. Fundamental Symmetries and Nuclear Astrophysics 
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Pictures of the nucleus 


We currently possess three levels of understanding of the nucleus within 
the following frameworks [Wa95]: 


(I) Traditional, Non-Relativistic, Many-Body Systems [Fe71]. This ap- 
proach uses static two-body potentials fit to two-nucleon scattering and 
bound-state data. These potentials are then inserted in the non-relativistic 
Schrodinger equation, and that equation is then solved in some approxima- 
tion; with few-nucleon systems and large-scale computing capabilities, the 
equations can now be solved exactly. Electroweak currents constructed 
from the properties of free nucleons are then used to probe the nu- 
clear system. Although this approach has had a great many successes 
[B152, Ma55, Bo69, Fe71, de74, Pr75, Fe91, Wa95], it is clearly inadequate 
for a more detailed understanding of the nuclear system. 


(II) Relativistic Many-Body Systems. A more appropriate set of de- 
grees of freedom for nuclear physics consists of the hadrons, the strongly 
interacting mesons and baryons. There are many arguments one can 
give for this. For example, the long-range part of the best modern two- 
nucleon potentials is given by meson exchange, predominantly z with 
(J",T) = (07,1), o(07,0), p(1~,1) and w(1~,0) [La80, Ma89]. Further- 
more, one of the successes of electromagnetic nuclear physics is the unam- 
biguous demonstration of the existence of exchange currents, additional 
electromagnetic currents in the nucleus arising from the flow of charged 
mesons between nucleons. In addition, one daily sees copious production 
of mesons from nuclei in high-energy accelerators. 


The only consistent theoretical framework we have for describing such a 
strongly-coupled, relativistic, interacting, many-body system is relativistic 
quantum field theory based on a local lagrangian density. It is convenient 
to refer to relativistic quantum field theory models of the nuclear system 
based on hadronic degrees of freedom as quantum hadrodynamics (QHD). 
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Fig. 2.1. Nucleus as a strongly-coupled system of colored quarks and gluons; 
electroweak interaction with a lepton. 


More generally, one can view such field theories as effective field theories 
for the underlying theory of QCD [Se86, Se97]. 

(III) Strongly-Coupled Colored Quarks and Gluons. Our deepest level of 
understanding of nucleons, and the nucleus from which they are made, is 
as a strongly-coupled system of quarks and gluons (Fig. 2.1). Their inter- 
actions are described by a Yang—Mills theory [Ya54] based on an internal 
color symmetry (QCD). This theory has two remarkable properties: it is 
asymptotically free, which means that at very high momenta, or very short 
distances, the renormalized coupling constant becomes small. This has 
several consequences. For example, it implies that when in the appropriate 
kinematic regime, one scatters from essentially free point-like objects. In 
fact, it was the experimental observation of this phenomenon in deep 
inelastic scattering (DIS) that drove theorists to hunt for asymptotically 
free theories [Gr73a, Gr73b, Po73, Po74]. Furthermore, when the coupling 
is small, one can do perturbation theory. The many high-energy successes 
of perturbative QCD now provide convincing evidence that QCD is truly 
the underlying theory of the strong interactions. 

When one scatters a lepton from a nuclear system, the electroweak 
interaction takes place through the exchange of one of the electroweak 
bosons (y, W+, Z°), as illustrated in Fig. 2.1. These bosons couple directly 
to the quarks; the gluons are absolutely neutral to the electroweak interac- 
tions. Thus every time one observes a gamma decay or beta decay of a 
nucleus or nucleon, one is directly observing the quark structure of these 
systems! 

The second remarkable property of QCD is confinement, which means 
that the underlying degrees of freedom, quarks and gluons, never appear as 
asymptotic, free scattering states in the laboratory. You cannot hold a free 
quark or gluon in your hand. Quarks and gluons, and their strong color 
interactions, are confined to the interior of the hadrons. At low momenta, 
or the large distances appropriate for nuclear physics, the renormalized 
coupling grows large. QCD becomes a strong-coupling theory in this limit. 
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There are convincing indications from lattice gauge theory (LGT), where 
strong-coupling QCD is solved on a finite space-time lattice [Wi74], that 
confinement is indeed a dynamical property of QCD arising from the 
nonlinear gluon couplings dictated by local color gauge invariance in this 
non-abelian Yang—Mills theory. 
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Some optics 


To obtain insight into the electron scattering process, we appeal to some 
elementary optics, with which the reader is certainly familiar from an 
introductory physics course. If one looks through a telescope at a star, 
or shines a laser through a pinhole, one does not really observe a point 
of light, but actually a diffraction pattern with a bright disc at the center 
and a series of concentric rings with diminishing intensity. If the radius 
of the aperture through which the light passes is a, and the wavelength of 
the incident light is 24, then the angle 0 to the first diffraction minimum 
of the central Airy disc is given by 


a0 ~ 0.6121 (3.1) 


Here 0 is measured from the central ray, starting at the aperture. Now 
introduce the incident wave number kı and “momentum transfer” K 


2 
ky = i ; wave number 
a 
k = k0 ; momentum transfer (3.2) 


Equation (3.1) can then be rewritten as 
ka = 1.227 (3.3) 


This relation has a marvelous consequence. Suppose one shines light 
from a laser of given wavelength on a pinhole, and projects the resulting 
diffraction pattern on a screen behind the pinhole. The angle to the first 
minimum can be determined by making macroscopic measurements of 
the distance of the screen from the aperture and the transverse distance 
on the screen out to the first minimum. Equation (3.3) then allows one 
to determine the radius a of the pinhole. One can measure a radius of 
arbitrarily small size if only the momentum transfer is large enough! The 
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Fig. 3.1. Optical pathlength with respect to central ray in Fraunhofer diffraction. 


Fig. 3.2. The “momentum transfer” « = kı — kp. 


momentum transfer is inversely proportional to the wavelength. Thus to 
obtain large momentum transfer, one has to go to short wavelength. One 
evidently needs a wavelength comparable to the size of the aperture to 
make this measurement. 

Let us extend these simple considerations. In Fraunhofer diffraction one 
has an incident plane wave and an outgoing plane wave in the direction 
of observation as illustrated in Fig. 3.1. The optical pathlength of an 
arbitrary ray with respect to the central ray is evidently given from this 
figure as 


2 A A 
Aopt = (ki xh x)= Kx (3.4) 
AL 


where kı and k» are unit vectors in the incident and outgoing directions 
respectively. Here the momentum transfer x is defined by (Fig. 3.2) 


K = kı = k2 (3.5) 


Since the lengths of the incoming and outgoing wave numbers are identical 
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(a) (b) 


Fig. 3.3. (a) Fraunhofer diffraction of light from a circular aperture; and (b) 
Electron scattering through the Coulomb interaction from a spherical charge 
distribution. 


|k2| = |k; |, the square of the momentum transfer is given by 
K = 2k? (1 — cos 0) 
0 
= 4k? sin? (3.6) 


Here 0 is the angle between the incident and outgoing wave number 
vectors (Fig. 3.2). Huygens Principle says that each point on a wavefront 
serves as a new source of outgoing waves. The outgoing waves interfere. 
To determine the net outgoing wave from a circular aperture one must 
add the contributions from each little element of the disc weighted by 
exp{iAopt} as illustrated in Fig. 3.3 (a). The resulting amplitude of the light 
wave far from the scatterer is thus given by 


ty = aes (3.7) 
Aperture 
The diffraction pattern evidently measures the two-dimensional Fourier 
transform of the aperture. 

Now consider the scattering of an electron from a spherical charge 
distribution through the Coulomb interaction. de Broglie and quantum 
mechanics tell us that there is a wave associated with the electron of 
wavelength 


h 

A= — ; electron (3.8) 
Pi 

Here h = 27h is Planck’s constant and p; the incident electron momentum. 

The scattering amplitude from each little element will be proportional to 


the amount of charge there, or to the charge density p,,(x). The resulting 
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amplitude of the electron wave far from the target is thus given in direct 
analogy with the above by (see Fig. 3.3 b) 


a= | Bx pen(x) (3.9) 
Nucleus 


The diffraction pattern of the scattered electron measures the three- 
dimensional Fourier transform of the target charge distribution. 

In electron scattering, the incident electron momentum is evidently 
pı = fk, and the momentum transferred from the electron is fix; this is 
the reason for the terminology. 

One can see a macroscopic diffraction pattern from arbitrarily small 
charge distributions if only the momentum transfer is large enough, or 
equivalently, if the wavelength is small enough. It follows from Eq. (3.8) 
that to achieve very small wavelengths, one must go to very high electron 
energies. It is an irony (and an expensive one!) that to look in detail 
with accuracy and precision at very small objects such as nuclei and 
nucleons one needs accurate and precise high-energy electron accelerators 
to produce the incident electron beams and correspondingly large, accurate 
and precise spectrometers to detect the scattered electrons. 

One can put in some numbers. To have an electron with wavelength 
1 fm = 107! cm, a typical nuclear dimension, one needs a relativistic 
electron of energy! 


A = 1 fm 
=> E = pe = fke = 1240 MeV (3.10) 


To obtain some insight, it is useful to evaluate the above amplitudes 
for the simple cases of a circular disc and unit spherical charge distribu- 
tion, both of radius a. With the introduction of polar coordinates in the 
first case, and the use of spherical coordinates in the second, one finds 
[Fe80] 


: a 2n 
of Hse = [ ea | do exp {ik pcos >} 


2 [n 
ta’ | ————— 
kK \a 


gph 2 | r2 dr | do, exp {ikr cos 6, 
0 
4ra? \ [3j1 (Ka 
( | i ' (3.11) 


' Recall fic = 197.3 MeV fm. Here c is the speed of light. 
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Here J,(«) and j,(a) are cylindrical and spherical Bessel functions re- 
spectively. The quantities in square brackets in the above expressions are 
known as form factors. It is instructive to make some log plots of the 
square of these quantities on your PC. The first zero of Jı(«) occurs at 
04,1 = 1.227; this is the origin of Eq. (3.3). 
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Why electron scattering? 


In this section we present a brief overview of the virtues of electron 
scattering. We revisit most of this material in detail in the remainder of 
the book. 

There are many reasons why inclusive electron scattering (e, e’) provides 
a powerful tool for studying the structure of nuclei and nucleons. First, 
the interaction is known — it is given by quantum electrodynamics (QED), 
the most accurate physical theory we have. Second, the interaction is 
relatively weak — of order « = 1/137.0, the fine-structure constant, and 
thus one can make measurements without greatly disturbing the structure 
of the target. Furthermore, the interaction is with the local electromagnetic 
current density in the target J u(x). Hence one knows what is measured. 

The process is governed by the S-matrix, which with one photon ex- 
change (Fig. 4.1) takes the form! 


: a 
Elko) fe (ful dtx 4 


What is measured is the Fourier transform with respect to the four- 
momentum transfer hk with k = kı — k2 of the transition matrix element 
of the current density. 

In electron scattering, one can vary the three-momentum transfer and 
energy transfer independently in 


0 _ 
Si) = 


k = (k,iw/c) 
K = (ky ~ ko)” 
ho = &— e (4.2) 


For a given energy transfer, one can map out the three-dimensional Fourier 
transform with respect to « of the transition densities. The inversion of 


'We quantize with periodic boundary conditions in a big box of volume Q and in the 
end let Q > œ. 
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Fig. 4.1. Kinematics for electron scattering (e,e’) with one photon exchange. 
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Fig. 4.2. Cross section for elastic electron scattering *°Ca(e,e) vs. momentum 
transfer (here q = x) [Fr79]. 


this Fourier transform than provides the microscopic spatial distribution of 
the densities. 

We give an example in Fig. 4.2. This is the diffraction pattern observed 
when electrons are scattered elastically from “Ca. The data are from 
Saclay [Fr79]. Notice the central diffraction maximum and the series 
of concentric rings with decreasing intensity as the scattering angle is 
increased. Notice also the scale on the ordinate; it runs over 13 decades. 
Figure 4.3 [Ho81, Se86] shows the charge distribution obtained upon 
inversion of the Fourier transform. The abscissa is in fermis.* The band in 
the experimental data is an estimate of the uncertainty introduced by the 
fact that one, by necessity, only measures a partial Fourier transform. The 


? The situation is actually somewhat more complicated than this. As Z gets large, the 
distortion of the incident and outgoing electron wave functions by the Coulomb field of 
the nucleus must be taken into account, and one must perform a partial wave analysis 
of Coulomb scattering from the nuclear charge distribution. 
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EXPT 


3 
r (fm) 


Fig. 4.3. Charge distribution of “Ca obtained from Fig. 4.2 with estimate 
of measurement error. Units are 1fm = 107! cm. Heavy dashed curve shows 
calculation in relativistic mean field theory (RMFT) in QHD (other curves show 
similar results in traditional approach) [Ho81, Se86]. 


theoretical curves give an indication of the present level of understanding 
of these charge densities in nuclear physics. 

Recall that there is an inverse relationship between the three-momentum 
transfer and the distance scale at which one probes the system 


2n 
|x| = > (4.3) 
À 


In electromagnetic studies in nuclear physics one focuses on how matter 
is put together from its constituents and on distance scales ~ 10fm to 
~ 0.1 fm. Particle physics concentrates on finer and finer details of the 
substructure of matter with experiments at high energy which in turn 
explore much shorter distances. 

In electron scattering, one can moreover vary the polarization of the 
virtual photon in Fig. 4.1 by changing the electron kinematics; through 
this, the charge and current interaction can be separated. In sum, electron 
scattering gives rise to a precisely defined virtual quantum of electromag- 
netic radiation, and hence electrons provide a precision tool for examining 
the structure of nuclei and nucleons. Of course, an additional great advan- 
tage of electrons is that they can be copiously produced in the laboratory, 
and since they are charged, they can readily be accelerated and detected.? 

Electron scattering is furthermore a versatile tool. One knows from the 
theory of electromagnetism that two currents will interact with each other. 
The moving electron produces such a current. Thus not only is there a 
Coulomb interaction between the charged electron and the charges in 
the target, but there is also a magnetic interaction between the moving 
electron and the current in the target. The nuclear current is produced 


3 Neutrino scattering for example, which has similar virtues for the weak interaction, lacks 
these properties. 
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Y z? 


Fig. 4.4. (e,e') amplitude as sum of y and Z° exchange. 


both by the convection current of the moving protons and also by the 
curl of the intrinsic magnetization, arising from the fact that nucleons are 
themselves little magnets; electron scattering measures the full transition 
matrix element of the target current 


Jx) = [Se(x) +V x w(x), ip(x)] (4.4) 


In addition, with electron scattering one has the possibility of bringing 
out high multipoles of the current at large values of KR. 

The interference between y and Z? exchange (Fig. 4.4), where Z° is the 
heavy boson mediating the weak neutral current interaction, gives rise to 
parity violation. One measure of parity violation is the asymmetry arising 
from the difference in cross section of right- and left-handed electrons in 
inclusive electron scattering (é, e’) 

do; — do, 


= — ~~ 4.5 
“ do; + do, a 


The S-matrix for the amplitude in Fig. 4.4 takes the formt 


4 h 2 G ik-x 5 š 
Sa = SP- (2) Egla t bos f YAM dx 


c J22 
(4.6) 
where 
AIM = FOIR (4.7) 


Here I(x) is the weak neutral current operator for the target and 
G = 1.027 x 10> /m is Fermi’s weak coupling constant. Parity violation 
arises from the interference of the first term in Eq. (4.6) with the two 
contributions linear in the axial vector current in the second. If the first 
term has been measured and is assumed known, then the parity-violation 
asymmetry measures the second. Hence parity violation in (é,e’) doubles 


the information content in electron scattering as it provides a means of 


4 In the standard model of the electroweak interactions a = —(1 — 4 sin? Ow) and b = —1 
[Wa95]. 
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measuring the spatial distribution of weak neutral current in nuclei and 
nucleons. 

The cross section for inclusive electron scattering (e, e’) with one photon 
exchange is characterized by two response surfaces (see below) which are 
each functions of two Lorentz invariants. These invariants can be taken 
to be the four-momentum transfer squared fi7k? and the scalar product 
v = —k : p/Mr where ħp is the initial four-momentum of the target, mr 
its mass, and Mr is its inverse Compton wavelength. 
= = Mpg 
Mr = T M = h (4.8) 
The second invariant v, when evaluated in the laboratory frame where 
the target is initially at rest, reduces to the energy loss of the electron 
v = ħ@lap/ħc. The deep-inelastic region (DIS) for electron scattering from 
the nucleon is defined by letting k? — œ and v > œ while keeping 
their ratio x = k?/2Mv fixed. In deep-inelastic scattering the two response 
surfaces are observed to satisfy Bjorken scaling. They become independent 
of k* and are finite functions of the single variable x [Bj69, Fr72]. There 
is no form factor for the constituents from which one is scattering in 
this region. DIS provided the first dynamical evidence for the point-like 
quark substructure of hadrons. It also provides a measurement of the 
quark momentum distribution. Furthermore, QCD predictions for the 
Ink? corrections in the approach to scaling can also be tested in DIS 
[Ro90]. 

The initial experiments at SLAC on parity violation in DIS [Pr78, Pr79] 
gave the first clear evidence that the weak neutral current has the structure 
predicted by the standard model of the electroweak interactions. 

Further experiments, originated at SLAC, on the scattering of polarized 
electrons by polarized nucleons [Hu83] allow one to examine the strong- 
interaction spin structure functions of the nucleon. 


5 


Target response surfaces 


As we shall see, the target response in inclusive electron scattering (e, e’) 


is summarized in the following Lorentz tensor 


2 3 A A 
Wa = 2S ald (OVA) FI AOI) QE)! -p-k 
Te if 


Daze (on — kn) (Pr — 2k) 6D 


The cross section is expressed in terms of the two, two-dimensional re- 


sponse surfaces as 
0 
Walk, v) + 2Wi(k?, v) tan? j 


E sta til 
dQodk, ~ “My 
a? cos? 0/2 
= 5.2 
M 4k sin? 0/2 a 


Here kı = |kı|. The square of the four-momentum transfer is given for a 


relativistic electron by 


K = (ki — ky)? — (ky — k2}? 
= 4kıkz sin? 0/2 ; in laboratory (5.3) 
The second Lorentz scalar is written as the kinematic variable 
= —k:p/Mr 
(5.4) 


v 
= k—k ; in laboratory 
There are three lepton variables in electron scattering, the initial and final 


electron energies ¢; and e and the scattering angle 0, or equivalently 
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Fig. 5.1. Qualitative sketch of response surfaces W1 2(v,k?) for nuclei and nucle- 
ons. One axis is the square of the four-momentum transfer k* (denoted in this 
figure by x7), the other is 2Mv/k? = 1/x. 


(k?,v,0). The two response surfaces can be separated by varying the 
electron scattering angle 0 at fixed v and k*. Alternatively, one can work 
at back angles 0 = n where only the term in W; contributes. 

For orientation, a qualitative sketch of the response surfaces Wi 2(v, k?) 
for electron scattering (e,e’) from both nuclei and nucleons is given in 
Fig. 5.1.1 For a nucleus, one has the following features. First there is 
elastic scattering with a form factor that falls in the k* direction indicating 
the extended charge distribution in the target. One then sees inelastic 
scattering leading to excitation of discrete nuclear levels. The form factors 
for these inelastic transitions characterize the spatial distribution of the 
transition charge and current densities. At higher energy loss, above particle 


' Electrons are light and radiate as they scatter; these radiative corrections must always 
be unfolded from the data before one gets at the underlying nuclear physics. We go into 
this in some detail in the section on QED. 
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emission threshold, one observes nuclear giant resonances (GR) with 
broader widths. The subsequent quasielastic peak is essentially scattering 
from a free nucleon, Doppler broadened by the Fermi motion of the 
nucleons in the nucleus. At energy losses higher than the pion mass, pion 
production occurs. At still higher energy loss, one observes production of 
the internal excitations of the nucleon itself, the first and most prominent 
being the A(1232) with (J”, T) = (3/2+,3/2). The k? dependence of the 
form factors for the excitation of nucleon resonances characterizes the 
spatial distribution of the transition charge and current densities in the 
nucleon. 

For a single nucleon target, one sees first elastic scattering with a 
form factor which falls with k*, again indicating a spatially extended 
structure in the nucleon — Robert Hofstadter won the Nobel prize for 
the measurement of the charge distributions of nuclei and the charge and 
magnetization distributions of the nucleon. At sufficiently high energy loss 
there is production of the nucleon resonances with the characteristic k? 
dependence of the inelastic form factors. Since all the nucleon resonances 
lie above the pion production threshold, they have strong-interaction 
widths. While the A(1232) appears as a distinct isolated peak, the higher 
nucleon resonances, as with giant resonances in nuclei, present multiple 
broad overlapping structures. 

With higher energy accelerators, one can push into the region of deep- 
inelastic scattering (DIS) where the electron energy loss gets very large 
v — co and the four-momentum transfer also grows very large k? — co 
but where the ratio of these quantities x = k*/2Mv is fixed at a finite 
value 


=-k-p/M > œ 
Kk > o 
k?/2Mv ; fixed in DIS (5.5) 


x 


In DIS something quite remarkable happens. The two response surfaces 
are independent of k? and satisfy Bjorken scaling, becoming finite functions 
of the single variable x [Bj69, Fr72] 


qr Wl) > Fal) 
2Wi(k?,v) > F(x) ; Bjorken scaling in DIS (5.6) 


The fact that the structure functions become independent of k? indicates 
that the objects inside the nucleon from which one is scattering have 
no spatially extended structure, that is, one is scattering from point-like 
constituents. Friedman, Kendall, and Taylor won the Nobel prize for their 
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discovery of this dynamic evidence for a point-like quark substructure of 
the nucleon. 

As we shall see, scattering of polarized electrons on polarized targets 
allows one to access additional spin structure functions. 
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Why coincidence experiments? 


There are many reasons why the ability to perform coincident electron 
scattering measurements, provided by a “continuous wave” (c.w.) acceler- 
ator greatly increases the power of electron scattering. Let us first review 
some of the essentials. 

The kinematics for the coincident electron scattering process (e,e’ X) 
are defined in Fig. 6.1. Here the incident and scattered electron determine 
a scattering plane and an orthonormal system of unit vectors e; with 
e3 along x = kı — k2 and e2 in-plane. Note that this frame is invariant 
under a Lorentz transformation along «w to the C-M system of the target 
and virtual photon. We use q to denote the momentum of the produced 
particle X. The reaction plane is then defined by the two vectors (x, q). 
The orientation of q and the reaction plane are specified by polar and 
azimuthal angles (04, 4) in the orthonormal system (Fig. 6.1). The angles 
Pq = %/2,3n/2 produce an in-plane configuration. 

The S-matrix for the process (e,e’ X) is given by 


eep _ 


ETA E 
Si / oD yg OIu(x)|%p) dx (6.1) 


THa "e 


Fig. 6.1. Kinematics for basic coincident electron scattering process (e, e’ X). 
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Fig. 6.2. Intermediate state J” characterizes angular distribution of emitted 
particle X. 
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Fig. 6.3. Basic nuclear coincidence process (e, e’ N). 


What one measures is again the Fourier transform of the transition matrix 
element of the electromagnetic current density between exact Heisenberg 
states of the target. The final state now consists asymptotically of a 
target state |Y) and an emitted particle X with four-momentum 4q; it is 
constructed with incoming wave boundary conditions. 

What can one learn about the structure of nuclei and nucleons from 
such experiments? First, if the reaction (e,e’X) proceeds through an 
intermediate state of the target with given J” (Fig. 6.2), then that J” 
characterizes the angular distribution of X. The virtual photon orients 
the target along «. Angular correlation measurements of the emitted 
particle with respect to the virtual photon determine the contributing 
multipolarities. Furthermore, all values of J” at any œ can again be 
accessed by increasing (KR). 

Moreover, in contrast to inclusive scattering (e,e’) where the cross 
section is given by the sums of squares of the transition multipoles (see 
part 2), (e,e’ X) involves interference between amplitudes. One then has the 
ability to determine small, but important, amplitudes through interference 
effects. 

Consider the basic nuclear coincidence process (e,e’N) where N is a 
single nucleon, as illustrated in Fig. 6.3. This process creates a hole in the 
final nucleus [Ja66, Ja73]. Let the initial nucleon binding energy be ep 
and wave function be p(x). Consider for illustration only the Coulomb 
interaction and assume the final nucleon can be described by a plane 
wave: exp {iq: x}. A measurement of all energies in (e,e’ N) determines 
the binding energy of the final hole state ¢,. A measurement of all momenta 
measures the Fourier transform of the hole-state wave function @,(« —q); 
by basic quantum mechanics, this is the amplitude of the momentum 
distribution in the state 5. 
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In addition, coincidence capability implies that multiple scattering ex- 
periments can be performed. The polarization Px of the produced particle 
X, for example, can be measured through a second scattering. Polarization 
transfer experiments (é,e’ X) that provide precision measurements of the 
charge form factor of the nucleon [Ar81] now form an important part of 
electromagnetic nuclear physics. 

Furthermore, strangeness is conserved in the strong and electromagnetic 
interactions; one then only has associated production of strange particles, 
for example through the reaction 'H(e,e’ K*)A.! With high enough inci- 
dent electron energy, the reaction (e,e’ K*) can be accessed. This reaction 
produces a tagged hypernucleus. By varying the momentum transferred to 
the nucleus, the Fourier transform of the wave function of the deposited 
hyperon can be determined. 

Moreover, with multiple coincidence experiments such as (e,e’2N) and 
extreme kinematics, one can investigate the short-range behavior of two 
nucleons in the nuclear medium. 

At the quark level, when quarks are struck in an electroweak interaction, 
it is not the quarks that emerge from the nucleus, rather it is a hadron. 
The hadronization of quarks is studied in the coincidence reaction (e, e’ X). 


' The reaction notation A(b, cd... )E used in this book is a very convenient one. The first 
and last symbols denote the initial and final target states and the symbols in parenthesis 
indicate the incident and final detected particles; in the generic case, the last and first 
symbols may be suppressed. We denote elastic electron scattering by (e,e), inelastic 
scattering by (e,e’), and coincidence reactions by (e, e’ X). 
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Units and conventions 


To define the units and conventions used in this book, and to set the 
stage for the subsequent analysis, we conclude this introduction by writ- 
ing Maxwell’s equations for the electromagnetic field in vacuum with 
sources. With the use of Heaviside—Lorentz (rationalized c.g.s.) units these 
equations are! 


V-E = p 
V-H = 0 
10E 
ge ee es 
vy c Ot J 
eap = 0 (7.1) 
c Ot 


Here p and j are the local charge and current density; the former is 
measured in e.s.u. and the latter in e.m.u. where 1 e.m.u = 1 e.s.u./c. The 
Lorentz force equation and fine structure constant are given respectively 
by 
v 
F = e (£ +-x H) 
c 
e? V 1 
4rħc 137.04 
Introduce the antisymmetric electromagnetic field tensor 
0 H; —ĦH, —iE; 
= —H; 0 H, —ik) 
Fw = H) -H,; 0 —iE; (73) 
iE, iE, iE} 0 


(7.2) 


1 In this case the magnetic field is H = B. 
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Straightforward algebra then shows that Maxwell’s equations can be 
written in covariant form as 


0 
ax, pv Ju 
0 
Euv po ax, — 0 (7.4) 


Here é,ypo is the completely antisymmetric tensor and repeated Greek 
indices are summed from one to four. Also 


Xp = (Xx, ict) 
Ju (G, ip) (7.5) 


The second set of Maxwell’s Equations can be satisfied identically with 
the introduction of a vector potential 


ô ô 

Fy = Ay A 

I OX Oxy. © 

A, = (A, i®) (7.6) 


Comparison with Eq. (7.3) then allows the identification 


H = VxA 
E 


| 

| 
< 
© 
| 

| 

| 
> 


(7.7) 


While k and q are used interchangeably in the following for the four- 
momentum transfer in inclusive electron scattering (e,e’), with a direction 
defined in context,’ when the coincidence process (e,e’ X) is discussed, k 
is reserved for the four-momentum transfer of the electron to the target 
and q for the four-momentum of the produced particle X. 


? Unfortunately, this is common usage. The four-momentum transfer will be denoted 
(k,iw/c), with a direction again defined in context. 
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General analysis 
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Electromagnetic interactions 


In this section we discuss the interaction of nuclei, nucleons, or any finite 
quantum mechanical system with the electromagnetic field. Much of what 
we know about nuclei and nucleons comes from such interactions. We start 
with the general multipole analysis of the interaction of a nucleus with 
the quantized radiation field [BI52, Sc54, de66, Wa95]. In the following 
ep = |e| is the proton charge. 

The starting point in this analysis is the total hamiltonian for the nuclear 
system, the free photon field, and the electromagnetic interaction 


Hota = Fouctear + >> 5 ħokaļ Akp 
k p=1,2 
e? j 
_& f INA) Bx + P J PNPN) 8, BY (81) 
c 82 |x — x’| 


This is the hamiltonian of quantum electrodynamics (QED); it is written in 
the Coulomb gauge. A is the vector potential for the quantized radiation 
field, which in the Schrodinger picture takes the form 


he 1/2 
A(xx)=>> >> ( [ekpakpe™* + h.c] (8.2) 


k p10 20;,Q 


Here ex, with p = (1,2) represent two unit vectors transverse to k (see 
Fig. 8.1). The hermitian conjugate is denoted by h.c. We quantize with 
periodic boundary conditions (p.b.c.) in a large box of volume Q, and in 
the end let Q — œ. With this choice 


1 


ae Py et“) * = Sk ko (8.3) 
OX 


where the expression on the right is a Kronecker delta. 


31 


32 Part 2 General analysis 


Fig. 8.1. Transverse unit vectors. 


The only assumption made about the target is the existence of local 
current and charge density operators Jy(x) and py(x). These quantities 
must exist for any true quantum mechanical system. Hpuctear could be 
given in terms of potentials, or it could be for a coupled baryon and 
meson system, or it could be for a system of quarks and gluons; it does 
not matter at this point.! 

It is convenient to henceforth incorporate the explicit factor of 1/c in 
Eq. (8.1) into the definition of the current Jy(x) itself. 

First go from plane polarization to circular polarization with the trans- 
formation (cf. Fig. 8.1). 


1 k 

e+; = +—/(e, tie e =e, = — 8.4 
+1 tpe 2) 0 ki (8.4) 

These circular polarization vectors satisfy the relations 
el = (—1)*en-2 el-ey = Oj! (8.5) 

If, at the same time, one defines 
— 1 En 

a+ = rpo% F iax2) (8.6) 


then the transformation is canonical 
[akas fry] = rae day (8.7) 
Since e;a; + €2a2 = €41441 + e—a; the vector potential takes the form 


hic? 1/2 
A(x)=S> SO ( [exiakie™™ + h.c] (8.8) 


k ot 20;,.Q 


The index 2 = +1 is the circular polarization, as we shall see, and only 
2 = +1 appears in the expansion so V- A(x) = 0, characterizing the 
Coulomb gauge. 

Now proceed to calculate the transition probability for the nucleus or 


' Although Eq. (8.1) is correct in QCD, some models may have an additional term of 
O(e?A?) in the hamiltonian; the arguments in this section are unaffected by such a term. 
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nucleon to make a transition between two states and emit (or absorb) 
a photon. Work to lowest order in the electric charge e, use the Golden 
Rule, and compute the nuclear matrix element (J¢My;k4|H'|JiM;) where 
H' is here the term linear in the vector potential in Eq. (8.1); it is this 
interaction term that can create (or destroy) a photon. All that will be 
specified about the nuclear state at this point is that it is an eigenstate of 
angular momentum. It will be assumed that the target is massive and its 
position will be taken to define the origin; transition current densities occur 
over the nuclear volume and hence all transition current densities will be 
localized in space. Since the photon matrix element is (kAlay, yl0) = ôkw diy, 
the required transition matrix element takes the form? 


: he2 1/2 
(Jp Mf; kÊ: Mi) = — co( - Juma fe Hef I(x) dx|JiMi) 


20,.Q 
(8.9) 
This expression now contains all of the physics of the target. We proceed to 
make a multipole analysis of it. With the aid of the Wigner—Eckart theorem 
we will then be able to extract two invaluable types of information: 


e The angular momentum selection rules 
e The explicit dependence on the orientation of the target as expressed 
in (Mi, My) 
The goal of the multipole analysis is to reduce the transition operator to 
a sum of irreducible tensor operators (ITO) to which the Wigner—Eckart 
theorem applies [Ed74]. 
We recall the definition of an ITO. It is a set of 2J+1 operators T(J, M) 

with —J < M < J that satisfy the following commutation relations with 
the three components J; of the angular momentum operator 


Ji, TJ, M)] = are (JM'\Ji|JM) T(J, M’) (8.10) 


The above is the infinitesimal form of the integral definition of an ITO 
(they are fully gduivalenit) 


Rap, T(J, MR, = X „Zu maby) TSM’) (8.11) 


Here Rup is the rotation operator, and 2}; (afy) are the rotation 
matrices, defined by [Ed74] 


Rap, = iced eib? gids 
Phy yloBy) (J M'ei eibhe J M) (8.12) 


We proceed to the multipole analysis. 


? For clarity we now use a notation where a caret over a symbol denotes an operator in 
the target Hilbert space. 
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Multipole analysis 


Start by taking the photon momentum to define the z-axis (Fig. 9.1); the 
generalization follows below. In this case the plane wave can be expanded 
as [Fe80] 


elk x — 5y i! /4n(21 + 1) ji(kx) Yio(Qx) (9.1) 
l 


The vector spherical harmonics are defined by the relations [Ed74] 


By = X (mlll M) Ym(Qx)e; (9.2) 


mA 


Note this sum goes over all three spherical unit vectors, à = +1,0. The 
definition in Eq. (9.2) can be inverted with the aid of the orthogonality 
properties of the Clebsch-Gordan (C-—G) coefficients 


Yimex = X (IMANI M) YH (9.3) 
JM 


The e; are now just fixed vectors; they form a complete orthonormal set. 


Fig. 9.1. Coordinate system with z-axis defined by photon momentum. 


34 
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Therefore any vector can be a in spherical components as 
v= 5 v: e,)e => v je) 
2 


1 
+1 = tp” E ivy) vo = vz (9.4) 
As we shall see, the vector spherical harmonics project an irreducible 
tensor operator (ITO) of rank J from any vector density operator in the 
nuclear Hilbert space. A combination of Eqs. (9.1) and (9.3) and use of 
the properties of the C-G coefficients yields! 


ee = YO YO VAn Ql F Dji(kx)(OLANIA)Y(Qx) (9.5) 
l oJ 


The C-G coefficient limits the sum on / to three terms I = J,l = J +1, 
and these C-G coefficients can be explicitly evaluated to give for 4 = +1 
[Ed74] 


An(2J +1 P 
ee =y amet) | — À jalkx) Y iy 
Jel 


J+1 J 
UN ayy (KOYA 34 — |an (9.6) 


From [Ed74] one has 


V x j(kx)YAż = i 


The differential operators just raise and lower the indices on the spher- 
ical Bessel functions, giving —kjjz+ı(kx) and kjj_1(kx), respectively. A 
combination of these results gives for 2 = +1 


ewe = D VAT FT Hf = 2 julkxy in (Or) 
J>1 


1 , 
-V x EV} gcal G 


1 Note this is the amplitude for photon absorption. 


36 Part 2 General analysis 


Note the divergence of both sides of this equation vanishes [Ed74].?7 Now 
use 


Wi, =- Wifi (9.9) 
to arrive at the basic result for photon emission with 2 = +1 
1/2 
hic? —ikx at .4 3 
—ep (2) Je ex J) dx (9.10) 


2 \ 1/2 
-e i ) NO V2 + DPS k) + ATES] 


20;,.Q si 


The transverse electric and magnetic multipole operators are defined by 
A 1 i À 
Pu = g f Ex [Vx oa] I 
J Px [oae] Joo) (9.11) 


This important result merits several observations. 

In a nucleus both the convection current density arising from the motion 
of charged particles (e.g. protons) and the intrinsic magnetization density 
coming from the intrinsic magnetic moments of the nucleons contribute to 
the electromagnetic interaction. The appropriate interaction hamiltonian 
should actually be written as 


TRE 


Ill 


PE EET / Je(x) A(x) Bx — ep if (x) [V x A(x)] Bx 
ee i (Bol) + V x A)| A(x) dx (9.12) 
To obtain the second line, a vector identity has been employed 
V-(a x b) = b-(V x a)— a (V x b) (9.13) 


The total divergence has been converted to a surface integral far away 
from the nucleus using Gauss’ theorem 


[vivax = [vas (9.14) 
V S 


Finally, the integral over the far-away surface can be discarded for a 
localized source. A second application of this procedure yields the relation 


/ Bx [V x joa] V x alo) (9.15) 


= J Bx a(x)-V x [V x jik M4] = k? / Bx alx)-Li (kx WM] 


2 The relation to be used is V- [j)(kx)4¥™,] = 0. 
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In arriving at the second equality the relation V x (V x v) = V(V- v)— V?v 
has been employed; the term V :v vanishes here, and in this application 
the remaining term satisfies the Helmholtz equation (V? +k*)v = 0, as the 
reader can readily verify. Thus the multipole operators can be rewritten 
to explicitly exhibit the individual contributions of the convection current 
and the intrinsic magnetization densities 


A 1 À 

Pu = g f Bx {IV x kowi) +AA A} 

PRO = | Bx {sulky hy Flo) + V x jkay]: Ao) 
(9.16) 


The Tyy are now irreducible tensor operators of rank J in the nuclear 
Hilbert space. This can be proven in general by utilizing the properties of 
the vector density operator J(x) under rotations. It is easier to prove this 
property explicitly in any particular application. For example, consider the 
case where the nucleus is pictured as a collection of non-relativistic nucle- 
ons, and the intrinsic magnetization density at the point x is constructed 
in first quantization by summing over the contribution of the individual 


nucleons 
A 


epfilx) = un Y` ziali) (x — xi) (9.17) 
i=1 
Here 4; is the intrinsic magnetic moment of the ith nucleon in nuclear 
magnetons (see below).* The contribution to T¢\,, for example, then takes 
the form 


ep | inlky Aa Bx = 


A 
tn X Aijr(kxi) X (Jmiq|J LIM) Yjm(Qi)o 14(i) (9.18) 
it mq 


Here the definition of the vector spherical harmonics in Eq. (9.2) has been 
introduced. Each term in this sum is now recognized, with the aid of 
[Ed74], to be a tensor product of rank J formed from two ITO of rank 
J and 1, respectively.4 Thus TA is evidently an ITO of rank J under 
commutation with the total angular momentum operator, which in this 


3 One could be dealing with a density operator in second quantization, or expressed 
in collective coordinates, etc; to test for an ITO, one first constructs the appropriate 
total angular momentum operator Î, and then examines the commutation relations (see 
[Ed74]). 

4 Any spherically symmetric factor does not affect the behavior under rotations. 
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case takes the form 


A A 
Î = 5 J(i) = SLi) + S(i)] ; angular momentum (9.19) 
i=1 i=1 


As another example, the convection current in this same picture of the 
nucleus is 

; (3) _< 8) p(i) 

Je(x) =>) Tt) (x= x) pli)sym = À ô= (x—x;)— (9.20) 


Mpc 


The need for symmetrization? arises from the fact that p(i) and x; do not 
commute; the current density arising from the matrix element of this ex- 
pression takes the appropriate quantum mechanical form (f/2impc)[p* Vy 
—(Vyp)*p]. The last equality in Eq. (9.20) follows since one of the sym- 
metrized terms can be partially integrated in the required matrix elements 
of the current, using the hermiticity of p(i) and the observation that 
V: A = 0 in the Coulomb gauge. Multipoles constructed from the convec- 
tion current density in Eq. (9.20) are now shown to be ITO by arguments 
similar to the above. 
The parity of the multipole operators is [B152] 


Ty Mo = y Tih 
Te = el ae (9.21) 


Again the general proof follows from the behavior of the current density 
J (x) as a polar vector under spatial reflections. It is easy to see this behavior 
in any particular application. For example, it follows from Eqs. (9.17) and 
(9.20) if one uses the properties of the individual quantities under spatial 
reflection: 1g > 14; Piq > —Piq; and Yin(—x/|x|) = (—D! Yin(x/|x\). 
Parity selection rules on the matrix elements of the transverse multipole 
operators now follow directly. 

There is no J = 0 term in the sum in Eq. (9.10). This arises from the fact 
that the vector potential is transverse, and hence there are only transverse 
unit vectors, or equivalently unit helicities 2 = +1, arising in its expansion 
into normal modes [see Eqs. (8.2) and (8.4)]. This has the consequence, 
for example, that there can be no J = 0 — J = 0 real photon transitions 
in nuclei. 

The Wigner—Eckart theorem [Ed74] can now be employed to exhibit 
the angular momentum selection rules and M-dependence of the matrix 


5 (4, Bh ym = (AB + BA)/2. 
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element of an ITO between eigenstates of angular momentum 


Ji—Mi 

(Jp My Pr diM) = E piz OMA MII MYI) 0.22) 
The Clebsch-Gordan (C-G) coefficients provide all the relevant informa- 
tion. They contain the entire M-dependence, and they vanish unless the 
angular momentum quantum numbers satisfy the triangle inequality, e.g. 
|Ji —J¢| < J < Ji + Jy. We adopt the convention that this selection rule 
is built into the reduced matrix elements themselves, and that they are 
defined to be zero unless the triangle inequality is satisfied. 

Note that the required matrix elements of Eq. (9.10) imply My = Mi— 4. 
This means that the photon carries away the angular momentum / along 
the z-axis, which is the direction of emission of the photon in the preceding 
analysis (Fig. 9.1); thus the helicity of the photon (its angular momentum 
along k) is 4 = +1. 

If the target is unpolarized and unobserved, one can simply pick a 
convenient z-axis along which to quantize, and the photon momentum 
k provides such a choice. In that case, the average over initial target 
orientations )>; = (2J; + 1)! oy, and sum over final target orientations 
Vp Hd m; can be immediately evaluated with the aid of the Wigner- 
Eckart theorem and the orthonormality properties of the C—G coefficients 
to give 


1 2 


2J;+1 ys E SDI F 1(J Mfl Îrm|JiMi) 
i M; My 


J 


1 A 
= IN MI Pall)? (9.23) 
ee ae 


One then proceeds directly to the transition rate given below in Eq. (9.41). 

It is useful for the subsequent discussion of angular correlations to 
first digress and consider the more general situation where the photon is 
emitted in an arbitrary direction relative to the coordinate axes picked to 
describe the quantization of the nuclear system. The situation is illustrated 
in Fig. 9.2. The unit vectors describing the photon are assumed to have 
Euler angles {«, 6,y} with respect to the nuclear quantization axes. The 
difficulty in achieving this configuration is that the photon axes here are 
the axes that are assumed to be fixed in space, having been determined, 
for example, by the detection of the photon, and the rotations are to be 
carried out with respect to these axes. 

Now one knows how to carry out a rotation of the nuclear state 
vector relative to a fixed set of axes. For example, consider the rotation 
operator that rotates a physical state vector through the angle p relative 
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Z [P(J1M;)> 
[F (JFMp)> 


Line of nodes 


Fig. 9.2. Photon emitted in arbitrary direction relative to quantization axes for 
nuclear system. Note {«, p, y} are Euler angles. 


Fig. 9.3. Rotate physical state vector by angle f about y-axis. 


to a laboratory-fixed y-axis as indicated in Fig. 9.3. It follows entirely 
from the defining commutation relations for the angular momentum, 
that the operator which accomplishes this task is Rs = ey This is 
demonstrated as follows. Introduce a new unit vector along the z’ direction 
and dot this into the angular momentum operator 


ey = e,cosf+e,sinf 
ez: j= Î, cos f + ie sin f (9.24) 
Now make use of the following identity and basic commutation relations 
igh, ip) “ pv ek 3 BY eA A 
ery yey = J,+(—iP) Ly, Jz] + a, Vr [Jy, Jz] 
Cp x deo 
+o G,, [Jy, Jy, J-]]] Perg 
(Ji. Jj = ieijkJk (9.25) 
One finds 
BI, 7 ib 3 : , p? 
e By 7 e» = J, (1-54) +9, (s-5+) 


= J. cos B + Jy sin B 
=e J (9.26) 
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Thus, from general principles, 
(ez Ñe» = ebt), (9.27) 


Now apply this relation to the state vector |jm) representing a particle 
with angular momentum j and z-component m, and let J, act on this 
eigenstate. 


(ez - Fyfe» jmy] = mle» jm)] (9.28) 


This is the desired result. The quantity e~*/»|jm) is a rotated eigenstate 
with angular momentum m along the new z’-axis. 

The goal now is to rotate the nuclear state vector |J;M;) quantized 
with respect to the photon axes into a nuclear state vector |‘P;(J;Mj)) 
correctly quantized with respect to the indicated {x,y,z} coordinates. A 
concentrated effort, after staring at Fig. 9.2, will convince the reader that 
the following rotations, carried out with respect to the laboratory-fixed 
photon coordinate system in the indicated sequence, will achieve this end 

1. —« about k/|k| 

2. —B about ex 

3. —y about k/|k| 
The rotation operator that accomplishes this rotation is 


Re spin = exp fiyJ3} exp lipi} exp fioJ3} (9.29) 


The {2,3} axes are now the laboratory-fixed {eķ2, k/|k|} axes. Thus 


(PJM) = Ry polliMi) = SD u(7-B,0|JiMx) — (9.30) 
Mk 


Here the rotation matrices have been introduced that characterize the 
behavior of the eigenstates of angular momentum under rotation [Ed74]. 
It is clear from Fig. 9.2 that one can identify the usual polar and azimuthal 
angles that the photon makes with respect to the nuclear coordinate system 
according to p +> 0 and « +> ġ; the angle y > —¢ of the orientation of the 
photon polarization vector around the photon momentum is a definition 
of the overall phase of the state vector, and, as such, merely involves a 
phase convention; the choice here is that of Jacob and Wick [Ja59]. It will 
be apparent in the final result that this phase is irrelevant. Equation (9.30) 
expresses the required nuclear state vector as a linear combination of state 
vectors quantized along the photon axes. Since now only matrix elements 
between states quantized along k are required, all the previous results can 
be utilized. The required photon transition matrix element takes the form 


(PJ yp My)|Ay—a\Pi(iMi)) = (J MeRa Âs —2RypolJiMi) (9.31) 
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Fig. 9.4. Configuration for transition matrix element describing photon emission 
and nuclear process JiM; — J; My with nuclear quantization axis along the z-axis. 


Here / is the photon helicity, and H J,— indicates one of the contributions 
to the operator in Eq. (9.10). Evidently 


Ripa = Rob) (9.32) 


The definition of an ITO can now be used to simplify the calculation 
[Ed74] 


Rapp Hy -RL py = Y Diwa -B, y) (9.33) 
M' 


The previous identification of the angles, and a combination of these 
results, permits one to write the transition matrix element describing the 
nuclear process JiM; — J;My; with the nuclear quantization axis along z 
and emission of a photon with helicity 4 (Fig. 9.4) as 


(P (J My) | KAEM) = (Jp Mpk); M) (9.34) 


where the appropriate transition operator is given by 


1/2 
Ag™(k~) = eo( a SD Va $1) 


20;,Q TM 
x [ÊA k) FAT HECK) Dial PrO be) (9.35) 


The Wigner—Eckart theorem in Eq. (9.22) now permits one to extract all 

the angular momentum selection rules and M-dependence of the matrix 

element in Eq. (9.34). All M’s now refer to a common set of coordinate 
6 

axes. 


® These axes were originally the photon axes with the z-axis along k, but they can 
now just as well be the nuclear {x,y,z} axes in Fig. 9.4; the equivalence of these 
two interpretations is readily demonstrated by taking out the M-dependence in a C-G 
coefficient with the aid of the Wigner—Eckart theorem — it is the same in both cases. The 
two interpretations differ only by an overall rotation (with RR inserted everywhere), 
which leaves the physics unchanged. 
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| JM; > 


| JMe > 


Fig. 9.5. Nuclear transition with real photon emission. 


The final 27, _, in Eq. (9.35) plays the role of a “photon wave function,” 
since the square of this quantity gives the intensity distribution in (p, x) 
of electromagnetic radiation carrying off {J,—M, 1} from the target. 

We proceed to calculate the transition rate for the process indicated in 
Fig. 9.5. The total transition rate for an unoriented nucleus is given by the 
Golden Rule 


2 ape 
ag z NO So \ (Ip My kA |JiMi)|?5(Ep + ok — Ej) (9.36) 


The appropriate sum over final states is given by 
\ = Po EE [ek (9.37) 
7 (2x) l 
f 2 My 


The f dk allows one to integrate over the energy-conserving delta function 
J dk ô&(Ef +œ — Ei) = 1/ħc. The integral over final solid angles of the pho- 
ton f dQ, can be performed with the aid of the orthogonality properties 
of the rotation matrices [Ed74] 


S sin 0d0 ‘i dd Duo, —0, p DX 1_4(—@, —9, p) 
0 0 
An 


= 97 = a7 a 1s OM (9.38) 


Note that since 4 is the same in both functions, the dependence on the 
last @ (which was the phase convention adopted for the third Euler angle 
—y in Fig. 9.2) drops out of this expression, as advertised. 

The average over initial nuclear states is performed according to 7; = 
2G 1rt S m; The use of the Wigner—Eckart theorem in Eq. (9.22) and 
the orthonormality of the C-G coefficients then permits one to perform 
the required sums over M; and M; 


S22 (Jp MpJi— MilJpJid MY? = 1 (9.39) 


The final sum on M gives X y = 2J +1. 
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Since the matrix element of one or the other multipoles must vanish by 
conservation of parity, assumed to hold for the strong and electromagnetic 
interactions, it follows that 


KIPS + ATH EF = PUT? + pl ÊE (9.40) 


This expression is now independent of A, and the sum over final photon 
polarizations gives }>, = 2. 

A combination of these results yields the total photon transition rate 
for the process illustrated in Fig. 9.5 


1 a A 
engi Rakas ra 2 (ONTON Ko O41 
The multipole operators are now dimensionless. Equation (9.41) is a very 
general result. It holds for any localized quantum mechanical system. 
All that has been assumed about the target is that there is a local 
electromagnetic current operator. For most nuclear transitions of interest 
involving real photons, the wavelength is large compared to the size of the 
nucleus. It is thus important to consider the long-wavelength reduction of 
the multipole operators. This informative analysis is somewhat technical, 
and in order to not break the thread of the present development, we 


relegate the details to appendix A.’ 


7 We leave it as an exercise for the reader to demonstrate that the inclusion of target 
recoil in the density of final states leads to an additional factor of r on the right side of 
Eq. (9.41) where r™! = 1 + ħk/Mrc. 


10 


Dirac equation 


Electrons are light, with a rest mass of 
mec” = 0.5110 MeV (10.1) 


For the energies of interest here, electrons must be treated relativistically. 
Fortunately, for leptons, one knows how to do this with the Dirac equation 
[Bj65, Sc68] 


I 
= 
|= 
© 


(ca: p+ Bimoc*)p 


p = -V (10.2) 


Here y is a 4-component column vector and « and f are 4 x 4 hermitian 
matrices satisfying the relations 


Ba + xp = 0 sk =1,2,3 
OL + OO, = 2K 
BR = 1 (10.3) 
A specific (standard) representation of the Dirac matrices is given in 2 x 2 
form by 
0 o 1 0 
E pela e) (10.4) 
Introduce 
y = iaf 
um = B (10.5) 
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It follows that these new matrices are also hermitian and satisfy the 


following algebra 


YuYv + YvYu ae 20 uv 
Say ;u=1,...,4 (10.6) 


In the standard representation, the gamma matrices are given by 


aF a] uel ay (10.7) 


Multiplication on the left by y4 and division by fic leads to the covariant 
form of the Dirac equation 


0 moc 
a T e) y =e 
H 
Ye = (y, y4) 
(x, ict) (10.8) 


Xu 


Repeated Greek indices are summed from 1 to 4. 
To include an electromagnetic field one makes the gauge invariant re- 
placement pı > py — (e/c)A, or 


ô 0 ie 
OXp OXyn ħc 
A, = (A,i®) (10.9) 
This yields the Dirac equation 
0 ie _ Moc _ 
b (= Ay) T i p=0 (10.10) 


The equivalent Dirac hamiltonian is obtained by working backwards 


H = ca: (p— <a) + bmo? + eð 


= A+ 
A, = -ea-A+e® (10.11) 
Here e = —|e| = —e, is the charge on the electron. 


The Dirac equation for the adjoint field is obtained from Eq. (10.10) by 
taking the adjoint and multiplying on the right with y4 


2 3 ie moc 
P hu (2 fa, hi | i 


P) = yt) (10.12) 
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The Dirac electromagnetic current is given by 


; 1 + | 
ions pe p pp 
ie p(x)ya p(x) (10.13) 
It then follows by direct differentiation and use of the equations of motion 
that the Dirac current is conserved 
on 
Xu 


=0 (10.14) 


Note that this relation holds in the presence of the electromagnetic field, 
as it must. 

One obtains stationary state, plane wave solutions to the free Dirac 
equation upon substitution of the form 


p= e` iEt/ħ oipx/h u(p) (10.15) 


The resulting equations only have solutions for eigenvalues of the energy. 
We denote these eigenvalues and the corresponding eigenfunctions by 


E = +E), ; solution u(p) 
E = —E, ; solution v(p) 


Ey = \/p?c?+mect (10.16) 


That it yield the correct relativistic energy-momentum relation is one of 
the requirements used to derive the Dirac equation. A little algebra shows 
that the four eigenfunctions (u1, u2, v1, v2) can be exhibited explicitly as the 
columns of the following modal matrix, again expressed in 2 x 2 form, 


Eime 1/2 Ep + moc? 
Mass (10.17) 
2Ep cop 1 

R E pee 

Ep + moc 

They satisfy the orthonormality conditions 

uluj = vt vj = Oij 

ulv; = vlu = 0 (10.18) 


Evidently, from the Dirac equation, these solutions satisfy 
(i) uPu F moc)u(p) = 0 


(i) uPy — moc)v(—p) 0 
Pu (p, iE,/c) (10.19) 
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Fig. 10.1. Promotion of particle from a negative energy to a positive energy 
state in Dirac’s hole theory. 


Now p is the momentum eigenvalue. Note that the second equation is 
written for v(—p). This solution can be interpreted with the aid of Dirac’s 
hole theory. 

A heuristic understanding of the role of the negative energy states was 
given by Dirac. Since particles in the positive energy states could just keep 
cascading down endlessly, he invoked the Pauli Exclusion Principle and 
assumed that in the vacuum the negative energy states are all filled. One 
always measures quantities with respect to the vacuum and the constant 
contribution of the filled states has no consequence for this theory. 

This picture does have implications. A particle in one of the filled 
negative energy states can be promoted by some mechanism to one of 
the positive energy states as illustrated in Fig. 10.1. Since if one fills the 
negative energy state one recovers the vacuum, the hole (absence of a 
particle) must have the opposite properties of the particle. Dirac called 
these antiparticles. The antiparticle of the electron is the positron. If 
v(—p, 2) is the negative energy solution of a particle with charge e = —|e|, 
momentum —p and helicity 4 with respect to —p, then it represents a 
positron with charge +|e], momentum +p and helicity 2 with respect 
to +p. (Since the spin also reverses, the helicity, or component of spin 
along the momentum, is unchanged.) Another immediate consequence of 
Dirac hole theory is that the vacuum becomes a dynamical quantity; it is 
polarizable for example, and relativistic quantum mechanics immediately 
confronts one with the relativistic quantum many-body problem. 

The solutions in Eq. (10.17) can be combined to yield the projection 
operators 


_ moc? — iyu puc 
DO up oap) = ( a 
p aß 


spins, E>0 
Ji h 
23 —mgc* — iy „puC 
XO v(—p,5)5(—p,8)p = ( a mc) (10.20) 
spins, E<0 P aß 


The relativistic quantum field for a free electron can be expanded 
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in terms of the normal-model solutions to the Dirac equation obtained 
above. The coefficients in the expansion become creation and destruction 
operators satisfying canonical anti-commutation relations (for fermions). 
After a canonical transformation to particles and holes, the field in the 
Schrodinger ears takes the form [Bj65, Fe71] 


p(x) = a> 2 [ax, ju(kA)e** + bh .v(—kAje** (10.21) 


We again quantize in a big box of volume Q and use periodic boundary 
conditions. The Dirac current is given in terms of the field by 


Jul) = ipaa) (10.22) 


The hamiltonian in first quantization for a Dirac particle in an ex- 
ternal, time-dependent field ADs t) is given by Eq. (10.11). In second 
quantization this hamiltonian takes the form [Bj65, Fe71] 


_ [eo fea: p- AN, n| + Bmc? + eD™'(x, oho (x Px 
(10.23) 


Here Ô(x) and Ý (x) are field operators in the Schrödinger picture satis- 
fying canonical anti-commutation relations [Eq. (10.21) provides a conve- 
nient representation]. The interaction hamiltonian in the external electro- 
magnetic field is evidently 


A” = —e jy(x)AS(x, t) (10.24) 


This hamiltonian can be used to determine the relativistic, quantum behav- 
ior of an electron in an arbitrary, time-dependent external electromagnetic 
field. It also governs pair production processes. 

There are several readily established relations on the traces of the 
gamma matrices which are useful in the calculation of rates and cross 
sections [Bj65]. 


tracey, = 0 
trace yyyy = 4dyy 
trace yYayvyp = 0 
trace yyYvYp¥o = A(OpvSpq — Öupåvo + Spc 5 vp) (10.25) 


Other relations are given in appendix D. 

Since f and c have now served their purpose, and we know where all 
the factors are, it is convenient to go over to a more common set of units 
used in nuclear and particle physics where 


h=c=1 (10.26) 
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This simplifies the algebra considerably, and we shall henceforth assume 
this to be the case. All momenta and energies now become inverse lengths 
with the conversion factor 


fic = 197.3 MeV fm (10.27) 


We shall take care to ensure that all final results are written in transparent 
and dimensionally correct form. 
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Covariant analysis 


Consider the scattering of a Dirac electron in an external field created 
by an electromagnetic transition current density in a hadronic target. We 
assume to start with that the target makes a transition from the ground 
state to some discrete excited state. The external vector potential A(x, t) 
can be related to that current density through the use of Maxwells 
equations! 


OVP ax a 
(E) A&D = elf) (11.1) 
Here |i) and |f) are exact Heisenberg eigenstates of the target with energies 
E, E' respectively. It follows that the time dependence of the target matrix 
element can be extracted as 


ô y? a 
(E) AD = elfe EE (11.2) 


The states can similarly be taken as eigenstates of four-momentum p, = 
(p, iE), so the entire space-time dependence can be extracted as 


ô \e å 
(E) 4D = -eOe (11.3) 


First-order time-dependent perturbation theory and the interaction of Eq. 
(10.24) lead to the scattering operator 


=i f Hx, (11.4) 


1 These are Maxwell’s equations in the Lorentz gauge for the external field where, by 
current conservation, 0A /0x, = 0. 
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Fig. 11.1. Feynman diagram for electron scattering from a hadronic target. 


Here the interaction representation for the electrons has been introduced 
and they carry the free field time dependence exp(tik: x). Now take matrix 
elements of the scattering operator between appropriate initial and final 
electron states 


â e —iq:x X 
(ka, s2lĝlk1,s1) = -g smalks) fe Tx A(x) dix 
q4 = k-k (11.5) 


If one proceeds directly to the continuum limit, what is required is the 
four-dimensional Fourier transform of the external field 


Ags(g) = f A ax (11.6) 
The Fourier transform is inverted with the relation 
7 5 d*q 
xt —_ ig:X xt 
Aj (x) = fe Al (q) (ona (11.7) 


Substitute Eq. (11.7) on the left hand side of Eq. (11.3). The right hand 
side is then reproduced if one chooses 


— 9° A (g) = —ep(f 1 (O (27) p — p' — q) (11.8) 
The required S-matrix thus takes the form 


A 1 R 
(fiŝi) = A O a AOD Oo- p — a) 


q = k-k = p-p (11.9) 


The spin quantum numbers for the electron have been suppressed. 

The amplitude in Eq. (11.9) can be represented as a Feynman diagram 
as shown in Fig. 11.1. There is a corresponding set of Feynman rules for 
the S-matrix: 
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<_ r — 


Q => 


Fig. 11.2. Quantization volume. 


1. Include a factor of (—i) for each order of perturbation theory; here 
second order; 


2. Include a factor of (—eJ„) for each vertex; here 


© —ie), ; for electron vertex 
e —e,(f 1, (0)li) ; for hadronic vertex (lowest order) 


3. Include factors of u(k1)//Q and ai(kz)/./Q for the initial and final 
electron legs; 


4. Include the following factor for the virtual photon propagator 


1 1 


Say pom (11.10) 


Since both the electron and target currents are conserved, one could 
just as well use the following expression for the photon propagator 


1 1 Gnd R 
Pu Ôu 7 (1—%) (11.11) 


The extra term in q,,q, vanishes in the S-matrix element (see below). 
Here different choices of % correspond to different gauges for the 
internal vector potential; 


5. Include a factor (27)*6 (3°, pi) at each vertex; 

6. Integrate f d*p over internal lines. 
The factors in the above diagram can be checked according to (—i)?(—ie) 
x(—ep)(22)8 /(22)4iQ? = —ee,(27)*//Q2. 


As indicated previously, we choose to quantize in a big box of volume 
Q (Fig. 11.2) and in the end let Q — œ. This fictitious volume must 
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do 


ki p 
< 


Fig. 11.3. Flux and cross section in any frame obtained by a Lorentz transfor- 
mation along the incident electron direction. 


disappear from any physical result. The end term in Eqn. (11.9) should 
really be written in the form 


(2r) 8p — p’ — q) = | ellP-P-9* By = Ody pa (11.12) 


OX 
Thus the S-matrix for the problem at hand actually takes the form 
(f|S|i) = —2nid5(Wy — Wi)Tpi 
TRE Toga ; 
Tj = “iek AE F \Ju(O)li) Sp p—q (11.13) 


Here Wp, W; are the final and initial total energies. The cross section can 
now be evaluated immediately with the aid of the Golden Rule 


— i _ar.a(we— Wòdo, — 
do = Flux > 2n Til (Ws — Wi)dpf Fuz (11.14) 
It follows immediately that 
[dy.p-al” = Spy (11.15) 


Only one of the momenta in the final state is independent. The number of 
states for the final electron in a big box with periodic boundary conditions 
is 
dpf = ——@k 11.16 

Pf (2 )3 2 ( ) 
Consider the incident flux in any frame obtained by a Lorentz transfor- 
mation along the incident electron direction as shown in Fig. 11.3. The 
incident flux is defined by vre1/Q and is given by 


Q 
T 


= 1 _ 1 ky p 
Flux 0 Vrel O (= z) 
1 
= On, Eel? +k ,E) 
1 
= 2.— (ki: p? (11.17) 


Qs E 
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The last relation follows for kı antiparallel to p and massless electrons 
since then kı - p = —kıp — &1 E = —(k,E + €1p). The reader can verify that 
the same result holds if kı||p, which we now use to generically identify 
this case. A combination of the above results then leads to 


Ba Qdk 
do = 2n G Bouk S AOD PSW, — Wer 
Qg E 
iva eae (11.18) 


If the electron beam is unpolarized and its final polarization unmea- 
sured, one must average over initial electron spins and sum over final 
spins.? If the target is unpolarized and unobserved, one must average over 
initial target states and sum over final states. The cross section thus takes 
the form (recall e?/4r = a, the fine-structure constant) 


4a? (dk 1 
do = T (=) Ta py hR PED? 


St. 82 i 


x \ti(ka)yyulki FI OPEN) 5 (p — p' — Ò (11.19) 


Here Eqn. (11.12) has again been employed. The product of the matrix 
element and its complex conjugate can now be written out. In taking 
the complex conjugate, one must use {y4,y;} = 0 to restore the gamma 
matrices to the proper order and also remember that Ji = J, ip) has an 
imaginary fourth component. We therefore arrive at the final, important 
result 


4a? dka 1 
do A ( =) E Nw Wu (11.20) 


-21025 XO Y ulki )yvulko)ū(k2)ypu(kı) 


S1 S2 


23 

i 

= 
Ill 


Ww = APY S(T OF) IAOEE — p +a) 
D f 


This expression represents the cross section in any frame where kı ||p. 
It is evident from Fig. 11.3 that do is a small element of transverse area 
and, as such, is invariant under Lorentz transformations along the incident 
electron direction. The initial factors in this result are all Lorentz invariant. 
The quantity y,, transforms as a second rank tensor (see below). Hence 


2 We shall later relax these conditions. 
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one concludes that W,» must also be a second rank tensor. The right 
hand side of Eq. (11.20) is explicitly Lorentz invariant and can now be 
evaluated in any Lorentz frame; it represents the physical cross section in 
any frame where k; ||p. 

If one were doing elastic scattering from a point Dirac particle, the 
matrix elements of the current would each be proportional to 1/Q and 
the final momentum would be determined by the use of Eq. (11.12). 
The quantity W,» would thus be independent of Q and the quantization 
volume would then cancel from Eq. (11.20), as it must. This is in fact a 
general result, as we shall see in all our applications. 

Although Eq. (11.20) has been derived under the assumption of a 
discrete final state of the target, the generalization to an arbitrary final 
state of the target, which might include the production of many particles, 
is now immediate. One simply calculates the appropriate inelastic matrix 
element of the current and then sums over the correct number of final 
states at given (p,q) in Ww. 

With the aid of the positive-energy projection operators for the Dirac 
equation in Eq. (10.20), the lepton response tensor can be evaluated for 
massless electrons as follows 


1 
Ww = =s 5 5 u(ky \yvu(kz)ū(kz)y,u(kı) 


St 82 


—j^ k —i k 
= —&]& trace E ( oe 2) Yu (=)] 


1 
r. Js [kaskin + Kiykay a (ky j k2)ô;»] 
Nw = kzykių F Kiykoy z (kı x k2) On (11.21) 


This is evidently a second rank Lorentz tensor, as advertised. 

The target response tensor W,, is a second rank Lorentz tensor built 
out of the two remaining independent four-vectors p and q; everything 
else has been summed over. The electromagnetic current is conserved. 
With the aid of the Heisenberg equations of motion, one concludes that 


ô a a, a 
a FA = e ip puf = 0 
H 


qulfi (Oli) = 0 (11.22) 
Hence current conservation for the target implies 
4u Wuv = W w4 = 0 (11.23) 


3 This can be proven directly from the Lorentz transformation properties of the states, 
but the argument is more involved. 
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The Dirac equation for the massless electrons implies that 
u(kz)yzqaulk1) = ū(k2)(yık21 — yakia)ulki) = 0 (11.24) 


It follows that the lepton response tensor in Eq. (11.21) obeys the same 
conditions 


Ww = Nwa = 0 (11.25) 


The two independent Lorentz scalars that can be constructed from p 
and q are q? and q: p. Recall p? = —MŻ is fixed by the target mass. In 
the laboratory frame, for massless electrons, q? = (ky — k1} — (k2 — kı}? = 
2kık2(1 — cos 0) where 0 is the scattering angle. Furthermore, the target is 
at rest in that frame so p = (0,iM,). Hence one can identify these scalers 
in the laboratory frame according to 


0 
gq = 4kik sin’ 5 ; laboratory frame 
q4:p = —qoMr (11.26) 


The conditions in Eq. (11.23) then imply that the target response tensor 
must have the following form 


Andy 
Wp = Wi(q?.4 `p) (5, = 7 ) 
pq q 
+W2(q",4 Pa (>, Zz a») (>, = P-ta.) (11.27) 


This result is due to Bjorken [Bj60], Von Gehlen [Vo60], and Gourdin 
[Go61]. It forms the basis for the subsequent analysis. It makes use only of 
Lorentz covariance and current conservation, and it holds for any hadronic 
target, independent of its internal structure. Note that it is 5°; Xp that 
yields the simplicity of the form in Eq. (11.27). Upon substitution of this 
expression, the cross section in Eq. (11.20) is then exact to lowest order in 
a. We proceed to the proof of this important result. 


Write the most general tensor one can make out of the four-vectors p 
and q 
PuPy qug 1 
Ww = Wiðw + Wa tA + Bag Prav + Pv du) 
wv pw MŁ M2 M2 uav v4u 
1 
+C > (Pug =A Pvu) (11.28) 


My 


4 Note that Ey s4pDo is a pseudotensor. We shall return to this later. 
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Use the current conservation relations in Eq. (11.23) 


2 
P4 py qv 1 2 
Widy + W2 ME te imp aeta Py) 


Cy dav —4' py) = 0 


P° Pu g? qu i. 2 
W W. A B . 
14u + W2 MR + M2 + MZP q qu +4 Pu) 


0 (11.29) 


1 
C — (g Pu — P 4 Qu) 
Mi. H H 


Since p and q are linearly independent four-vectors, their coefficients 
must individually vanish 


W,+ + B4 C = 0 
r Mb Mz 
pq q? q? 
Wa + B C = 0 
Mz Mp M4 


q pq p'q 
Wı + A+ B C = 0 
Mp = Mp My 
2 2 
p'q q q 
W2 + B+ C = 0 (11.30) 
Mt My Mj 
The solution to these linear equations is 
C = 0 
B = age 
M2 . 2 
A = -fw + (24) w» (11.31) 
q q 


This is the desired result. 


The next task is to combine the expressions in Eqs. (11.21, 11.27) to get 
the cross section in Eq. (11.20). With the aid of Eq. (11.25), the required 
expression reduces to 


Nuv Wy (kinkay + kivkzu — ky + k2 Oy) (He + whet 


My 


1 
= Wat 2a oko) Wo g Pe ky p> ka —p?ky+ka) (11.32) 
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Now employ some kinematics in the laboratory frame. Since the electrons 
are massless here 


q = k-k 
qg = —2k, : ka = —2k, : k2 + 2e162 
0 
= 2¢1€(1 — cos 0) = 42187 sin? 5 (11.33) 
Also, since p = (0,iM,) in the laboratory frame, 
P = M} 
(p: ki\X(p'k2) = Mrerer (11.34) 


Hence 
50 rap 
N uv Ww = 4eé,é sin 5 W, + 2e1é2(1 — sin 3) We 


0 0 
= 2¢18 (w cos? E sin? z) (11.35) 


The double differential cross section in the laboratory frame in Eq. (11.20) 
can therefore be written 


do a? 8 ( 1 ) ( 20 20 
= 26162 | W2 cos = + 2 W; sin 5) 
dé2dQ)  4e?e2 sint 0/2 (2 Mrs ANTS 2 PR A 
(11.36) 


Introduce the Mott cross section for the scattering of a relativistic (mass- 
less) Dirac electron from a point charge’ 


_ & cos? (0/2) 
M 4e? sinf (0/2) 


oO 


(11.37) 


The double differential cross section in the laboratory frame for the 
scattering of a relativistic Dirac electron from an arbitrary hadronic target 
to order &? then takes the form 


do 1 
= 0 
dode? “Mr 


6 
[W2(q?,4° p) + 2Wi(q?,q° p) tan? 5l (11.38) 


This is a central result. 
It is useful at this point to demonstrate the relation to the photoabsorp- 
tion cross section. The process is illustrated in Fig. 11.4. This cross section 


> Two factors of Eq. (10.27) restore the correct dimensions (recall ¢ = hkc). 
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Fig. 11.4. The process of photoabsorption by a hadronic target. 


measures one slice of the two-dimensional response surface W;(q7,q > p). 
In fact 

(27) x 
vík: p? 
Here k = (k, iœķ) is the four-momentum of the incoming photon. This 


result is derived as follows. 
Start from the interaction with the transverse quantized radiation field 


Wi(k?,-k-p) 3k? =0 (11.39) 


Oy = 


H' = —e, J J(x) : A(x) Ëx (11.40) 


Everything is now in the Schrödinger representation. The quantized radia- 
tion field is expanded in normal modes according to Eq. (8.8) with helicity 
unit vectors 2 = +1 defined in Eq. (8.4) and Fig. 8.1. The scattering op- 
erator is again given in lowest order by Eq. (11.4) where now everything 
is in the interaction representation. The appropriate S-matrix element of 
this scattering operator is 


A 1 
(ISI) = ie (5 5 


The system is again quantized in a big box with periodic boundary 
conditions so that Eq. (11.12) should actually be employed. The T-matrix 
is identified as in Eq. (11.13) 


1/2 . 
) ex: (FINO) Onto p+k—p) (11.41) 


Sp = —2nid(W; — WATY: 
1 1/2 ` 
Ta =~ (575) eu ROR 142 


The cross section is again given by 


Rate 2 1 
Oy Flux = 2r| Tril O(Ws — Wi Fux 
Nk nye 
Her ao es (11.43) 


Q ae 
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With unpolarized and unobserved targets, one must again average over 
initial states and sum over final states and with an unpolarized beam, one 
must average over photon polarizations. With the use of Eq. (11.15) and 
the identification of the target response tensor in Eq. (11.20), one finds 


ij(€k,a)j (11.44) 


Gy = A Xo (eg iM 
Vk p? 4=44 


It is now necessary to carry out the polarization sums, and with the 
insertion of the expressions for the helicity unit vectors one has 


S (ej ,)ilea) 


A+1 


1 
= z lexi — iex2)i(€k1 + iek2)j + (ex1 + iek2)i(ek1 — iek2);] 
a (ek1); + (€x2)i(€k2); 
kik; 
The last relation follows since the set of unit vectors in Fig. 8.1 is complete. 
Current conservation can now be employed on the last term 
kafli) = 0 
k: (FIJ) = [kl (f|Jo(0)Ii) (11.46) 


The required expression in Eq. (11.44) can therefore be written as a 
covariant polarization sum 


lei i(eka)7 = Wap (11.47) 


(11.45) 


One has to be careful with the limit k? — 0 of the general expression 
for the target response tensor in Eq. (11.27). From its definition in terms 
of matrix elements of the current in Eq. (11.20), W,, cannot be singular 
in this limit. Thus, by inspection 


Wr. > Olg’) ; 0 


(p: q? 
M2q? 


=W + W > O(q’) (11.48) 


The trace of the response tensor is given in general by 


(p: 4 
q? 


1 
Wry = 3W + W — G (11.49) 
My 
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With the use of Eqs. (11.48) one has 
Wi > 3Wi1—W2-Wi+0(q’) f 0 
Wi > 2W,+0(q") 

Wilk? =0) = 2Wy(k? =0) (11.50) 


This is the desired result, and Eq. (11.39) holds as claimed. 
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Excitation of discrete states in (e,e’) 


Consider the simplest case of excitation of a discrete state of the target in 
inclusive electron scattering (e,e’). The kinematics are illustrated in Fig. 
12.1. If M% is the final target mass, then 


/ 


PpP = Pp~4d 
-M7 = —Myp—-2p-qt+q@ 
2p-q = Mp—Mr+q@ 
= 2Mr(é — £2) (12.1) 
The last relation evaluates p:q = —Mrqo in the laboratory frame. One 


observes that here only q? is an independent variable. 
The integral over the energy-conserving delta function appearing in the 
response tensor can be performed according to 


| dea6(E -Mra = f dexd(W; — Wi) 


p 


Fig. 12.1. Kinematics in inclusive electron scattering. 
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This jacobian is evaluated as follows 


Wr = PPMP)? +e 
= [ki — ka)? + MPI? + ez 
= [et +e} — 2e1ez cos 0 + M77]? + e2 
oWs — &— E cos 0 44 
0&2 E’ 
é+E'—ecos9 Mr +€ — £1 cos 0 
= = z= > 
Mr 221 sin? (0/2) 
EI [ E My (12.3) 


Energy conservation has been used. The inverse of this relation gives the 
required result 


0&2 = E'. 
OW; Mr 
2 2e sin? (0/2) 
— 1 
cs = h+ Mp (12.4) 


Take out the following Lorentz invariant factors from the coefficients 
in the response tensor 


M2 
Wilga p) = wila) òo poao) ;i=1,2 (12.5) 
Then, from the above, 
dez 4 
M7 ——Wi(q?,q°p) = wilg)r (12.6) 


The remaining response tensor, which will be denoted by w,,, is given by 


7 
HEE Onpa- pl -UONE 027 


Wuv(q 
The sum over final states in the continuum limit takes the form 


a oe nye (12.8) 


Here >> r now goes over all other quantum numbers. The final result for 
the Lorentz invariant response tensor in this discrete case can then be 
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written 


— 7 Key 
Wo) = DUOMO (129) 
T 


quay 1 pq p'a 
= w1(4°) (5. = r ) F wold rar (>, Po dn) (>, = Pig) 


This relation allows an identification of the transition form factors w12(q). 
The variables q? and q-p are here related through Eq. (12.1). Furthermore, 
a combination of Eqs. (11.38, 12.6) yields the cross section 


d 6 
To =o i wala?) + 2wa?) tan? 5 + (12.10) 


This is an exact result, to order «°, for the scattering of a relativistic 
electron with corresponding excitation of a discrete state in any quantum 
mechanical target. 

As a simple example, consider elastic scattering from a J” = 07 target. 
The kinematics in Eq. (12.1) yields for elastic scattering 


M} = Mr=m 
2p-q = g (12.11) 


From Lorentz covariance and current conservation, one can write the 
general form of the matrix element of the current in this case as 


2 \1/2 
“Qt -ot) — m a1 pq 
Hence one can simply read off from Eqs. (12.9) 


w = 0 
w = Fog)? (12.13) 


As a second example, consider elastic scattering from a J” = 1/27 
target. It follows from Lorentz covariance and current conservation that 
the most general form of the matrix element of the current in this case is 
given by [Bj65] 


(P 1/2 aO] Ps1/2*) = UP) [Fain + Poa] utp) 


1 
a Yy 12.14 
Ji Ya Yv] ( ) 


Ill 


Opu 
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Fig. 12.2. Elastic scattering from isodoublets. 


This time one has to do a little work, but with the aid of the positive energy 
projection operator, and by taking the resulting traces, one identifies 


2 
wi?) =F a|Fi + 2mFaf 
2 
w(q?) = FP + 2 5|2mF2/? (12.15) 


Substitution in Eq. (12.10) then yields the celebrated Rosenbluth cross 
section. Although very instructive, we leave the derivation of Eqs. (12.14, 
12.15) to the dedicated reader.! 

The Rosenbluth cross section is quite general. It of course applies to 
the nucleon, the isodoublet (p,n). It also applies to the nuclear isodoublet 
(He, $H) as illustrated in Fig. 12.2. In both cases, one can actually do 
elastic scattering experiments on the higher energy state. In the case of 
the neutron, one uses a deuteron 7H in which the neutron is bound to a 
proton. In the case of tritium 7H, this nucleus lives long enough that one 
can make targets of it for external beam experiments. 

It is useful to make the isospin dependence of the form factor manifest 
in the case of scattering from an isodoublet target. The general isospin 
structure of the electromagnetic current operator in any description of 
nuclei and nucleons (mesons and baryons, quarks and gluons, etc.) is 

J, = J$ +IP (12.16) 
Here the superscript describes the behavior under isospin transformations, 
either scalar or third component of an isovector. It follows from the 
Wigner—Eckart theorem that the matrix elements of the current must 
reflect that behavior. Thus the form factors must have the structure 
1 


F; = zE? +F] t3) si=1,2 (12.17) 


Here t are the Pauli matrices, and the target isospinors are suppressed in 


1 Hermiticity of the current implies that the form factors in these examples are real. 
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Fig. 12.3. Inelastic transition 0* > 1. 


Eq. (12.14). For the nucleon, it follows that 
1 


El =o ERE) Ff =F? +F? 
1 
EES Soe) Fy = FR-FR (12.18) 


It is useful to summarize the following numerical values for the nucleon 
(m = mp) 


FO) = 1 FPO) = 1 
Fi(0) = 0 F/O) =1 
2mF2(0) = +1.793 2mF} (0) = —.120 
2mF3(0) = —1.913 2mF} (0) = +3.706 (12.19) 


Consider next an inelastic transition 0 — 17 as illustrated in Fig. 
12.3. From Lorentz covariance, the general form of the transition matrix 
element of the current can be written as 


eute 
mm fa?) (A 
EEO? } — ./2mm* eer 


(p's 1TA\Ju(0)|p307) = ( poqo (12.20) 


Here 4 is the helicity of the final 1* particle, and its polarization four- 
vector is given by 


e®* = (Q(t, ieg) (12.21) 


Because of the intrinsic parity of the 1* particle, this matrix element 
must transform as an axial vector. Note that current conservation is 
automatically maintained since qyéppodc = 9. 

To calculate the cross section one needs the sum over polarization 
vectors, which for a spin one particle is given by? 


tf 
L)x (2 PuPy 
fn ey) = Op + m*? 


(12.22) 


2 This must be a second rank tensor, and the polarization vectors satisfy p’- «” = 0. 
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After some algebra, one then obtains 


3)? 


Ww ç = 
amn 


ag (12.23) 


wa = 


The cross section then follows from Eq. (12.10). We shall see from the sub- 
sequent multipole analysis that this represents a “pure M1 cross section.” 

The reader can now write his or her own “elementary cross section.” Just 
pick a transition and use Lorentz covariance and current conservation to 
write the general form of the matrix element of the current. The response 
functions w1,2(q°) are then identified from Eqs. (12.9) and the cross section 
from Eq. (12.10). 

Let us now make a connection to the analysis of real photon transitions 
in chapter 9 and make a multipole analysis of the electron scattering cross 
section. We start by going back a step and restoring the spatial dependence 
to the matrix elements in Eq. (11.20) through the use of the Heisenberg 
equations of motion 


Wor = YO 8lro— po oi f eK) Px) 
x (f| (a e-#*J.(x) d3x|i)(E) (12.24) 


This relation is still exact since if the initial and final states are eigenstates 
of momentum, one has 


(fl | eX (x) dx|i) 
E ET I el J,(x) Bxif) 


OQSpp+q (FIJ (Oli 


QlilJ (OIF) (12.25) 


Thus in the limit Q — œ 
Ww = (27) D 5 (p — p' — q){ilJy(O)|F)(f|Ju(O)|i)(EQ) (12.26) 


This is our previous result. 
Assume one goes to a discrete state with mass M}, then just as before 


Ill 


M4 ; 
Zr (Po — Po — do) Wy (12.27) 
Ww = ry (E) i f EROPA f E xi 


quv 1 pq pq 
== wi(q’) (3 a 7 ) F w2(q ô) (>, q? as) (>, rae Pia) 
T 


Wv 


The cross section is again given by Eq. (12.10). 
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Let us now solve Eqs. (12.27) for the functions w12(q7). First take 
u = v = 4 and make use of the fact that in the laboratory frame 
= (0,iM,r). This yields 


2 2\ 2 2 4 
40 , 40 | q 
Wi (: + #) — W2 ( t £) W1 1 w2 q 
EE' iA f 
= XL (i = | Kh fempexya xi)? 0228) 


Next dot the spatial part of the tensor W,,, into the spherical unit vectors 
€q, from the left and el , from the right. Here these spherical unit vectors 
are defined with respect to the direction of the momentum transfer q [see 
Fig. 8.1 and Eqs. (8.4)]. For 2 = +1 they satisfy 


eg el, = | 
eg gq = 0 sA=Hl (12.29) 


As a result of these observations, the term in w2 no longer contributes. 
Finally, take >)7,_,, to simplify things. The result of these operations is 


2w = >, >> (i ) mife “WX @ if - S(x) P xli? (12.30) 
A=t1 i 
These equations can now be solved for w12(q7) with the result 


2wi(g?) = >, > (= Ml f ee, F(x) axl? (12.31) 


ASE) i 
2 
N 9+ 25> (ae)! (fe “9% B(x) d3x|i) |? 


These equations are still exact. 
Now assume, just as in the analysis of real photon transitions in chapters 
8 and 9, that 


e The target is heavy and the transition densities are well localized in 
space 


e The initial and final states are eigenstates of angular momentum 


Thus one imagines that the target is heavy and “nailed down” (at the 
origin, say). It makes a transition, and the localized transition density 
scatters the electron. Here target recoil (i.e. the C-M motion of the target) 
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is neglected in the transition matrix elements; it is included correctly 
where it is most important through the recoil phase space factor r. 

The multipole analysis now proceeds exactly as in chapter 9. The 
essential difference is that the argument of the spherical Bessel functions 
in the multipoles, instead of being given by |k| the momentum of the 
photon (with |k| = œ), is now given by x = |q| the momentum transfer in 
the electron scattering process. 


Kk = |q| (12.32) 
In addition to the transverse electric and magnetic multipoles of Eq. (9.11) 
Tie) = = [bx [¥ x jea] Joo 
THE = [dx [pene] Joo (12.33) 
there is now a Coulomb multipole of the charge density defined by 
My lve) = | Px jY mO) Pls) (12.34) 


This is the same multipole that appears at long wavelength in the expan- 
sion of T¢h,(k) in Eq. (A.13). 

The use of the Wigner—Eckart theorem allows one to do the sum and 
average over nuclear states, and exactly as in chapter 9 one arrives at the 
relations 


E' 4r A A 
2 2 2 f pms : 2 z Tel ; 2 
wil?) Mp a Fi > UO TSO + ÊRO) 
2 q? j qf E’ A 2: 
woP) = Mi) + Gag az T DIAGO (1235) 
t J>0 


The Wigner—Eckart theorem limits the sums on multipoles appearing in 
these expressions to values satisfying the triangle inequality |J7—Ji| < J < 


dy ar Ji. 
The cross section follows from Eq. (12.10) as 
do An 2 
= M;( i 12.36 
5 TRE PLO (12.36) 


y (£ + tan? 4 3 (ITPA? + IAF) l F 


3 The C-M motion can, in fact, be handled correctly in the usual non-relativistic nuclear 
physics problem using, for example, the approach in appendix A of [Fo69]. We reproduce 
that analysis here in appendix B. 
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Fig. 12.4. Elastic magnetic scattering response F7. for 3?Nb(e,e). Here deg = K. 
The single-particle shell model configuration assignment is (1g9/2);. The work is 
from Bates [Yo79]. 


Here the recoil factor F is given by 


1 
= pir + £1 — £1 cos 0) 


(e2 — £1 cos 0) 
E' 


= 14 (12.37) 
Energy conservation has been used in obtaining this result (note that for 
most nuclear applications Mr/E' ~ 1). 

Equation (12.36) is the general electron scattering cross section, to order 
a, from an arbitrary, localized quantum mechanical target. It forms the 
basis for much of our future discussion. To give the reader some feel for 
these results, we briefly present a few selected applications. 

For real photon transitions, it is the lowest allowed multipole that 
dominates the transition (appendix A). One of the most intriguing features 
of electron scattering (e, e’) is that by increasing the momentum transfer x, 
one can in essence dial the contributing multipolarity, even to the extent 
that it is the highest allowed multipole that dominates. We give three 
examples. 

Figure 12.4 shows elastic magnetic scattering from 3}Nb(e,e). This rep- 
resents the contribution to the cross section from the transverse multipoles 
in the second line of Eq. (12.36). This contribution can be separated ex- 
perimentally by making a straight-line Rosenbluth plot against tan? (0/2) 
at fixed q?, or by working at 0 = 180° where only the transverse term 
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eines 


Fig. 12.5. Surface of u(x)max/2 for 33V with configuration assignment (1f7/2)z 
plotted on a 10fm square. Here the angular momentum is aligned along the 
z-axis with m; = j [D073]. 


contributes. Parity and time-reversal invariance of the strong interactions 
limit one to the odd transverse magnetic multipoles in elastic scattering.’ 
The work shown is from Bates [Yo79]. The single-particle shell model 
configuration assignment for 33Nb is (1go /2)x; recall it is predominantly 
the valence nucleon that gives rise to the magnetic properties of nuclei. 
Note how at long wavelength (low x) the transition is all M1, while each 
higher multipole dominates in turn as x is increased, until at high x it is 
all M9. 

What does one learn from this? Figure 12.5 shows the surface of half- 
maximum intrinsic magnetization density u(x)max/2 for aN (chosen so 
that it would fit on a 10fm square). Here the configuration assignment 
is (1f7/2)z, and the nucleus is aligned so that its angular momentum 
points along the z-axis with m; = j. The intrinsic magnetization tracks 
the location of the valence nucleon. The nucleus is a small magnet with 
a current loop provided by the motion of the orbiting proton. Elastic 
magnetic electron scattering at all « provides a microscope to actually see 
the spatial structure of this small current loop [Do73]. 

We next recall that one of the distinguishing features of the shell model, 
for whose discovery Mayer and Jensen won the Nobel prize, is that levels 
with the highest angular momentum and opposite parity from one major 
shell are pushed down close to the levels of the next lower major shell. If 
that lower shell is filled (or partially filled), one can have low-lying, high- 
spin, magnetic, particle-hole transitions of the nucleus. Figure 12.6 shows 


4 The notation used here is do/dQ = ow [(q*/q*)F7 + (q?/2q? + tan? 0/2)F}]r. 

5 An analysis similar to that for parity in chapter 9 shows that the time-reversal be- 
havior (which includes complex conjugation) of both of the transverse multipoles is 
FT MZ = (—1)'*!T)_\y. This, combined with the hermiticity of the current, leads to 
the quoted selection rule in the elastic case [Pr65, Do73] — see appendix E. 
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Fig. 12.6. Transverse response for 74Mg(e,e’) at 0 = 160° and K = 2.13 fm! with 
the 6~ indicated. Also shown is the inelastic form factor F7 for the 67, defined to 
be the area under the inelastic peak, vs. « = der. This quantity is compared with 
the theoretical result (open-shell RPA) for a transition to the [1f7/2(1ds 2) V6 
state. The work is from Bates [Za77]. 


the large-angle, large x response for electron excitation of {4Mg(e,e’). Also 
shown is the inelastic form factor, the area under the peak, as a function 
of « for the dominant transition. This inelastic form factor manifests a 
characteristic M6 dependence, identifying the excited state as 6. The 
configuration assignment here is 1f7/2(1ds5 py! and the 6~ is the highest 
J” which can be formed from this configuration. The work was done at 
Bates [Za77]. Excitations up to 14~ in *28Pb have been similarly studied 
[L179]. 

As a third application, there are regions of the periodic table where 
nuclei are deformed. Bohr, Mottelson, and Rainwater won the Nobel 
prize for their analysis of these systems. Suppose one measures elastic 
scattering, and inelastic electron scattering, to all members of the ground- 
state rotational band, at all x. This requires very good energy resolution, 
since the ground-state band for heavy nuclei is closely spaced, and involves 
bringing out all the transitions of increasing multipolarity in the rotational 
spectrum. It is then possible to actually see the deformed charge distribution. 
This is illustrated in Fig. 12.7. The work was done at Bates [He86]. The 
study of the intrinsic structure of deformed nuclei is one of the most 
important contributions of the Bates Laboratory. 


é Note that the large J” produces a very narrow state (this state lies above particle 
emission threshold). Furthermore, the large isovector magnetic moment of the nucleon 
in Eq. (12.19), through which the state is predominantly excited from the T = 0 ground 
state, implies this excited state has isospin T = 1. 
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(a) theory 


(b) 


Fig. 12.7. Shape of charge distribution in the deformed nucleus !34Gd(e,e’) (b) 
from work at Bates; (a) deformed Hartree-Fock calculation of the same [He86]. 


10 
Be og Resonance fit 
ma Eo = 7.0 GeV 
9 0 = 6.0 Degree 
a 7 
o 5 
L 4 
= 
=> 3 
WD 2 
dG 
o 1 
0 ————— 


10 12 14 16 18 20 22 24 
Missing mass in GeV 


Fig. 12.8. Inelastic cross section for 'H(e,e’) in the resonance region measured 
at SLAC with ¢; = 7.0 GeV and 0 = 6.0°. The elastic peak has been suppressed. 
Also shown are resonance and smooth background fits [B168]. 


As a fourth brief application, consider electron excitation of the nucleon 
itself. A general discussion of the process (1/2*,1/2) > (J”,T) can be 
found in [Bj66]. 

Figure 12.8 shows the inelastic cross section for !H(e, e’) in the resonance 
region measured at SLAC [B168]. These results are even more impressive 
when one realizes that the elastic peak has been suppressed. Also shown 
in this figure is a Breit-Wigner resonance fit, together with a smooth, 
polynomial background [Bl68, Br71]. The first resonance, the A(1232) 
with (J, T) = (3/2*, 3/2), clearly stands out. The second peak consists of 
at least two levels. The third has several levels, and with a good stretch of 
the imagination, one can even discern a fourth peak. 

Figure 12.9 shows the ratio (dojn/dog)oo for 'H(e,e’)A(1232) as mea- 
sured by the SLAC—M.LT. collaboration [Bl68, Br71]. The inelastic cross 
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Fig. 12.9. Ratio (doin /doe)e> for 'H(e, e’)A(1232) (see text) [Wa72]. Here k? = q?. 


section for excitation of the resonance is obtained from the area under 
the resonance peak. The ratio to the elastic cross section is then plot- 
ted as a function of the four-momentum transfer q?. Note that there is 
one point on this plot at q? = 0 obtained from photoabsorption.’ The 
solid curve is a covariant, gauge-invariant calculation formulated in terms 
of hadronic degrees of freedom [Pr69, Wa72]. The calculation uses the 
multipole projections of the hadronic pole terms from (z, œ, N) exchange, 
with a resonant final-state enhancement factor determined from the z-N 
phase shift; it is discussed in some detail in chapter 28. This calculation 
can be viewed as a synthesis of a great deal of work on this process by 
Fubini Nambu and Wataghin [Fu58], Dennery [De61], Zagury [Za66], 
Vik [Vi67], Adler [Ad68], and others. It is remarkable that a hadronic 
description of the excitation of the first excited state of the nucleon can 
succeed down to distance scales q? ~ 100 fm™?. 


7 In dow the factors oyour are evaluated at the same (¢1,0) while w,(q’). are evaluated 
at the resonance peak. The resulting ratio in Fig. 12.9 is essentially independent of 0 for 
small @ and all the q? #0 points [Wa72]. 
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Coincidence experiments (e, ce’ X) 


With the advent of high-energy, high-intensity, high-resolution electron 
accelerators with continuous beams (c.w.), a whole new class of coinci- 
dence reactions becomes accessible. It is important to have a detailed 
understanding of such processes. In this section, a covariant analysis of 
the amplitude and cross section for the coincidence reaction (e,e’ X) will 
be developed. The results will be exact with one photon exchange, that 
is, to order « in the cross section. The particle X can be anything. The 
kinematic situation is illustrated in Fig. 13.1. The four-momentum transfer 
from the electron is now consistently denoted by 


k = ky —ko 
k = —2ky ky 


0 
eye sin? 5 ; lab frame (13.1) 


The second relation holds for relativistic (massless) electrons, and the third 
relation holds in the laboratory frame. The four-momentum of the emitted 
particle X will be consistently denoted by q = (q,im,), and conservation 


final nucleus 


initial nucleus 


Fig. 13.1. Kinematic situation for a (e,e’ X) coincidence experiment. 
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Fig. 13.2. Angles for particle X in the C-M system. 


of four-momentum states that 
k+pi1=q+p2 (13.2) 


Here pi(p2) are the four-momenta of the initial (final) nucleus or nucleon. 
Two distinct Lorentz frames are of primary interest. The center of 
momentum (C-M) frame is defined by the relation 


q+p2=k+pi = (0,iwW) ; C-M frame (13.3) 


Note that W is the total energy in the C-M frame. The laboratory frame 
is defined by 


pı = (0,iM1) ; lab frame (13.4) 


The C-M frame is reached from the laboratory frame by making a 
Lorentz transformation along the direction of the three-momentum 
transfer k. 

Introduce the orthonormal system of unit vectors in the laboratory 
(lab), as defined in Fig. 13.1 


es = 51 = ei ; €k2 = @€ķ3 X ky (13.5) 
It is important to note that since ex; and ep2 are transverse to k, they 
are unchanged under the Lorentz transformation along k from the lab to 
the C-M system. e,3, defined as the third unit vector in this orthonormal 
system, is thus also uniquely defined in the C-M system (it lies along the 
direction of k). 

In addition, we define the angles (0,,@,) that the particle X makes 
with respect to this orthonormal basis as seen in the C-M frame; this is 
indicated in Fig. 13.2. 

From the general discussion of electron scattering in chapter 11, 
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one has 


4a? dka 1 
do = TE Ia Te pee (13.6) 


Q = ki yk2y a kiykoy a (kı ` k2) Oy 
Ww (2PX Y SOD! — pi — k) (ilJ, (OD/F)(F1Ju(0)|)(QE) 
i f 


For definiteness and clarity, specify to a two-particle final state of 
particle X plus a second nucleus or nucleon (denoted with subscript 2)! 


(f|Ju(O)i) = (prog Fu(0)|p1) (13.7) 
Here |p2q‘~)) is an exact eigenstate of the total hamiltonian; it is a two- 
particle scattering state with incoming wave boundary conditions. To go 
to states with Lorentz invariant norm, one defines (c.f. chapter 12) 


= 204 FE, E29? 
yo M,M> 


1/2 
(p2q”|J,(0)|P1) (13.8) 


Here J, = (J, iJo), and this quantity now properly transforms as a four- 
vector under Lorentz transformations. The hadronic response tensor then 
takes the form 


Qd? 7 


Way = (27) 3 2 (2n)3 =5(p2 sa eee 22 ae k) 
ie r 
——— (QE) 13. 
. 200g FE, E203 ( Wi Jy ( 2) 


Here >~’ indicates a sum over all the remaining variables. The complex 
four-vector J; is defined by 


Jt = (0,10) (13.10) 


B ay dq Ëp x 
Ww = On ee tga — D1 Noo, 3p, V” (13.11) 


This expression is now manifestly Lorentz covariant. 


' As long as one sums over everything else in X` f the subsequent results for the general 
form of the coincidence cross section hold for arbitrary nuclear final states. 
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Consider next the Lorentz invariant combination 1,,J;J,. It follows 
from Eq. (13.6) that 


NuJy Ip = (ki I” )(ke J) + (ka IY ka J) = (ki + k2X(J* J) (13.12) 


Current conservation states that 


k-J = 0 
ky: J = koJ (13.13) 
Hence 
k2 
Haid, Jy = 2(kı -JI*\(ky -J)+ A -J (13.14) 


This expression is explicitly Lorentz invariant. Let us proceed to evaluate it 
in the C-M frame. Since k; has no projection on ex1, which is perpendicular 
to the electron scattering plane, one can write in the C-M system (recall 
k? = 0) 


Kin = [(ki : e2)e2 + (kı - €3)e3, ky] (13.15) 


Now use current conservation 


k-J = ado 
e3: J = — = —_ (13.16) 
j k| Ikl 
Thus 
koJ Sese E [ki k) — k Jo (13.17) 
The Coulomb amplitude is defined by Jo = Jc, hence 
Ju = (J, iJc) 
J = |S? +|I-e3)? — Jc? 
IJL? = |J- e1? +]J- e2)? (13.18) 
Use current conservation again 
x 2 COR 2 
JJ = Wil + | ge —1] Vel 
2 k? 2 
= |J — piel (13.19) 
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A combination of these results yields the following expression in the C-M 
system 


p 1 
modedy = 2È + (i -exea JP 


2 4 
ter |(% (ki - K= ki) - ie 


Hki en) [Erki K ki] 2Rele DJI} (13.20) 


The next step is to re-express the electron variables appearing in this ex- 
pression in the laboratory frame. Start by observing that the combination 
kı - e is transverse and hence unaffected by the Lorentz transformation 
from the lab to the C-M system 


k (kz x kı) 
ke = ki-(es xe)=ki: | 
17@2 1° (e3 x e1) = k; E 
1 
= Taiping E E k — kik k) 
1 5 ; : 
z kesa 'k2)(k{ — kı : k2) — ky (1 : k2 — k5)] 
= : sin? 0 
Ik|kık2 sno? 
thi e2}cm = ansing ; lab variables (13.21) 


Here x is now the three-momentum transfer in the lab frame 


K = Ikļiab 


= Je, +65 — 2e182 cos 0 (13.22) 


To distinguish C-M variables, the four-momentum transfer as seen in 
the C-M system will be written in the final expressions as 


ky = (k*, ia) ; C-M frame (13.23) 


Then with the aid of Eq. (13.3), which defines the C-M frame, one can 
write 
[k- (pi +k)? 

(pi +k 


z[k? pi + 2k7(p1 k) +k* — (k - p1}? — 2k*(p1 -k) — k4] 


k*? =Z m 


(pı + T 
1 


(pı +k)? 


[kpi — (k: p1)] (13.24) 
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This expression is now in invariant form and can be evaluated in the lab 
frame defined by Eq. (13.4) to give 
Mı 
= —K 
W 


Note that W is expressed in terms of lab variables by 


k* ; lab variables (13.25) 


W? = —(pi +k? 
M? — 2p k= k? 


0 
M? + 2M1(é1 — £2) — 4£1€2 sin? 5 ; lab variables (13.26) 
Next use (for massless electrons) 
14 
kı -k = —k; : k2 = 5k (13.27) 


to work out in the C-M system 


2 


a) 1 
[Bka] = lolka kko- halk? + oP 


1 2 
= ja |324] 
-i nal { zeo a kn +b} 
Mo 


= AK (p1 +k} [pi (kı + k2)? (13.28) 


This is also now in invariant form [note Eq. (13.24)] and can be evaluated 
in the lab frame to yield 


2 4 442 
— (kı -k)— J | = Sa (1 +2 =; lab variables (13.29) 
‘le ep RAW? 


Now in the lab 
k? = r? — (e1 — e2)? (13.30) 
Thus 
(ate)? = K?— k + dere 
= K — 4e sin? + 46182 


0 
K + 4£1E2 cos? z 
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0 K? 0 
42187 COS? 5 (: + 12 tan? | 


0 (k? k? Ww? 0 
= 2 2 
= 46,8 cos 5 (5 ) (i + 2 tan > (13.31) 


Also, since K? = E + a — 2é1€ cos 0, 


w 2 kf kt | M? 
l k -k)— a — =| = EZ EL + e2) 
CM 


1M? 
errr + £f — 2e1) cos J 
kt M? 50 
= gag 2 1b2 O08" 5 5 lab variables 


(13.32) 


Note that since k? = k? — wf > 0 in electron scattering, one can determine 
the sign of the quantity in square brackets in Eq. (13.29) as 


_ x(k - kı) 
k2 
In summary the expressions involving the electron variables in the cross 


section are Lorentz transformed from the C-M to the laboratory frame 
according to 


ky >0 (13.33) 


2 \ W2k 


2 2 1,2 
‘le K) =k S €1€2 COS 7 (im 


x ke } v aie 
ke M?“ 2 


2 4 2 72 2 
Oka. k _ 20 (/Mik k 
l E (kı: k) k a2 \ €1€2 COS 5 (# | ee 


0 ( M2 k? 
{(k,-@2)°'om = neco E ( 1 ) (13.34) 


W? = —(p +k? 
0 
= M? +2M,(e1 — &) — 46162 sin’ 5 


2 2 ko p+ M? 2 
k? = k TI = y Keel (13.35) 
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are respectively the squares of the total energy and three-momentum 
transfer in the C-M system. The quantities (e1, 2,0) with kj, = £f + 6 — 
2e122 cos 0 are the electron scattering variables in the lab. 

The remaining task is to work out the phase space integral. The Lorentz 
invariant expression is 


2 
om [£4 son | oe O+ -e-m a) (13.36) 
Cg 


We choose to evaluate this in the C-M frame. The f a p2 can be immedi- 
ately evaluated with the aid of the 6) to give 


2 
q°dQ, | ôq 
ọ@ = O(W; — Wid Ws 
4a, E> (at = eM 
2 
q ôq 
= dQ 13.37 
404 E> (sis) 4 ( ) 
Next use 
We = yẹ +m+ye +M} W =W 
OW; q q qw 
= = 13.3 
ôq ®q E wqE2 ( 8) 


One has finally 


dq f Ëp (4) q ; 
Io, DA ON (ky + pı — k2 — po — q) = ay 4 ; C-M frame (13.39) 


Note that the first of Eqs. (13.38) allows a determination of q(W). 
The above results are now combined to yield the laboratory cross section 


4a? dk 1 
De Vk pi 


4a? e3de2dQy 1 2M;M> q M2 0 
a dQ J 2K | = 27 
kt 2e Misy (20) (av x pw? | £12008 5 


on 


do = 


W, Lv 


vA Sid Lae e2? + a cl 


2 fk2 w 0” : 
a ( +p tan? z) 2ReJc(I-e2) (13.40) 
1 
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Define? 


gees eee (p15, (0)Ip1) (13.41) 


pate Ju a M\M> 


The differential cross section in the lab is then given by 


do (am 
déxdQrdQ, ™“ \nW 


) CAE Kr |Z * e)|? + Bed, p tan? a aa 


k? (5 wW? 40 


1/2 
pa M? | 2Re [FF ° " (13.42) 


Here (é1, €2, 6) are electron scattering variables in the lab, and [W,q(W), 
k*,0q,q] are C-M variables, the first three of which can be calculated in 
terms of electron lab variables by utilizing the Lorentz invariant expres- 
sions in Eqs. (13.35). The current is evaluated in the C-M system. 

It is useful to rewrite this cross section in terms of helicity polarization 
vectors for the virtual photon.’ Define helicity unit vectors (see Fig. 13.1) 
according to 


1 
ek+1 = Fen + iex2) (13.43) 
= V2 


Since these are still transverse, they are also unchanged under the Lorentz 
transformation from the lab to the C-M system. Inversion of the definition 
gives (we again suppress the k subscript) 


e = (e41 + e—1) 


eq = (e—1 — e+1) (13.44) 


Define 
J =e J (13.45) 
It follows that 
IAP = |\F-eP+|F eb = PP +19 TP 
Foal = AL +R sys) 
2Re JCF +e) = —V2Im felst +I) (13.46) 
2 By looking at a simple example for the matrix element, the reader can establish that this 


expression still has dimensions [M]~!. 
3 Think of this as the annihilation of a photon. 
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Thus one arrives at the basic result for the (e,e’ X) coincidence cross 
section in the laboratory frame 


dendQndQ, = OM (4 7) fevers 2k*2 oF Me” F l 


+1 
taR (sH) 
køk w2 ,@\'? NNE ONENE: 


In this expression k* is the three-momentum transfer, W is the total energy, 
and q = |q| and dQ, refer to the momentum of particle X, all in the C-M 
system. The electron variables (k*,k*, W, 0) appearing in the cross section 
are functions of (k?, k- pı, 0) where 0 is the electron scattering angle in the 
laboratory frame. The appropriate relations for (k*, W) as functions of 
(k*,k - py) are given in Eqs. (13.35). There are three independent electron 
scattering variables in the lab, (£1, £2, 0); hence it is possible to fix (k?, k- p1) 
and vary 0. The current is evaluated in the C-M system. 

There are four target responses appearing in the cross section expressed 
as bilinear combinations of current matrix elements where the current 
is defined by Eq. (13.41) with %, = (¥,if%c) and Jt = e; - J. These 
four responses are functions of the variables (k*, W, O4, Pq) OF (k?,k 
P1, 04, Qq). The dependence on the angle variables will be made explicit in 
the subsequent analysis. The dependence on the “out-of-plane” angle Qq, 
whose content must be transmitted through the virtual photon, turns out 
to be particularly simple. It is explicitly exhibited as 


fcl 
AEE] 
2Re( JTI ( J!) œ cos2h, 
V2Im fel J+J!) x sing, (13.48) 


The dependence on (0, q4) in Eqs. (13.47, 13.48) now allows a complete 
kinematic separation of the four target response functions at fixed (k?,k - 
Pı, 0q), or equivalently fixed (k?, W, 04). Since the term in cos2ġq takes 
the same value at @, = 2/2 and 4 = 37/2, for which the reaction 
plane and electron scattering plane in Fig. 13.1 coincide, an out-of-plane 
measurement is needed to separate its contribution. Conversely, the term 
in sing, can be isolated with two in-plane measurements at these two 
values. 

This derivation is from appendix C of [Pr69]. Other work on coinci- 
dence experiments is contained in [de67, Wa79, K183]. Work on coinci- 
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Fig. 13.3. Configuration for helicity analysis of current matrix elements in the 
C-M system. Here everything is referred to the incoming and outgoing target 
states with momenta and helicities (p121) and (p242) respectively. Note how the 
(x,y,z) coordinate system is related to the original system defined by e; with 
i = 1,2,3. Note in particular the relations 0, = 0, and $4 + py = 27. 


dence experiments in pion electroproduction is contained in [Be66, Pr70]. 
Coincidence experiments with a polarized electron beam are discussed in 
[Ad68, Ra89]* and with both a polarized electron beam and polarized 
target in [Ra89]. 

The next step is to demonstrate the angular dependence in the nuclear 
matrix elements. This will be done through the use of a helicity analysis 
of the current matrix elements in the C-M system. Let us go back to the 
form of the cross section before the X5; 7 y has been carried out. The cross 
section is then being calculated for given initial and final helicities of all 
the particles in the C-M system, and of the virtual photon. The situation 
is illustrated in Fig. 13.3. The analysis parallels that of Jacob and Wick 
[Ja59]. First, recall some of the basic results from that work 

For two-particles in the C-M system, the transformation from a state 
where the relative momentum is directed at an angle (0, ¢), to a state of 
definite angular momentum (J, M) is given by 


ae pA fe oo DV ee 
(IMA Ag |OGA Az) = 84441 8227, Te) Zma 0p) (13.49) 
Here A = 21—27 is the net helicity of the state. We have seen this expression 
before as the “photon wave function” in Eq. (9.35). The transformation 


in Eq. (13.49) is unitary. 


4 In a coincidence reaction with a polarized electron beam (é,e’ X) there is an additional, 
fifth response function, sensitive to final-state interactions, which can only be accessed 
with out-of-plane measurements [Ra89]. 
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The S-matrix for an arbitrary two-particle process in the C-M system 
can be written as 


(PePaAcAd|S|PaPrAadn) = ~Gp a 


x (0p Acda|S(Py)|O@Aadp) (13.50) 


Co sap, — P ra|! (27) at) 


Here (p,v) are relative momenta and velocity in the C-M system and P 
is the total four-momentum in that frame. For transitions, the S-matrix is 
related to the T-matrix by S = 1 + iT. 

With the aid of completeness, one then establishes the following relation 
for the required S-matrix in the C-M system 


(OphcAalS (W0 0a) = XO Y (OphehalJ M Acha) 
JM J'M' 
x (JM Achal S(W)|J' M’ aå) (I'M Agdp|OOAgAp) (13.51) 


The scattering operator S is a scalar under rotations; it commutes with the 
angular momentum operator J. The Wigner—Eckart theorem then implies 
that the matrix element of S must be diagonal in J and independent of 
M. Use 


2+1\? | 2J +1\'/? 
( an ) Dy (0, 0,0) = ( i ) OMA (13.52) 
Here the initial angular momentum along the z-axis is M = 1 = Ag — Ap. 


A combination of the above results then yields the expression 


(OpAcha|S(W)|00AgAp) = = 
2J+1 
= D7, 3 (—,—8, 6)" (AcdalS/(W)|2ad) 
7 4r As 
» Ap =Ag—Asy ; Af = Ac — Aa (13.53) 


There are various conditions on the helicity matrix elements of the 
scattering operator that follow from unitarity and symmetry properties of 
the strong interactions. Parity invariance essentially cuts the number of 
independent matrix elements in half. The parity operator reflects momen- 
tum and leaves particle spins unchanged; hence it reflects the helicity. It 
leaves the angular momentum and z-component of the angular momen- 
tum unchanged. The parity operator thus has the following effect on a 
two-particle state [Ja59] 


P|JM Aq Ag) = (—1)!-S' Sen ng|JM — 21 — 42) (13.54) 
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Here the y; are intrinsic parities and the overall phase is conventional.° If 
the scattering operator is invariant under the parity transformation, i.e. if 
it commutes with P, then [Ja59] 


(—2e — halS?(W)| — 2a — 20) = nanoneng AcdalS"(W)\4aas) (13.55) 


Now the electroproduction process (e,e’ X) in the C-M system presents 
exactly the same problem as discussed above. The behavior under rotation 
of all quantities is exactly the same. The only new feature is that k*, the 
mass of the virtual photon, provides an additional kinematic variable 
in the C-M system. To make the analogy more explicit, recall Low’s 
first reduction of the S-matrix [Lo55]. For non-forward pion—nucleon 
scattering it takes the form 


(p'q'|S|pq) E 4: s (4) F 1 BIE 
oso ROW +4 -p-o OO) (13.50 


Here J(0) is the pion current (the isospin label is suppressed). This expres- 
sion now has exactly the same form in terms of target matrix elements 
of the current as that we have been studying. The only difference is that 
in our case it is the matrix element of the electromagnetic current that is 
required. With the Low reduction, one shifts the transformation properties 
from the state vector (which we do not have for a virtual photon) to those 
of the current (which we do have). 

With the electromagnetic current, one can use current conservation to 
relate the Coulomb and longitudinal matrix elements 


a 
a = di (13.57) 


This reduces the problem to the study of one or the other of these. 

As a result of the above discussion, the helicity matrix elements of 
the electromagnetic current for the hadronic target in the C-M system, 
required for the cross section in Eq. (13.47), must have the following 
angular dependence 


k* 1 
po ee 2J +1)27 , (— ,—9,, E 
(F cay op J4k*q 2 + ) Ady ( Pp p Pp) 
a aSo k?)|AyAx) ; Ap =0 
À _ x 
(ia = EEO +D aonn) 
x (A2åx| TI (Wk?) | At Ak) ; Ak =+1 (13.58) 


> For the photon (—1)®n, = 1. 
6 The particular coordinate system chosen in Fig. 13.3, which might appear somewhat 
perverse to the reader, was chosen to make this analogy explicit. 
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The normalization is conventional. Here 
Ai = 41 — Ag ; Ag = 22 — Ax (13.59) 
All the angular dependence is now explicit. From Fig. 13.3 
Op = 4 
dp = 2n- dy (13.60) 


The angular dependence with respect to the angles of Fig. 13.2 is then 
given by the relation 


Diy (Pp —9p, bp)” = Di, Ai (bq,8 q» —q) (13.61) 
The proof follows from [Ed74] and the fact that Aş — /; is an integer 
Dia Corn -0 bp)” = ell, (Opes 
= e ida d}, ;,(Oq)e’s% 
= Di, 3(Pq>9q,—ba) (13.62) 


In the expression for the (e, e’ X) cross section, for a given set of particle 
helicities, one needs the bilinear expression 


7 1 . 
(4*), 4 ee = Gay È DOI + QI + 1) (hAxl T” 44i) 
3 p 1 F y 


x (åzåx |T Aid) D4, (— bp Op, Hp) Dy 1 (bp ps Pp)” (13.63) 
Here 
Af = Ad = Àx s hi = At = Ak P A; = At = Ak (13.64) 


This expression is required for values of 4% and 4, of O and +1. With the 
aid of Eq. (13.62) and formulas in [Ed74], the angular functions appearing 
in these bilinear combinations can be written as 


DI, (bq: 9q,—bq)" Dy, (bq: bapa) = (13.65) 
(—1) D2, (bas 04,—$q) Bi, (Par Oa — pa) 


Now use the composition law for rotation matrices [Ed74] to rewrite the 
r.h.s. of this expression as 


E Tai 
rhs. = (—1 Apa 21+ 1 ( ) ) 2; mm Vq» i 
WP SALLY (h iy m ) arbeto) 
JJ 
7 ( EF ) (13.66) 


m 
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Since m must vanish by the properties of the 3-j symbols, use 


4r 
2l+1 


Since 4; — 2; = A; — Ax, one finally has 
(PY (#8) = ge est yes’ +) 
Ap shi Ap fi 4k*q TF 
x (åzåx| TT 214)" (Ax T] ara) Y VIT) 
l 


I- J al J J l 
x ( dy =i} 0 ) Yi (Oa) ( hi apt Ak — A, ) (13.68) 


l 


1/2 
Do mwla bapa = ( ) Yı m (O4, Pq) (13.67) 


This formula gives the general angular dependence of the bilinear forms of 
the current appearing in the cross section for an arbitrary set of helicities 
of the reaction participants.” As such, it can be used to calculate the 
angular distributions in the C-M system for any polarization of the initial 
and final systems. It is a central result. 

If the target is unpolarized, and the final particles are unobserved, one 
must average over initial helicities and sum over final helicities. We denote 
these sums with a bar over the bilinear combinations of currents 

FI= FF (13.69) 


Ay A dx 


The transition matrix elements are functions of (W,k*). Parity invariance 
of the strong and electromagnetic interactions implies 


(—Ay — Ax| T7(W,k?)| — A — 4) = 
nanxni(—1)24x—! (Ardx| TI(W,k)|Ar ax) (13.70) 


A change of dummy helicity sum values to their negatives, use of the 
parity relation, and use of the symmetry properties of the 3-j symbols 
allow us to write the bilinear products of current matrix elements required 
in the electron scattering cross section in Eq. (13.47) in the following form? 


1 
fer = Hq 2 AiPrlcos 64) (13.71) 
l 


7 This includes, for example, the process of “virtual Compton scattering,” now studied 


extensively through the coincidence reaction p(e, e'p)y. 
8 The spherical harmonics are defined by Y;,, = (—1)" [| 1? pm(cos Oe"? for m > 
0 while for m < 0 one has Kin = (—1)” Yı —m . Here Př” (cos 0) are the associated Legendre 


polynomials [Ed74], which for positive m are given by P(x) = (1 — x°)" d" P (x)/dx". 
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61 = 86.0 MeV 
6 = 40.0° 

w = 22.5 MeV 
K = 55.3 MeV 


Fig. 13.4. In-plane angular distribution of protons in '2C(e,e’ po)'4B through 
the giant dipole resonance measured with the SCA at HEPL [K183]. Data from 
[Ca80]. 


1 
Pank + ere Ta 4k*q XC BiPi(cos 04) 
l 


z 1 l 
Im fg (J++ AT!) Iq y CP (cos 04) sin bg 
l 


P AEE 1 
Re( Z!) (#7!) = Ia 2 n DiPP’ (cos 04) cos 24 

These expressions provide the general angular distributions in the C-M 
system for (e,e'X) for any target particles and any X. The coefficients 
(A), Bı, Cı, Dı) are bilinear combinations of helicity amplitudes; they are 
functions of (W,k?). They are developed in detail in appendix F. The 
quantity n = minjny is the real combination of intrinsic parities. These 
expressions are further analyzed and tabulated in [K183]. 

The claim made in exhibiting the dependence on the out-of-plane angle 
¢q in Eqs. (13.48) has now been established. 

To give the reader some feel for coincident electron scattering, we 
present three brief examples. First, consider Fig. 13.4 which shows the 
coincidence cross section for '2C(e,e’ po)!4B [Ca80]. This is the first coin- 
cidence experiment done with the superconducting accelerator (SCA) at 
the Stanford High Energy Physics Laboratory (HEPL), a machine that 
proved to be the prototype for CEBAF . The energy transfer is controlled 
so that !?C is excited to the giant dipole resonance. The in-plane angular 
distribution of the emitted proton leading to the ground state of !!B 
is then measured with respect to the momentum transfer x. This is an 
example of the angular correlation measurement discussed above, where 
the inelastic scattering of the electron first aligns the target along the 
direction of the momentum transfer. Notice the very nice dipole pattern 
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12C (e, ePy)"B 
w = 22.4 - 22.6 MeV w = 25.4 - 25.6 MeV 


o [nborn/MeV/sr?] 
c [nborn/MeV/sr?] 


Fig. 13.5. Same reaction as in Fig. 13.4 with subsequent data from Mainz 
[De86, Ca94]. Here x = 0.25, 0.34, 0.41, 0.59 fm. 


208Pb (e, e’p) 2°’ TI 
NIKHEF 1985 


P = 220 MeV/C 


P = 40 MeV/C 


P = 100 MeV/C 


Spectral function S (Em, P,,)(arbitary units) 


Fig. 13.6. Nuclear response for the reaction 70§Pb(e,e’ p)’2iTl measured at 
NIKHEF [de86]. 


of the subsequently emitted proton.” The two theoretical curves in Fig. 
13.4 are calculations carried out within the particle-hole model of the 
giant dipole resonance in !?C [K183]. Now one may well say that the 
four points do not determine an angular distribution, and it is hard to 
disagree; however, Fig.13.5 shows the quality of the data one can now 


° The initial aligned '*C nucleus has J” = 17 (hence the phrase “dipole pattern”). The 
final ground state of !!B is (3/2) and the emitted proton conserves angular momentum. 
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m 
© 


It. ATT 
0200 400-600 800 
Time of flight (1 ns/bin) 
Fig. 13.7. Triple coincidence signal from 7H(é,e’ ñ) experiment done at Bates 
[Ma92, Wa93]. 


obtain using the new generation of c.w. electron accelerators on the same 
reaction — this data is from Mainz [De86, Ca94]. The dipole pattern is 
now beautifully displayed. 

As a second example, Fig.13.6 shows the nuclear response function for 
the reaction 7$Pb(e, e’ p)’3/T1 measured at NIKHEF [de86]. This example 
illustrates the discussion of (e,e’ p) in chapter 6.'° One sees the ground 
state (Ex = 0), and then several excited hole states of 72/TI. Consider first 
the ground state. As « — q is increased, the data exhibit the fall-off of the 
Fourier transform of the (3s, jaa wave function. The growth and fall-off 
of the Fourier transform of the (2d; ja first excited state is then seen. 
At somewhat larger Ey, the high-multipolarity transition to the (1hq1/2)7! 
appears from nowhere until it dominates the spectrum at the highest «—q. 
Note that one requires good resolution at high momenta to resolve the 
states. 

This class of experiments represents one of the most important results 
coming from NIKHEF. These data are even more impressive when one 
realizes that they were obtained with only a few percent duty factor (d.f.) 
— the new generation of c.w. accelerators provides a significant advance. 
With this reaction, one can take the nucleus apart layer by layer and 
probe the limits of the single-nucleon description of nuclei. 

As a third example, Fig. 13.7 shows the timing signal from the polar- 
ization transfer experiment 7H(é,e’ ñ) carried out at Bates [Ma92]. This 
experiment provides an excellent example of how one can use interference 
in coincidence experiments to measure small quantities, in this case the 
electric form factor of the neutron which interferes with the well-known 


= 


10 Here (ep, K — G) = (Em, Pm). 
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magnetic form factor [Ar81]. This is really a triple coincidence experiment. 
The electron is detected, then the produced neutron, then the up or down 
scattering of the neutron to measure its polarization. The final signal is 
the small peak in the middle of the figure; the background consists of ac- 
cidentals. The experiment was performed with an accelerator with ~ 1% 
d.f.. Now imagine that the signal forms a sea mount and the background 
an ocean. With a c.w. (100% d.f.) accelerator, one can lower the ocean 
level by over two orders of magnitude, and the small peak sticking up 
becomes a mountain. This is the most dramatic example, of which the 
author is aware, of what one gains with a c.w. machine. 
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Deep-inelastic scattering from the nucleon 


We proceed to a discussion of inclusive deep-inelastic electron scatter- 
ing from the nucleon N(e,e’)prs. Here both the four-momentum transfer 
q? and energy transfer v = q- p/m become very large.! It is through 
these experiments, initially carried out at the Stanford Linear Accelerator 
Center (SLAC), that the first dynamic evidence for a point-like sub- 
structure of hadrons was obtained [Bj69, Fr72]. The structure functions 
exhibit this point-like substructure through Bjorken scaling, which implies 
Fi(q’,v) > F(q?/v) as q? > œ and v > œ at fixed q?/v. To set the stage 
for the discussion in this section, we first review some of our general con- 
siderations on electron scattering [Qu83, Wa84] which form an essential 
basis for what follows. The experimental deep-inelastic results are then 
summarized [Fr72, Bj69, Qu83]. Finally, the quark—parton model is devel- 
oped. It is through the quark—parton model that the deep-inelastic scaling 
was first understood [Fe69, Bj69a, Ha84, Ai89, Ma90].* The change of 
the structure functions in nuclei (EMC effect) gives direct evidence for the 
modification of quark properties in the nuclear medium [Au83], and this 
is briefly discussed. 

The kinematics for electron scattering employed in this section are 
shown in Fig. 14.1. Here the four-momentum transfer is defined by? 


q = k-k = p-p 
0 
g = eye. sin’ 5 ; lab (14.1) 


1 We revert here to the previous notation where q denotes the momentum transfer in an 
inclusive process. 

2 QCD then allows a calculation of the corrections to scaling and the evolution equations 
for doing this [A177] are discussed, for example, in [Wa95]. 

3 Massless electrons are again assumed throughout this discussion. 
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Fig. 14.1. Kinematics in electron scattering; momenta are four-vectors. 


We further define 


_ I'P 
, = — 
m 
= e&—-& ; lab 
qg? 
x= + (14.2) 
2mv 


These are the energy loss in the lab frame and Bjorken scaling variable, 
respectively. 
The S-matrix for the process in Fig. 14.1 is given by 


2n)4 1 
Sri = -F 5 +p— ka — pl eerily) (LJP) (143) 


Here J,,(x) is the local electromagnetic current operator for the target 
system. With box normalization, momentum conservation is actually 
expressed through the relation 


(27)? 
Q 


dP (ky + p— ky — p') = ôk, +pk+p' (14.4) 


The incident flux in any frame where k;||p is given by 


1 v(ki: p? 
Io = = ———— 14.5 
0-5 aE (14.5) 
Then for a one-body nuclear final state 
Sfi = —2nid(e, + Ep —&— Ep )Ok,+p.ko-+p' Tri 
-1 

= QdPky | 1 víki: p? 

a = 2n| Tri (W: i 14.6 


Here Wy = &2 + Ey and W; = e1 + Ep are the total final and initial 
energies, respectively. It follows that the differential cross section in any 


4 That is, periodic boundary conditions in a big box of volume Q. 
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frame where k;||p is given in Lorentz invariant form by 
4o? Ak 1 
4 z N uv Wv 
q? 2e2 y(kiı: p) 
In this expression the lepton and hadron tensors for unpolarized electrons 


and targets, generalized to include arbitrary nuclear final states, are defined 
by 


do = 


(14.7) 


Mw = -2125 2 alkDyulko)ilka)rpulki) (14.8) 


S S82 


W, rra Y 5G +p — pipl (Op) (p'|Ju(0)|p) Ep 

TE: 
The lepton tensor can be evaluated directly (recall the mass of the electron 
is neglected) 


1 (—ikiiya)_  (—ik2p7p) 
Nuw = 2e1e25trace Jei Yv oe : Yu 
= kipka + kivkop — (kı ` k2) Oy (14.9) 
It follows from the definition in Eq. (14.8) that the lepton current is 
conserved 


Ww = Nwa = 0 (14.10) 


The hadron tensor depends on just the two four-vectors (q, p) and is also 
conserved; its general form is 


quv 
Wv = Wi(q?.4 `p) (5 = z ) 
1 q` p q`p 
+W2(q",4° Dp) (> =A ) (>, — LPa) (14.11) 
m2 H q? H qg 


With this background, let us proceed to further analyze the hadronic 
response tensor. The Heisenberg equations of motion for the target are as 
follows: 


O(x) = ee? *O(O)ei?* (14.12) 


They can be used to exhibit the space-time dependence of a matrix element 
taken between eigenstates of four-momentum 


1 = : 
Wav = ODYS | idz) PIO) 
i f 


1 oar, 
E zr P) J et d*z(p|Jy(z)Ju(0)|p) (14.13) 
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Fig. 14.2. Kinematics for crossed term. 


Completeness of the final set of hadronic states has been used to obtain 
the second line. Consider the matrix elements of the operators in the 
opposite order 


f FIORE) oC > 2mh p +q — p')(plJa(0)lp") (p'|Jv(0)|p) 


f 
(14.14) 
Here the kinematics are illustrated in Fig. 14.2 
pt+q = p 
qo = &— e <0 (14.15) 


One cannot reach a physical state under these kinematic conditions since 
the nucleon is stable; thus the expression in Eq. (14.14) vanishes. One can 
subtract this vanishing term in Eq. (14.13) and write W,, as the Fourier 
transform of the commutator of the current density at two displaced 
space-time points 


1 = ; 
Ww = ODY | dO) 1416) 


Introduce states with covariant norm’ 


Ip) = ZE Qp) (14.17) 


Equation (14.13) can then be rewritten 
lS iq:z 
=n W w = tuv = -395 fe d*z (pII, (z), J,(0)]|p) (14.18) 


This expression is evidently covariant; it forms the absorptive part of the 
amplitude for forward, virtual Compton scattering. Since the currents are 
observables, their commutator must vanish outside the light cone. Thus 
the only contribution to this integral comes from inside the light cone. 


> The norm of these states is (B IP’) = 2E(2n)°6°)(p — p’); this is Lorentz invariant. 
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Fig. 14.3. Visual fits to spectra showing the scattering of electrons from hydrogen 
at 0 = 10° for primary energies 4.88 to 17.65 GeV. The elastic peaks have been 
subtracted and radiative corrections applied. The cross sections are expressed in 
nanobarns/GeV/steradian [Fr72]. 


In the Bjorken scaling limit, the dominant contribution to this integral 
comes, in fact, from singularities on the light cone (see e.g. [De73]). This 
observation forms the basis for a covariant, field theory evaluation of the 
structure functions and systematic determination of corrections. The light- 
cone analysis of this expression is discussed in more detail in appendix 
I. 


A combination of Eqs. (14.7), (14.9), and (14.11) yields the general form 
of the laboratory cross section for the scattering of unpolarized (massless) 
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+ 6° a (8° 
x {0° a 26° 


q? (GeV/c)? 


Fig. 14.4. vW for the proton as a function of q? and total C-M energy of the 
proton and virtual photon W = [—(p — q)’]'?_ > 2GeV at œ = 1/x = 4 [Fr72]. 


electrons from an unpolarized nucleon 


do 1 2 2 2 0 
2 t z 
dQzdez OM n W2(v, q°) + 2W1(v,q^) tan 3 
æ? cos? 0/2 
Ae? sin’ 0/2 14.19 
ii 4e? sint 0/2 ( ) 


Here oy is the Mott cross section. 

A qualitative overview of the SLAC data on deep-inelastic electron 
scattering from the proton is shown in Fig. 14.3 [Fr72]. On the basis of his 
analysis of various sum rules, Bjorken predicted, before the experiments, 
the following behavior of the structure functions in the deep-inelastic 
regime [Bj69] 


Tmo) > Fala) ; f >o, Vo 
2Wi(v,q7) > F(x) (14.20) 


Here the scaling variable is defined by 


(14.21) 


b = 
These relations imply that the structure functions do not depend individ- 


ually on (v,q?) but only on their ratio. The scaling behavior of the SLAC 
data is shown in Figs. 14.4 and 14.5 [Fr72].° The first of these figures 


° These authors use W,2 = (1/m)W{' where Wj% are the structure functions used here. 
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Fig. 14.5. Structure functions 2mW, and vW2 for the proton vs œ for C-M 
energy W > 2.6 GeV and q? > 1(GeV/c)’, and using R = 0.18 [Fr72]. 


illustrates the independence from q? at fixed œ = 1/x; the second shows 
the extracted structure functions F 12(x).7 

Let us now turn to an interpretation of these experimental results. 
The empirical data on deep-inelastic electron scattering can be under- 
stood within the framework of the quark—parton model developed for that 
purpose by Feynman and Bjorken and Paschos [Fe69, Bj69a]. The basic 
concepts in the model are as follows: 


e The calculation of the structure functions is Lorentz invariant. Go 
to the C-M frame of the proton and incident electron with p = —kı. 
Now let the proton move very fast with |p| — oo. This forms the 
infinite-momentum frame; it is illustrated in Fig. 14.6. 


e Assume the nucleon is composed of a substructure of partons. The 
proper motion of the parton constituents of the hadron (here a 
proton) is slowed down by time dilation in the infinite-momentum 


7 From the SLAC data the ratio of longitudinal to transverse cross section is given by 
R = 0/0, = 0.18 + 0.10 where W,/W2 = (1 + v?/q?)o;/(o;, + 01). 
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Fig. 14.6. Situation in frame where the proton is moving very rapidly with 
momentum p = —k, (the infinite-emomentum frame). 


frame. Thus the partons are effectively frozen during the scattering 
process. The actual interaction between the partons is then not 
important. 


e Assume that the very-short-wavelength electrons scatter incoherently 
from the constituents. Assume further that the constituent partons 
have no internal electromagnetic structure and that the electrons 
scatter from the charged constituents as if they are pointlike Dirac 
particles. 


e Assume that in the limit q? — «,v — œ, the masses of the con- 
stituents can be neglected. Assume also that the transverse momen- 
tum of the parton before the collision, determined by the internal 
structure of the hadron and the strong-interaction dynamics, can 
be neglected in comparison with \/q?, the transverse momentum 
imparted as |p| > oo. 


We now know from subsequent developments, largely motivated by 
these deep-inelastic electron scattering experiments and the success of 
the quark—parton model, that the parton constituents of the hadron are 
actually quarks (charged) and gluons (neutral). 

The scaling results can be understood within the framework of the 
impulse approximation applied to this model.’ The calculation of the cross 
section is Lorentz invariant, and can be performed in any Lorentz frame, 
in particular in any frame where pj||k;. Go to the infinite-emomentum 
frame. The scattering situation is then illustrated in Fig. 14.7. In this 
frame the ith parton carries the incident four-momentum 


Pine = MiP (14.22) 


Here y; is the fraction of the four-momentum p of the proton carried by 
the ith parton. Evidently 


O<ni<1 (14.23) 


8 This discussion is based on [Ha84, Ai89, Ma90, Wa95]. 


14 Deep-inelastic scattering from the nucleon 103 


Fig. 14.7. Scattering in impulse approximation in the quark—parton model in 
the infinite-momentum frame. 


The incident hadron is now just a collection of independent partons. The 
electron proceeds to scatter from one of the point-like charged partons. 
We do not worry here about how the parton eventually gets converted 
into hadrons in the final state (hadronization). Only the quarks are charged 
with charges 


qi = Qiep (14.24) 
Now 


Let fi(ni)dn; be the number of quarks of type i with four-momentum 
between nip and (ni + dni)p. 


The total four-momentum of the proton is then evidently given by 
P = Pgluons + Pquarks 
N ft 
p = Got D2, f Onofiondn (14.25) 


Here ¢, is the fraction of the total four-momentum of the proton carried 


by all the gluons, and >, is a sum over all types of quarks. 
Cancellation of an overall factor of the four-momentum p from the last 
of Eqs. (14.25) gives 


1 
1 = fg + S nifi(nidani (14.26) 


Introduce a dummy variable x; this momentum sum rule can then be 
written 


1 = G+ Gs 
1 
E f xfi(x)dx (14.27) 


Now calculate the process in Fig. 14.7 using the analysis of inelastic 
electron scattering presented at the beginning of this chapter. With the 
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assumption of scattering from point-like Dirac particles, the S-matrix for 
scattering from an isolated quark of type i is given by? 


: —i(2n)*ee,0; z z 
so = ai POSA + q — mp)ialka)yptalks aU" yy, nip) 
4; 
= Cn) tO +. —nip)T (14.28) 


The incident flux is given by 


1 v[ki: (nip)? _ 1 vki: p? 


I 
" Q  e1(niE,) Q &Ep 


(14.29) 
The cross section for inelastic electron scattering from a point-like quark 
of type i, carrying four momentum y;p in the |p| — œ frame, in the impulse 


approximation follows as 


do 


ath QB ky 1 

2n|T/26(W; — W; = 
4a? Ëk 1 : 

= yw) 14.30 
q 2 J pp ore 


Here the response tensor for us from such a quark is defined by!® 


wi? = QE r23 2D puul u(nip)yv u(p’) 


oe 5(Po — NiPo + qo) (14.31) 


With the use of momentum conservation and the neglect of the masses of 
the participants, the energy-conserving delta function can be manipulated 
in the following manner (and this is a key step in the development) 


(po — nipo +40) = 2p d[py — (nipo — 40)" ] 
2p O[p? — (nip — 4)"] 
2p 5(2nip `q — 47) 


l 


2 
Po 5(ni — x) (14.32) 
2p:q 
Here x = q4?/2mv is the scaling variable introduced in Eq. (14.21). Hence 
2Ey 
fos = P = 
òlpo— nipo +40) = Sòl — x) (14.33) 


° To avoid confusion, we here suppress the subscripts on the S-matrix SH ; 
10 This assumes the target is unpolarized; polarization is discussed in the next chapter. 
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The required traces are the same as those evaluated in ną at the 
beginning of this chapter, except that the initial momentum is ņ;p. Thus 


Ò = QE, —2ô(ni 
Wiw Q; p omy (ni rE UniEy) 5 
x { phdnips) + (mPudP — Op pò } 
2 
a l TE 1 ! e ; ' 
7 omy we x) {pup +PyPu— (PP Jön} (14.34) 
Now use 
p = p-a 
Ww = Awg =9 (14.35) 


Hence, again with the neglect of masses, 


i 2 2n; 
wi = Êi y =) fòw + pap (14.36) 


The symbol = here indicates that the terms in q, and qy have been 
dropped because of Eq. (14.35). 

An incoherent sum over all types of quarks with all momentum fractions 
now gives the response tensor for the composite nucleon 


N f! , 
Wo = Dy f dntanywg (14.37) 


Substitution of Eq. (14.36) into Eq. (14.37) demonstrates that the response 
functions now explicitly exhibit Bjorken scaling and allows one to identify 
[see Eqs. (14.37), (14.20), and (14.21)] 


N 
Fi(x) = X Ofi) 
i=1 
N 
P(x) = S>O?xfi(x) = x Fi(x) (14.38) 
i=1 


Not only do these expressions explicitly exhibit scaling, but they also 
allow one to calculate the structure functions in terms of the charges of 
the various types of quarks and their momentum distributions as defined 
just below Eq. (14.24). 

To proceed further, consider the nucleon to be made up of (u,d,s) 
quarks, with charges listed in Table 14.1, and their antiparticles. It then 
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Table 14.1. Quark sector used in discussion of deep-inelastic electron scattering 
from the nucleon. 


u d s 
Qi 2/3 —1/3 —1/3 


follows from Eq. (14.38) that 


p 2\2 1\7 7 
ts) = (5 [u?(x) + 0P (x)] + 5) [dP (x) + d?(x)] 
1\? 
n G) [s? (x) + °(x)] 
n 2 2 1 4 7 
o = (3) Wœ +r) + 3) [d"(x) + d"(x)] 


2 
i G) [s"(x) + 5"(x)] (14.39) 


Here an obvious notation has been introduced for the momentum distri- 
butions fi(x) of the various quark types in the proton and neutron. 

Strong isospin symmetry implies that the quark distributions should be 
invariant under the interchange (d = u) and hence (p = n). Thus one 
defines 


P(x) = s"(x) = s(x) (14.40) 


The quark contributions can be divided into two types: those from 
valence quarks, from which the quantum numbers of the nucleon are 
constructed; and those from sea quarks, present, for example, from (qq) 
pairs arising from strong vacuum polarization or mesons in the nucleon. 


u(x) = uy(x) + us(x) 
d(x) = dy(x) +ds(x) 
s(x) = sy(x) + ss(x) (14.41) 


Strong vacuum polarization should not distinguish greatly between the 
types of sea quarks; hence it will be assumed for the purposes of the 
present arguments that the sea quark distributions are identical 


S(x) = us = ts ds ds = Ss = 3g (14.42) 
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Fig. 14.8. The difference F} — F} as a function of x, as measured in deep-inelastic 
scattering at the Stanford Linear Accelerator [Ha84]. 


u, dominates 


Fig. 14.9. The ratio F}/F} as a function of x, as measured in deep-inelastic 
scattering. Data are from the Stanford Linear Accelerator [Ha84]. 


It follows that 


F} o 4 1 4 

eoi g tvix) i Avie) + 35%) 

FY 1 4 4 

2 =“ uy(x) + zdy(x) + 25(x) (14.43) 
x 9 9 3 


The SLAC data comparing the distribution functions F}” is shown in 
Figs. 14.8 and 14.9 (taken from [Ha84]). The neutron data were obtained 
subsequently at SLAC using a 7H target. Evidently at small x the ratio 
F/F} ~ 1 and the sea quark distribution S(x) dominates the structure 
function; at large x the ratio F}/F) ~ 0.25 and it is the valence u quark 
distribution uy(x) that dominates. 
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Consider the momentum sum rule. For simplicity, work in the nuclear 
domain where the nucleon is composed of (u,d) quarks and their anti- 


quarks. The contribution of these quarks to the momentum sum rule in 
Eq. (14.27) takes the form 


Cu = [ xexwrin 


Ca 


[xara (14.44) 
0 


From the SLAC results [Ha84, Ma90] one finds the sum rules 


f axrtco = 4 Hi = 0.18 
ò 2 =g 9°47 ° 


l 1 4 
f dxF3(x) = ~6, + ~Cq = 0.12 (14.45) 
0 9 9 
These results, together with Eq. (14.27), then imply 


ty = 0.36 ča = 0.18 
le = 0.46 (14.46) 


Hence one observes that the gluons carry approximately one-half of the 
momentum of the proton. 

We close this section with a very brief discussion of the EMC effect. 
This material is from [Au83, Mo86, Bi89, Dm90]. The most naive picture 
of the nucleus is that of a collection of free, non-interacting nucleons. In 
this picture the structure function one would observe from deep-inelastic 
electron scattering from a nucleus would be just N times the neutron 
structure function plus Z times that of the proton. It is an experimental 
fact, first established by the European Muon Collaboration (EMC), that 
the quark structure functions are modified inside the nucleus [Au83]. 

It is known that nucleons in the nucleus have a momentum distribution. 
The most elementary nuclear effect on the structure functions for the 
nucleus A involves a simple average over the single-nucleon momentum 
distribution 


wiA\(P, q) => J Eob won (14.47) 


We note an immediate difficulty in the extension of the theoretical analysis 
to an A-body nucleus; this expression is clearly model dependent in the 
sense that the integration is not covariant. It is only with a covariant 
description of the nuclear many-body system that one can freely transform 
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Fig. 14.10. (a) A comparison of calculations of the effect of Fermi smearing on 
the ratio # [Bi89]; (b) The ratio # in a relativistic version of this single-particle 
model compared with some early experimental data [Mo86]. 


between Lorentz frames, and, in particular, go to the |p| — œ frame where 
the parton model is developed. 

It will be assumed that Eq. (14.47) holds in the laboratory frame. Define 
the following ratio 
FS*(x)/A 


FP()/2 (14.48) 


S 
Ill 


This is the ratio of the structure function for iron (per nucleon) to the 
structure function for deuterium (per nucleon). Calculations of # based 
on Eq. (14.47) are shown in Fig. 14.10 (a). 2 is calculated assuming the 
response function W®)(p, q) for a free nucleon is unmodified in the nuclear 
interior [Bi89]. Note that this Fermi smearing effect is sizable for large x. 

The result of a relativistic version of this single-particle model is shown 
in Fig. 14.10(b), along with some of the representative early experimental 
data [Mo86]. 
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Polarization in deep-inelastic scattering 


Suppose that the initial lepton beam is longitudinally polarized. If the 
target nucleon is unpolarized and unobserved, there is no effect on the 
cross section because parity is conserved in the strong and electromagnetic 
interactions. We consider parity violation induced by the weak interaction 
in the next chapter. 

Suppose, however, that the target nucleon is polarized along the incident 
electron direction so that it is also longitudinally polarized in the infinite- 
momentum frame. There is then additional information on the strong- 
interaction spin structure of the nucleon in deep-inelastic scattering (DIS) 
experiments carried out under these conditions. Many such NG, e')pIs 
experiments have now been performed, starting with the work of Vernon 
Hughes and collaborators at SLAC [Hu83]. A theoretical analysis of 
such experiments follows immediately from our discussions of the quark- 
parton model in chapter 14 and of the polarization of spin-1/2 fermions 
in appendix D. 

In the extreme relativistic limit (ERL) one can simply insert the ap- 
propriate helicity projection operator for massless fermions in the lepton 
trace. For helicity h = +1 one uses! 


1 
P, = 5(1— hys) (15.1) 


The result is that the lepton trace now takes the form 


nh, = —2ever D D alkukat) — fps) 


S1 S2 
7 —iyjk2, etue) 
1&2 trace E ( Je ) Yall — hys) ( Je 


1 Note that the h used here is twice the spin projection. 
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1 
= 74 [koykip + Kiykay = (kı: k2)b py T hépyapk2akip| 


= Nyy + hépyipkzikip (15.2) 
Here, as before 
Nw = kovkip F Kiykoy = (kı: k2)ðpv (15.3) 


Since the helicity is a pseudoscalar under the parity transformation (wit- 
ness the ys in the helicity projection operator), there can now be a pseu- 
dotensor contribution hé,,,,k2;k1) to the response tensor. 

Assume the target is longitudinally polarized and has helicity aligned 
(T) along p. Now carry out exactly the same impulse approximation 
calculation in the quark—parton model as in the previous section only now 
insert a projection operator for the relativistic quarks of helicity h; = +1 


1 
Ph, = 5 (1 — hiys) (15.4) 


Evidently h; measures the helicity of the quarks relative to the helicity 
of the nucleon (here ft). An inspection of the arguments leading to Eq. 
(14.34), and the above analysis, indicate that one should make the following 
replacement in Eq. (14.34) 


{Pury + PPa — (P: pòp } = 
{pp T P,Pu — (p: pòw + hi buvipP Pp p (15.5) 


One then proceeds in exactly the same manner to Eq. (14.36) with the 
result 


pao Q 2ni hi 
wo = Zamo fow + Eras + Eenum] 058) 
An incoherent sum over all quarks implies that there is an additional 


Lorentz covariant contribution to the DIS response tensor for this nucleon 
with positive helicity of the form 


1 
ôw), => W's envipPA4p (15.7) 
The quark—parton model identifies 
2v 
“wt = 2hef; 
mW = E Gho) 


DP) — F009) (15.8) 
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Here an obvious notation has been introduced to denote the helicity of 
the quark relative to the helicity of the nucleon. The quark—parton model 
predicts that the combination on the left side of Eq. (15.8) obeys Bjorken 
scaling in DIS, and furthermore, that it measures the helicity distribution 
of the quarks inside the nucleon in the infinite momentum frame 


yi > Gi(x) ; DIS 
Gx) = EEO- (15.9) 


It remains to investigate the physical consequences of the additional terms 
in the lepton and target response tensors in Eqs. (15.2) and (15.7) in the 
polarized case. 

These results can be used to compute the asymmetry for scattering of 
the lepton by the target in the case when the helicities are both aligned or 
antialigned. Define this asymmetry by 

doy; — doy? 


=, p ee 15.10 
doy; + doy? ( ) 


The subscripts refer to the particle helicities, the convention here being 
that the first subscript is that of the electron and the second that of the 
nucleon. Parity invariance of the strong and electromagnetic interactions 
implies that ./ will be unchanged under a reversal of both helicities, as 
the reader can readily verify explicitly from the preceeding arguments.” 

First note that when two tensors are contracted, they must both be even 
or odd in the interchange of the indices u and v to get a non-zero result. 
Then, since all common factors cancel in the ratio, the problem reduces to 
the evaluation of the following expression 


t 1 Env apk2ak1p EnvotPo At 


á = W 
m? Nuy Way 


(15.11) 


The denominator is evaluated in Eq. (11.32) 


Nuy Ww = (Kipkav + kiykoy hy k2 Spy) (Wid. + W2 Par 


1 
W,(—2k1 + k2) + Wr (2p -ki p: ky — p” ky < k2) 


1 1 
= Wie + Wr, (2p poe sma?) (15.12) 


2 Compare with Eq. (13.55). 
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Recall q = kz — kı and q? = —2k,- ky in the ERL. The numerator is 
evaluated using Eq. (D.18) 


1 1 
W'—ewapkaaktp EwvotPodt = 2W!—s(ks “Pp kı: q— kı: P k2: q) 


2 
-W15 p ki +k) (15.13) 
In the quark-parton model in DIS with x = q?/2mv one has from before 


2M = Fix) = EPF + flO] 


| 
= 
I 


F(x) = xFı(x) 
“wt = Gx) = ER- fool (15.14) 


Hence one can write the asymmetry £% as 


N 
ae) 
N = —G,(x)mv [p: (ki +k2)] 
D = F(x) hmv? + (2p- ki pk — zma?) (15.15) 
An equivalent expression is 
G(x) 
L = D 
F(x) 


mv [p: (kı + k2)] 


2 [m2v2 + (2p: kı p: k2 — mq? /2)] 


(15.16) 


These two expressions give the quark—parton result for Z in DIS written in 
Lorentz invariant form. The first factor shows that what is being measured 
in these experiments is the ratio Gi(x)/Fı(x). The second depolarization 
factor (of the virtual photon which must transmit the spin information) is 
purely kinematic. 

In the laboratory frame where p = (0, im), one has in the ERL 


2e 
G= = =a (15.17) 
eq + E5 — 2e1ez sin" 0/2 


This reproduces the result in [Hu95]. 
If one retains correction terms of O(m/é;), and correspondingly consid- 
ers other directions of the polarization of the target, then the expression 
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for the polarization asymmetry becomes more complicated, and one can, 
in fact, measure an additional spin structure function G2(x), whose inter- 
pretation in the quark—parton model is more ambiguous. The full response 
for arbitrary target polarization is given in [Vo92], where experimental 
results from the scattering of very-high-energy polarized muons from 
polarized nucleon targets is also discussed. 
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Parity violation in inclusive electron scattering 


The measurement of parity violation in the scattering of longitudinally 
polarized electrons in inclusive deep-inelastic electron scattering from 
deuterium at SLAC is a classic experiment that played a pivotal role in 
the establishment of the weak neutral current structure of the standard 
model [Pr78, Pr79]. The measurement of parity violation in inclusive 
electron scattering from nuclear and nucleon targets A(é,e’)py, promises 
to play a central role in future developments in nuclear physics [Pa90]. In 
this chapter we use the previous results to develop a general description 
of this process. 

Conservation of parity in the strong and electromagnetic interactions 
implies that there can be no difference in the cross section for the process 
A(é,e’) upon reversal of the longitudinal polarization of the electron 
if the target is unpolarized and unobserved. This follows from general 
principles, for it would effectively imply a non-zero expectation value 
for the pseudoscalar quantity (ø - kı}. That the helicity-dependent lepton 
contribution to the cross section indeed vanishes with one photon exchange 
can be seen immediately from our preceeding analysis. Equation (15.2) 
states that a longitudinally polarized electron has an additional term in 
the response tensor of the form hé,,jpk2;k1p. When contracted with the 
response tensor for an unpolarized and unobserved hadronic target in Eq. 
(11.27), the result vanishes since the first expression is antisymmetric in 
the interchange of the indices u and v and the second is symmetric. 

Parity violation necessitates the inclusion of the weak interaction. In 
addition to the exchange of a virtual photon, it is possible for an electron 
to exchange a Z®, the heavy neutral weak vector boson with mass 
Mz = 91.19 GeV. The interaction takes place through the weak neutral 
current, which we now know is accurately described by the standard model 
of the electroweak interactions [Sa64, We67, G170, We72]. 

To start the discussion of parity violation, consider the scattering of 
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= p = p 

1 ; pi 1 
Fig. 16.1. Contributing Feynman diagrams (unitary gauge) for parity-violating 
asymmetry in scattering of longitudinally polarized electrons from point protons. 
Here q = k2 — kı. 


a relativistic (massless) longitudinally polarized electron from a point 
proton. The contributing diagrams in the unitary gauge are shown in Fig. 
16.1. The standard model is presented in detail in chapter 26 and [Wa95]. 
Here we simply anticipate that development and use the fact that the 
Feynman rules for the weak neutral current interaction of the standard 
model imply that the S-matrix is given by 


—(2n)4i 
s= Sy +p- p') {mayer atk) 8a u(p"\(—es up) 
zi —87 : (ô v + quqy /M}) 
+ alko) | AM — Asin? 0w) + ysl ue e aai 
alp) EEO — asin? 0w) + | u) } (16.1) 


At low energy one has |q|/Mz <« 1, and the momentum-dependent terms 
can be neglected in the Z-propagator. Take the standard model values 


e = Ang 
g = G _ 1024x 10 
8mz, cos? Ow a) /2 m2 
a = —(1—4sin? Oy) ; sin? Ow = 0.2315 
b = -1 (16.2) 
Then 
2n 
Sfi = sak ôP (ki +p -— k — p')Tfi 
Ana | _ 4 
Tfi = =e U(k2)y ulki )u(p )yu(p) — re et u(k2)yyla + bysļu(kı) 


x HD" 5 Y= 2sin? 0w up) } (16.3) 


This result is easily extended to point neutrons using the Feynman rules 
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of [Wa95] through the replacement 


4ra 


1 
Ta = a Genes 


aI + t3)ulp) 


E i ii(k2)yyla + bysļu(kı) 
XBL +75)5t3 — 2sin? 0w 5(1 + tlup) } (16.4) 


At this juncture one can redefine things so that the result is more general 
than for just point nucleons 


_(2n)4i 

Sji = Cz) "8k + p— k — pT yi 
Ana ¢ A 

Tyi = e 


= i(kz)y,(a + bys)u Cowie} (16.5) 


ae 


Now these are single-nucleon matrix elements of the full electromagnetic 
and weak neutral current densities taken between exact Heisenberg states; 
for point nucleons, this expression reduces to Eq. (16.4). 

The dimensionless ratio Gq?/ 4ra /2 forms the small parameter in these 
nuclear physics parity-violation calculations. 

The first term in Eq. (16.5) leads to the electron scattering cross section 
derived in chapter 11 


4g? ky 1 
4 q 2e Vi py ne 
1 
Nw = — 281825 5 5 ülkı)yvulkz)ū(kz)}ypu(kı) 


S s2 
= kiuka + kivkzu = (kı g k2)ð uv 
Wry = (2nP >> Y 5 (q +p = p)(plF?(0)|p’) (p'|F)(0)|p)(QEp) 
i Of 
= LACET ' p) (5. = ur) 


; 1 pq paq 
w2? A : ( — ) (>, - i i 16.6 
+W; (4°, PMZ Pip AS (16.6) 


It is important to note that at this point we have again generalized the 
target response tensor to include the possibility of inelastic processes. 
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Fig. 16.2. Cross sections for right- and left-handed electrons. 


From appendix D and chapter 15 we know that the following are 
projections for right- and left-handed (massless) Dirac electrons 


1 1 
P; = 5(1— ys) P, = 50 +75) (16.7) 
To calculate the cross sections for such particles (Fig. 16.2) one sim- 


ply modifies 7, with the appropriate insertion of these projections and 
removes the average over the initial helicities! 


omit 
fordo,: ni, = ebm (kı). La —ys)uki) 
S1 S2 
1 
fordoy: -ip = DTD alki). 50 + ys)ulki) 
S1 S2 
for doy —doy: nG = XOX ulki)... (—ys)ulkı) 
S S2 
for doj +do,: ni) = XOY uka)... (ulki) (16.8) 


S1 S2 
Thus one now has either (—ys) or (1) in the lepton trace. Since all common 
factors cancel in the ratio the asymmetry is given by 
do — do, Gq? ny wy E nD WG 


Á = = 16.9 
do} + do, 4ra /2 ir W uv l ) 


Here 
n9 = —2e162 X X alki )yyulka)aka)yu(a + bysX(—y5s)u(kı) (16.10) 


S1 S2 


Why = (2x) ra (q + p' — p) (pII? Op’) (pA O (0) |p)(QEp) 
n?) = ere > 3 i(k1 (a + bys)u(k2)ū(k2)y,(—y5)u(kı) 


Wi? = (2n) pee Sq +p’ — p) (pl £0 O)|p') pIJ} Op) (QE,) 


1 Note dot + do! = 2d unpolarized: 
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The lepton traces have been evaluated in chapter 15. The result is? 
ny = qne) = —2(bn py + aEuvpoKipk20) (16.11) 


Thus in the numerator of Eq. (16.9) one needs nw + Wi) and 
WI + WO = PEE Oa +p =p) [PROA 
i f 


+12 P Op) (p'I}OIp)] QE) (16.12) 


Now separate the weak neutral current into its Lorentz vector and axial 
vector parts 


JO = JO +59) -V—A (16.13) 


Since the asymmetry is already explicitly of order Gq?/4na./2, one can 
then use the good parity of the nuclear states to write 

WO+LWO = wit + wy (16.14) 
Here the first term wont comes from JO); it has the same general structure 
as W}, in Eq. (16.6) 


i i qd 
Wis = Wi"(q?,a-p) (5 - a 


i 1 p'a pq 
+ WING a Poy (>, = an) (»- Pia) (16.15) 
T 


The second term in Eq. (16.14), coming from J®, is a pseudotensor; 
the only pseudotensor that can be constructed from the two four-vectors 
(Pus Qu) ist 


= 1 
We, A = Ws(q".4 ` P) gz Ewro Podo (16.16) 
T 
Now combine these expressions with Eq. (16.11). The result follows from 
simple algebra and kinematics of the type carried out previously. The only 
non-zero terms are [see Eq. (11.35)] 
: 0 0 
2nw Wy = 4e1e2[W} cos? a 2W} sin? I 
0 ; 0 
—2bn Wi = (—b)4e1e2.[W3" cos? at 2Wi™ sin? 5l (16.17) 
? Note that the first term is symmetric in u +> v, while the second is antisymmetric. 


? The proof of this result uses the fact that the current J® is conserved. 
4 Note that this expression is antisymmetric in p< v. 
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and 


1 
(—2a8 yy pak1pk20) me. q: Ppp tesPot 
T 


a 
== (gM) tka a hea ka 
( oWs) ap (ky + kp) 
=— | — We “(ky +k 
Mb 


2 6 6 ON? 
= (Mm) 4e162 sin 5 G cos? z +q? sin? 5) (16.18) 
The ERL is assumed with q = ky — kı, and the results are written in the 
laboratory frame. The last line follows from the following manipulations 
in that frame 


q? cos? ; +q’ sin? = q — q0 cos? 
0 
= eż + e — 2816) cos O — (&) — £1)? cos” > 
0 
= (e+e) sin? 5 (16.19) 
The final result is 
do; — do, „20 A: a4 Gq? 
E SEE A / = 2 / a == ees ae 
É £ A W; cos 7 +2W; sin 5 inn 


x f» [w cos? + 2Wi" sin? 3l 


a(i) sing (a cos zta sin 5 (16.20) 


Several features of this result are of interest: 


e This is the general expression for the parity-violating asymmetry 
in relativistic polarized electron scattering from a hadronic target 
arising from the interference of one-photon and one-Z exchange 
(Fig. 16.1).° 


e The left hand side is the product of the asymmetry . [Eq. (16.9)] 
and the basic (e,e’) response [Eqs. (16.6) and (16.17)]. 


5 Additional contributions to the parity-violating asymmetry can arise from parity ad- 
mixtures in the nuclear states coming from weak parity-violating nucleon-nucleon 
interactions. These contributions are generally negligible, except perhaps at very small 
q? [Se79, Dm92]. 
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e The characteristic scale of parity violation in nuclear physics from 
the process (é,e’) is set by the dimensionless parameter Gq7/ 4na 2 
appearing on the right hand side. 


e The parameter b characterizes the lepton axial-vector weak neutral 
current [Eq. (16.2)]; its coefficient here arises from the interference 
of the vector part of the weak neutral and electromagnetic hadronic 
currents [Eqs. (16.12), (16.13), and (16.15)] 


wiat = (mP S Oa +p — p) [CoO (I O)Ip) 
i f 
+(plJO Op’) (PF (0)Ip)] (QE) 


i du dy 
= Wi(q?,4:P) (5 — 2) 


i 1 pid | 
twina? Per (Dn an) (P= Pata (16.21 


e The parameter a characterizes the lepton vector weak neutral current 
[Eq. (16.2)]; its coefficient here arises from the interference of the 
axial vector part of the weak neutral and electromagnetic hadronic 
currents [Eqs. (16.12)-(16.14) and (16.16)] 


WAY = nPE 375% G tp’ =p) [RO PLO) 
i f 
+(pld{3'(O)Ip")(p'|F}.(0)|p) | (QE) 


1 
= Ws(q.4 ` P) g2 Eevee Pp do (16.22) 
T 


e The three response functions on the right hand side of Eq. (16.20) 
can be separated by varying the electron scattering angle 0 at fixed 
(q°,q°p).° 

e The parity violation arises from the interference of the transition 
matrix element of the electromagnetic and the weak neutral cur- 
rents. If the electromagnetic matrix elements have been measured, 
then parity violation in (é,e) and (é,e’) provides a measurement of the 
matrix elements of the weak neutral current in nuclei at all q?. 


We give one example [Wa84, Wa95]. Consider elastic scattering from 
a OT target (Fig. 16.3a). Then from Lorentz covariance and current con- 


6 This is known as a Rosenbluth separation. 
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(a) 2 (b) oe 
Fig. 16.3. Example of parity-violating asymmetry in scattering from (a) J” = 0°, 


and (b) (J, T) = (0,0) target. 


servation the transition matrix elements of the electromagnetic and weak 
neutral currents must have the form’ 


1/2 
j My zoa 1 pq 
(p'|J}(0)|p) = (ri) Fi(q Ma (>, o dn) 
1/2 
M7 1 
0 4 T (0); 2 pD-q 
(POO) = (i) PPa (pu atan) 
(P'RO) = 0 (16.23) 


The last relation follows since it is impossible to construct an axial vector 
from only two four-vectors (Pu, 4u). 
Insertion of these relations in the defining equations yields 


wint = wv = 0 
G? ,2FP(q>) 


A z 16.24 
4ra 2 F(a?) l ) 
Hence 
2 FO(g2 
A cae do) (16.25) 


2na 2 Folq’) 


This expression allows one to measure the ratio of the weak neutral current 
and electromagnetic form factors — the latter measures the distribution 
of electromagnetic charge in the 0* target, and the former the distribution 
of weak neutral charge. 

Now suppose that, in addition, the target has isospin T = 0 (Fig. 16.3b). 
Then only isoscalar operators can contribute to the matrix elements. In 
the nuclear domain of (u,d) quarks and antiquarks, the only isoscalar 
piece of the weak neutral current in the standard model arises from the 
electromagnetic current itself, and hence in this case (see chapter 26) 


J® = —2sin’ OwJ} (16.26) 
This implies 
F(q?) = —2sin? Ow FR(q?) (16.27) 


7 Hermiticity of the current implies that the form factors, as defined here, are real. 
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The ratio of form factors is then the constant —2 sin? 0w at all q? — a 
truly remarkable prediction!® Insertion of this equality in the expression 
for the asymmetry leads to [Fe75] 


Gq 


2 
Lo = sin’ 0 16.28 
wad wW ( ) 


Several comments are of interest: 


e It is important to note that this result holds to all orders in the 
strong interactions (QCD); 


e This expression is linear in q? with a coefficient that depends only 
on fundamental constants; 


e It can be used to measure sin? Ow in the low-energy quark sector, 
complementing other measurements of this quantity; 


e It can be used to test the remarkable prediction in Eq. (16.27) that 
holds in the nuclear domain. 


A measurement of this parity-violating asymmetry for elastic scattering 
from !?C at q = 150 MeV has been carried out in a tour de force 
experiment at the Bates Laboratory [So90]. Take 


q = 150 MeV sin? Ow = 0.2315 
a7! = 137.0 goa us 
my 
A = 1.868 x 1076 (16.29) 
Then, with an electron beam polarization P, one has [So90, Mo90] 
AP, = 0.691 x 10~° ; theory (P; = 0.37) 
AP. = 0.60+0.14+0.02 x 1076 ; experiment (16.30) 


The first error is statistical. Note that the systematic error, the key to these 
experiments, has been reduced to 2 x 1078. This experiment provides the 
prototype for the next generation of electron scattering parity-violation 
studies. 

Consider next the extended domain of (u,d,s,c) quarks and their anti- 
quarks. The standard model then has an additional isoscalar term in the 
weak neutral current (see chapter 26) 

i 


ôg = z Eral + y5)c — 5y (1 + ys)s] (16.31) 


8 This result depends on the assumption of isospin invariance that is broken to O(«) in 
nuclei. 
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Table 16.1. Quark sector used in discussion of parity-violating deep-inelastic 
electron scattering from the nucleon (see chapter 26). 


u d s 
oO 1/2—(4/3)sin^? Ow —1/2+(2/3)sin? 0w —1/2+(2/3)sin? Ow 
g0 1/2 —1/2 —1/2 


This leads to an additional contribution ôF in the form factor in Eq. 
(16.27); the asymmetry for elastic scattering of polarized electrons on a 
(0+,0) nucleus such as +He then takes the form 


sin? Ow òFP (q?) 
na /2 2 sin? Ow F} (q2) 


The additional weak neutral current form factor comes from the vector 
current in Eq. (16.31), and is expected to arise predominantly from the 
much lighter strange quarks. Hence one has a direct measure of the 
strangeness current in nuclei. The total strangeness of this m must 
vanish in the strong and electromagnetic sector, and hence ôF? (0) = = 0; 
however, just as with electromagnetic charge in the neutron, ther can be 
a strangeness distribution, which is determined in this experiment. 

The quark—parton model predictions for parity violation in deep-inelastic 
scattering from the nucleon follow directly from the previous analysis. Go 
back to the intermediate step in Eq. (14.34) and identify in the quark 
response tensor 


A 


(16.32) 


2 
QF IPP» + P, Pu — (P Pw] > Êi trace [Yv (oPh) Yapo) (16.33) 


In the response tensor arising from the interference of the electromagnetic 
and vector weak neutral currents, one has instead 


Qi o == trace [Yy (pP VulPoPo) + Pv(YpPp)?u(VpPp)] 


20,0'” [PuPv + PyPu — (P pôw] (16.34) 


Here Q% is the weak neutral charge of the quarks, shown for the first few 
quarks in Table 16.1. The arguments proceed precisely as those following 
Eq. (14.34), with the result that the following combinations of response 
functions are predicted to satisfy Bjorken scaling 


2wi(v,q?) > Hilx )=25 7 0:0; F(x) 


C ) woa 2) > Ho(x) =xHi(x)=2x) QO Fix) (16.35) 
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For the interference term between the axial vector and electromagnetic 
currents, the corresponding replacement in Eq. (16.33) is 


9,00”) 
4 


trace [yv(7pPp)?x¥5(YoPa) + WIS(VpPp)VulPoPo)] 
20; Q e vpo Po Po (16.36) 


Hence a repetition of the arguments following Eq. (14.34) allows one to 
conclude that the following combination must scale 


- (Z) W0 ad > Hala) = 25 2:00" Fw (16.37) 
l 

Here g®) are the axial vector couplings of the quarks, also shown for the 
first few quarks in Table 16.1. Note that if Q; and f;(x) are known from 
DIS through the electromagnetic interaction, then the parity violation 
measurements allow one to determine the weak neutral current couplings 
of the quarks.’ 

We will return to the subject of parity violation in the discussion of 
applications and future directions. 


? Parity violation in DIS from the nucleon is further analyzed in [Ka78]. 
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Basic elements 


Quantum Electrodynamics (QED) is the most accurate physical theory we 
have. Its development in the late 1940’s by Dyson, Feynman, Schwinger, 
Tomonaga and others is one of man’s great intellectual triumphs. The 
key original papers are collected in a volume edited by Schwinger [Sc58]; 
particularly influential are [Fe49, Fe49a, Dy49]. QED is the culmination 
of the development of electrodynamics, special relativity, and quantum 
mechanics. The understanding of QED, in terms of covariance, local 
gauge invariance, renormalization, and Feynman diagrams laid the basis 
for all modern relativistic quantum field theories of the fundamental inter- 
actions. Since electron scattering involves the electromagnetic interaction 
of relativistic (massless) Dirac particles, QED plays a central role in the 
analysis. 

The content of QED can be expressed in terms of a set of Feynman 
diagrams with corresponding Feynman rules for the S-matrix. We will not 
derive these here, as that takes us too far afield; their derivation can 
be found in any standard text [Bj65, Fe71], or course (e.g. [Wa91]). The 
components of the diagrams are shown in Fig. 17.1. The rules, in the 
conventions used in this book, are as follows: 


1. Draw all topologically distinct connected diagrams; 


2. Include a factor of (—i)(—ie) = —e for each order of perturbation 
theory. Here e is algebraic, and for an electron e = —|e|; 


3. Include a factor of y, for each vertex [Fig. 17.1(a)]; 


4. Include a factor of 
—i 1 
(27)4 YuPu + Me 


(17.1) 
for each fermion (i.e. electron) propagator [Fig. 17.1(b)]; 
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ane 


(a) 


Fig. 17.1. Basic elements of Feynman rules for the S-matrix in QED: (a) vertex; 
(b) fermion propagator; (c) effective photon propagator. 


5. Include a factor of 


Sw. (17.2) 


for each “effective” photon propagator [Fig. 17.1(c)];! 


6. Include a wave function for each of the external particles, e.g. 


1 R 
—=u(p) incoming fermion; el) incoming photon (17.3) 


1 
We Joa # 
For a photon with polarization 4 in the Coulomb gauge, e% = 
(e'),0) and & -k = 0; 


7. Read along fermion lines; 

8. Include a factor of (22)*5)(Ap) at each vertex; 

9. Integrate over all internal momenta f d4q = f dq dqo; 
10. Include a factor of (—1) for each closed fermion loop. 


Here we simply treat the hadronic target as an external field, bringing an 
electromagnetic interaction into the electron line, which we represent by a 
wavy line ending in a cross. For this component: 


11. Include a factor for the external field 


a,(q) 
(2x) 


(17.4) 


' This result can be obtained by starting in the Coulomb gauge and then combining the 
terms coming from the Coulomb interaction (each interaction of order e?) with those 
coming from transverse photon exchange (each of order e) in the S-matrix. Terms in q, 
or q, in the photon propagator do not contribute to the S-matrix because of current 
conservation [Bj65, Wa91]. 
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where the external vector potential has the four-dimensional Fourier 
transform 


A(x) = / lax Wla) JAg (17.5) 


We shall be content here to work to first order in the external field.? 

Since the electron is light, it can easily radiate as it accelerates, which 
it does when scattering from a hadronic target. In computing the lowest 
order radiative corrections to the process of electron scattering, one can 
consistently confine the analysis to the electron line since it carries charge 
and runs completely through a diagram from beginning to end without 
termination. Thus the class of third order diagrams which are of first 
order in the external field, and which consist of all radiative corections 
of order « = e? /4r along the electron line, provide a current conserving, 
gauge invariant set. Vacuum polarization in the external photon line can 
also be included in this set. 

The Feynman diagrams giving the lowest order radiative corrections 
in electron scattering are then those shown in Fig. 17.2. Here a term in 
om. has been added and subtracted from the starting lagrangian (mass 
renormalization) so that the free lagangian represents fermions of the 
correct mass, and an additional interaction lagrangian is then present of 
the form 


ôL =dme : Py : (17.6) 


The contribution of this mass counterterm must then also be included 
consistently in the Feynman rules.? The processes in Fig. 17.2 constitute the 
radiative corrections through order « = e”/4n. We will use the Feynman 
rules to set up each expression. The Dirac algebra is straightforward. The 
actual evaluation of the resulting integrals follows from the techniques of 
Feynman parameterization and four-dimensional momentum integration.* 
These methods are also now discussed in standard texts [Bj65], or courses 


? The dominant contribution from terms of higher order in the external field consists 
of Coulomb interactions on the incident and outgoing electron lines. These Coulomb 
corrections imply that one should really use solutions to the Dirac equation in the 
Coulomb field of the target instead of plane waves for the electron. Though technically 
complicated, this can be done [Da51, Fe51, Ra54, Gr62, On63, Cu66, Tu68] (an updated 
version of the appropriate code is available from [He00]). Contributions of second 
order in the external field where a nuclear target is virtually excited and then de- 
excited, the so-called dispersion corrections, are much more difficult to estimate reliably 
[Sc55, de66, Fr72b, Do75]. 

3 It is assumed that ôm, is normal ordered [Bj65, Fe71] and has a power series expansion 
dmg) e? — dma) et + Zo 

4 Or integration in n = 4 + e dimensions if one uses dimensional regularization. 
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(a) (b) (c) (d) 


Ist order vertex self 
correction energies 
X 
(e) (f) (9) 
mass counter vacuum 
terms polarization 


Fig. 17.2. Feynman diagrams for lowest-order radiative corrections in electron 
scattering. 


[Wa91], and it is not the intent to reproduce the derivations. We are 
primarily concerned here with the results, how they fit together, how they 
enter into electron scattering, and their interpretation. 

Let us consider each component in turn. Consider first the electron 
self-energy. The photon loop and mass counter term corrections to the 
S-matrix for a free electron are illustrated in Fig. 17.3. The Feynman rules 
give the S-matrix as 


4; 
Spi = 7) SDK — k)a(k)(Z — 6m,)ulk) (17.7) 
Here the self-energy insertion is defined as 
ie? d*q 1 
zomo] GEG e 8 


From Lorentz covariance and power counting, this expression can be 


> For the mass counter term one has the factors (—1)(—i)ôme. 
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Fig. 17.3. Electron self-energy. 


put in the following form 


x—dm = A—Odm, 
Hikyy, + me)B + (ikzy, + Me)XU¢ like Yo + Me) (17.9) 


Here A and B are (infinite) constants independent of k, and 2; is finite. 

To give mathematical definition to the divergent integral in Eq. (17.8) 
we introduce a covariant Pauli—Villars regulator which amounts here to 
replacing the photon propagator by 


1 1 1 
— 
q? q? q? + A2 


(17.10) 


For very large A? the second term is negligible, while at fixed A? the 
asymptotic behavior of the photon propagator is changed to A?/q?(q? + 
A’), and one picks up enough convergence to make the integral finite. 
Explicit evaluation of the resulting integral on the mass shell, that is for 
ik,y, + me = 0, yields the mass counter term [Bj65, Wa91] 


3 A 1 
A = ôme = “m, (in +3) (17.11) 
2n m 4 
Consider next vacuum polarization. The lowest order vacuum polariza- 
tion correction to the S-matrix for a free photon as illustrated in Fig. 17.4. 
The analytic expression is given by 


4; ; , 
Spi = Cn) HOG 2) ef (—T yet (17.12) 


The polarization part is defined by 


ie? 4 1 1 
v = — k t A 7 
Tw =~ ay i ss Lit 1/2); + me" iyg(k + l/2)s + me” 


= (lly F PSuy)C() (17.13) 
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k+l/2 k-1/2 


Fig. 17.4. Lowest order vacuum polarization correction. 


The second relation follows from Lorentz covariance and current conser- 
vation. One can write 


C(I?) = C(0) — PILP) (17.14) 


In order to produce a mathematically well-defined expression, while main- 
taining current conservation, one can use a more general Pauli—Villars 
regulator on the loop integral in Eq. (17.13) 


Ty (I,m?) > J gd a(l, m?) — Ty (l,m +2] (17.15) 
with g(4°) receiving contributions only from very large 4? ~ A? and 
j aa = 1 
J Redz = 0 (17.16) 


One argument in justification of this regularization procedure is that 
equating higher moments of 4? to zero, thereby obtaining additional 
convergence, will not change the answer. Evaluation of the integrals now 
results in [Bj65, Wa91] 


C(0) = in — (17.17) 


Let us denote by eo the electric charge used up to this point, i.e. the 
“bare charge” appearing in the initial lagrangian. If one now combines 
the lowest order contribution with the vacuum polarization contribution 
for scattering of an electron in an external field [Fig. 17.2(a), (g)], the 
result is to change the amplitude in the limit q? — 0 from e/q? > e?/q? 


where the renormalized charge is given by 
2 A 
e = &[1 — C(0)] = 2 (1 =i ~) (17.18) 
3n me 
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k 


Fig. 17.5. Vertex correction. Here k = kı and k' =k». 


To this order, in the radiative corrections, one can replace e > e?. The 
vacuum polarization contribution to the above process is now obtained 
by making the following replacement in the lowest order term 


1 1 
= — 5l +ga’) (17.19) 
q q 


Here Oy(q?) is calculated with e°. 
The remaining finite momentum integrals can be evaluated to give the 
answer in terms of an integral over the Feynman parameter x [Bj65, Wa91] 


PTP) = ie (1—x)In firxa ae | dx (17.20) 
2 
= a ; P Km? 
2 
-á ji- ; P >m? 


Consider next the vertex correction in Fig. 17.5. The analytic expression 
for the contribution to the S-matrix is given by 


e xX 
Se ee eae tq) (17.21) 
dfl 1 1 
Meki) m] 7 
Akaki) (aR iL ae e aS 


The general k P this vertex follows from Lorentz covariance and 
power counting as 


Ay = Lyu + Apchk2, ki) (17.22) 


Here L is a (infinite) constant and the diagonal matrix element of the 
remaining convergent term, taken between Dirac spinors, vanishes. Regu- 
larization of the photon propagator as in Eq. (17.10) again eliminates the 
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ultraviolet divergence at high momenta (short wavelengths), and explicit 
evaluation gives [Bj65, Wa91] 

a A 9 Me 

L= l 21 

an lm a eg 
Here, to protect against the infrared divergence at low momenta (long 
wavelengths), the photon has been given a tiny, fictitious mass and the 
photon propagator has been replaced by 


1 1 
— _ _—> — 
q? q2 + a2 


(17.23) 


(17.24) 


Note that no physical result can depend on the fictitious photon mass /?. 

It is relatively easy to evaluate the matrix element of the remaining term 
in Eq. (17.22) between Dirac spinors a(k2)Ayc(k2,k1)u(k1) with the result 
[Bj65, Wa91] 


1 
Ac = Fe(q7)yp — Fula) Im, Oi Dy (17.25) 
Dy) a — x) 
Pug), = sfa f eee y(x — y) 
; (x—y) 
Fe(@’) = -4f ax f y fin (1+ eS) 


2 
Im? |1-x- 


1 1 
= E x? +2? (1 — x) +g y(x— y) mx? +A- 5| 


ie | 
tq"(1—x + y)(1—y) eorr. 


Here q = ky — kı, and = means “taken between Dirac spinors.” 
The limiting cases of these results are as follows 


x 
Fy(0) = — 
2 
no “#4 (3 Me 160 2 
Felg’) ae in“) 5g K M; 
u Sei gt ; g >m 17.26 
an ge ag 3g >m, (17.26) 


e 


Note that the remaining finite part of the vertex Fg(q°) is infrared diver- 
gent; therefore it is not an observable. 
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By direct calculation, one can now establish to O(a) that 
B=L (17.27) 


In fact, this relation holds to all orders. It was proven by Ward who 
observed the general result known as Ward’s Identity [Wa50] 


ae 
ik (k) = iA, (k,k) (17.28) 


Here * is the proper self-energy and A, the proper vertex [Bj65, Fe71]. 
In second order, this result follows immediately from Eqs. (17.8, 17.21). 
Equation (17.27) can then be derived from it by taking matrix elements 
between Dirac spinors of identical four-momentum.° 

When the self-energy insertion X — dm, is on an external line, the 
resulting expression obtained from Eqs. (17.8, 17.9) is ambiguous since, 
for example, 


eer (17.29) 


—B(iyjk; + Me) 0 


u 
iyık,, + Me 


A proper adiabatic limiting procedure says that here the correct answer is 
to retain —(B/2)u(k), and similarly for the other leg [Bj65, Wa91]. 
The use of the Fourier transform of Maxwell’s equations for the external 


field allows one to relate that field to its source’ 
xt i? e0 ext 
ay (4) = qt (4) (17.30) 


In summary, the addition of all the diagrams in Fig. 17.2 yields to O(e¢) 
0 B 2 2 
Sfi = Guha) Vn Lobe z= ye] +74 IT;(q°) 
A> 
+Ayctkask) } u(k1) qt t(q) (17.31) 


Ward’s identity now leads to an exact cancellation of the term L — B = 0. 
The remaining constant C, arising entirely from vacuum polarization, serves 
to renormalize the charge according to Eq. (17.18). As above, one can then 
replace % = «+ O(eģ) to this order in the radiative corrections. 


6 Ward’s Identity follows in general by looking at all the Feynman diagrams involved, let- 
ting the external electron momentum flow along the electron line, and then differentiating 
with respect to this momentum. 

7 This relation explicitly exhibits the one additional power of eo in the process — i.e., both 
ends of the vacuum polarization insertion end up on a charge. 
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The result is 


E 2 2 1 -ext 
Sri = —Gilhe) {yl + PTH] + Anclha,ki)} ul ji(a) 
1 
= fall) Lyell + Fel?) + PIAN = Ful?) ona} 
xu(kı ja?" (q) (17.32) 


Several comments are relevant: 


This amplitude is to be computed with the renormalized charge; 


This result is finite as A — oo; there is no longer any ultraviolet 
divergence; 


The exact second-order (integral) expressions for the quantities ap- 
pearing in this result are given in Eqs. (17.20, 17.25); 


The presence of form factors in this expression indicates that the 
electron does indeed have an internal structure; it arises from the 
interaction with the virtual photon field and is completely calculable 
within the framework of QED; 


This expression is still infrared divergent in that it depends on the 
fictitious photon mass 4? — hence, as it stands, it is unobservable. 


8 There is further internal structure of the electron at much shorter distance scales arising 
from the weak interactions. 
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Radiative corrections 


Let us now calculate the observable QED modification of the electron 
scattering cross section following from the analysis in the previous chapter. 
For this purpose, assume a static (time-independent) external field, in 
which case 

aq) = —2nid(Ws — waza) (18.1) 
One can identify the T-matrix and cross section corresponding to Eq. 
(17.32) from the general relations 


Sfi = —2nid (Wy = Wi)Tfi 


2n|T;i|25(W; — Wi) dps (18.2) 


ag Flux 


For illustration, we here confine the discussion to scattering where the 
target is left in its ground state. It follows that 


dpf _ QA ky 1 


Flux = (2z)3 v;/Q ne) 


Let the superscript denote the order in e, then to O(e*) one has for the 
square of the T-matrix 


eS er ST ARET ar) (18.4) 


If the explicit magnetic moment contribution is suppressed for the time 
being, then, since the QED amplitude in Eq. (17.32) contains only a real 
modification of the coefficient of y,, one finds to this order 


d d 
(m) | a (1+ 2[Fela) + ANH (18.5) 
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counts counter 


photon 


Eo 
E5= E} 


Fig. 18.1. Observation in an electron scattering experiment. 


Fig. 18.2. Bremsstrahlung in an external field. The photon polarization is ¢,. 


Here (do /dQ)o is the lowest order cross section, and the dots denote the 
magnetic moment contribution. 

One now has to think carefully about what is actually observed in the 
experiment. Since an electron can always radiate a photon of arbitrarily 
long wavelength (or low energy) during the scattering process, what one 
will observe in an electron scattering experiment is illustrated in Fig. 18.1. 
Experimentally, all one can observe is the sum of these elastic and inelastic 
electromagnetic cross sections. 


do = doa + doin (18.6) 


One is therefore required to also calculate the cross section for radiation 
of a photon, the bremsstrahlung cross section. The two Feynman diagrams 
for bremsstrahlung in the same external field are shown in Fig. 18.2. The 
analytic expression follows from the previous Feynman rules as 


ie? 1 1 


— u(k y&y j 
a fant) b e ipak + Da + me” 


! ext 
"ing (ky EEE u(ki Jan (q) (18.7) 


Sji = 


+y 
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This amplitude will give the bremsstrahlung cross section to O(e*), which 
is of exactly the same order as the last term in Eq. (18.4). 

First, rationalize the term in brackets in Eq. (18.7) and use the Dirac 
equation to the left and right 


ae 2ikz - e + i(y7€i) (Vola) 2iky + e — (yal) (ces) 
bd Mo t+2 lt IFE mee) 
Now let the photon energy become very small 
I| = AE > 0 (18.9) 


Then 


e? 1 k2 °é ky "E 
Sji = — E ü(ko)yuulki a” | ( )| 18.10 
Note that at this stage strict current conservation (gauge invariance) is 
still maintained since if one replaces ¢, — l, this amplitude vanishes. 
Assume again a static external field as in Eq. (18.1) and read off the 
T-matrix as in Eq. (18.2). The bremsstrahlung cross section is then 


2 QI Qdk 1 


ina = 2n (Wt — W| Tr 18.11 
doin T (Ws )| f (2 mE (2n)3 01 /Q (18.11) 
Under the condition in Eq. (18.9), one can replace 
aq) =~ a (ko — ki) 
Ex+a;=Wy ~x E (18.12) 


Since these quantities are now the same as in elastic scattering, dojn will 
again be proportional to dao! It follows from the above that 


io 7 ay | (55), (18.13) 
7 a, í + 2[Fe(4°) + 4°Ty(a")) 


R oe 
4n i kool kol 
In this express AE is the resolution of the electron detector, and one must 
include all inelastic processes that give an electron in the detector within 
this resolution. A correct calculation of radiative corrections thus depends 
on the geometry of the experiment. The dots again denote the additional 


magnetic moment contribution. 
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Since a, albeit tiny, mass has been assumed for the photon, the brems- 
strahlung term must be evaluated consistently for this situation. The 
polarization sum for a massive vector meson yields! 

oo — 5 4 ub 18.14 
5 Eu E a Wv + 72 ( 8. ) 
oO 


Since the bremsstrahlung amplitude satisfies strict current conservation, 
the terms in /,,/, in this expression give a vanishing contribution. Hence 


; -p\2 2 2 : 
5 (P e k *) E m? m? 2kı + ko (18.15) 
pa SKE kicl (ko D? (ki I? (ki D(ko I) 


Here |, = (l, iœ) where œ; = yÊ +72. 
One must now do the remaining f d*//c), with the limiting results 


oy ae dl (BS a 
4r? pol 0 l kə: l ki- l 


wg (mn >) k KM ; g Km? 
6 e ? e 


3x m2 A 
2 2 AE 

=h in q > m? (18.16) 
T m A 


Note that this bremsstrahlung cross section is also infrared divergent so 
that it, by itself, is unobservable; however, when adding the two results 
in Eq. (18.13), the infrared divergent terms in ln 2 cancel identically in the 
observable cross section! 

A combination of the above results then yields, for the scattering of an 
electron in a static Coulomb field 


do do 
a — 1— ô 18.1 
ma Galt ‘on 
2a q? Mm 5 1 3 3 2 2 
OP TS am (nt res 2. ee ti 
22, g, E 2 oe. 
ô ~ ge AE q D m; ; E > AE 


Here we have identified (da /dQ)o = (do /dQ)mott for scattering in a static 
Coulomb field. The last +3/8 in the second line, canceling the term before 
it, is the hitherto suppressed magnetic moment contribution; the —1/5 


1 Use Lorentz covariance, l- e = 0, and P? = —/?. 
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comes from vacuum polarization. We have also written EF; = E, and AE 
is the experimental resolution.” 

These results on the radiative corrections are originally due to Schwinger 
[Sc49], who argued that the correct result for the infrared divergent series, 
to all orders in «, is really 

ô 


1 Te rae (18.18) 


When AE —> 0, one then has e™? — 0, and there is no perfectly elastic 
scattering.’ 

Note that while the ultraviolet divergences truly reflect a lack of knowl- 
edge of the physics at very short distances, the treatment of the infrared 
divergences is basically a technical problem. The emission of very long 
wavelength radiation (photons) is essentially governed by classical physics. 
This is a problem first treated in detail by Bloch and Nordsieck [B137]. 
The difficulty arises because analyzing the emission photon-by-photon (i.e. 
as a power series in e) is not an efficient way of attacking this problem. 


? Note that Inq? ~ ln E? as E > œ. 
3 For applications of radiative corrections see [Ma69, Mo69a]. 
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Basic nuclear structure 


The goal is to compare experimental electron scattering data with a 
theoretical picture of the hadronic target, and in so doing, develop an 
understanding of that system. We start the discussion within the traditional 
non-relativistic many-body description of the nucleus. 

If the nucleus is modeled as a quantum mechanical system of point nu- 
cleons with intrinsic magnetic moments, then one knows how to construct 
the charge density, convection current density, and intrinsic magnetiza- 
tion density from basic quantum mechanics. In first quantization these 
quantities are given by 


an(x) = J e(f)5(x —x;) 


A i 
ax) = YPO- (19.1) 


Here p = (1/i)V and o = (0,,0,,0,) are the Pauli matrices. Thus for a 
single particle, for example 


(Pn(x)) = S )5%x = xp Up) Bx, = |p(x)|? (19.2) 
and also 


i 1 
(Se) = f oag VeA x) + 5°10 — XV pvp) dxo 
1 


TY OV — VO vey} (19.3) 
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p 


Fig. 19.1. Electromagnetic vertex for a free nucleon. 


A partial integration has been used in obtaining the last equality. The 
charge and magnetic moment of the nucleon are given by 


1 
ej) = sl +n(i] 


1 1 
M) = ysl + a1 + ang ll — BUI (19.4) 


The anomalous magnetic moment 4'(j) of the nucleon is defined by 


1 1 
AG) = Asi +a + ang ll — BU) 


elj) +4) (19.5) 


= 
~ 
<. 
— 
| 


This discussion presents a consistent non-relativistic treatment in a 
picture where the nucleus is made up of point nucleons with appropriate 
charges and intrinsic magnetic moments; however, a central goal of nuclear 
physics is the measurement and calculation of nuclear electromagnetic 
transition densities out to momentum transfers q? = O(m?) and well 
beyond. It is essential to consider corrections to the non-relativistic current 
operator as one moves into this regime. In order to do this, a fully 
relativistic treatment of the interacting many-body system is required, and 
the next section is devoted to this topic. For the present, we simply consider 
the nuclear current density arising from the full relativistic electromagnetic 
vertex of a free nucleon [Mc62]. 

The relativistic electromagnetic vertex of a free nucleon is illustrated in 
Fig. 19.1. The most general structure of the matrix element of the current 
for a free nucleon is given by [Bj65, Wa95] 


ups 
(P'o'p'|J.(O)|pop) = Gulp, ony [Fiya + Foo uv npu(P, o) (19.6) 


Here the spin and isospin quantum numbers have been made explicit; 
ū,u are Dirac spinors and np, Nn are two-component Pauli isospinors. The 
four-momentum transfer is defined by q = p — p’, and the form factors 
Fi» are functions of q’. The isospin structure of the form factors must be 
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of the form 


1 
F,= 5 (FP +13F/) ;i=1,2 (19.7) 
Relevant numerical values are 
F0) = FřO)=1 
2mFŠ(0) = 4, + an = —0.120 


2mFY (0) = A, — An = +3.706 (19.8) 


To construct the nuclear current density one carries out the following 
steps: 


1. Substitute the explicit form of the Dirac spinors for a free nucleon 


1/2 Xo 
E, +m 
— 1 . 
u(p, 0) ( T ) ~ (19.9) 
Ep + m%s 

Here xt, %, are two-component Pauli spinors for spin up and down 
along the z-axis. Now expand the matrix element in Eq. (19.6) 
consistently to order 1/m?. The result is! 


1 
(p'o'p'|Ju(O)Ipop) = Sny Xy M nLeMp (19.10) 
1 —io X 1 
M = Fis (P +p) + (Fi + 2m) [A] + 015) 
2m m 
2 a 
q iq:(o x p) 1 
= F; — (F 4mF } 
Mo = Fı — (Fi + 4mF)) E An | O(a) 


Here Mp = (M, i Mo). 


2. Take the prescription for constructing the nuclear current density 
operator at the origin, in second quantization, to be 
AO = Y Y chap (p'o'p!|Ju(0)|Po p) cpap (19.11) 
p'o'p' pop 
where the single-particle matrix element is that of Eq. (19.6). 
3. Use the general procedure for passing from first quantization to 


second quantization [Fe71]. If, in first quantization the one-body 
nuclear density operator has the form 


A 
Iulx) = Y{IM (SOK — x;)} (19.12) 
i=1 


1 It is assumed that both qo and F, are O(1/m). 
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then in second see the operator density is 


= X Y chop (Pop! SulX)|POP) Cpop (19.13) 
p'o'p' Pop 
with 
(p'o'p'|Ju(X)|Pop) = J Py phop IPOE — y)} bpap(¥) 
(19.14) 


. The discussion in chapter 9 shows that physical rates and cross 


sections are expressed in terms of the Fourier transform of the 
transition matrix element of the current 


S XAN) Bx (19.15) 
Here q = p — p', and in electron scattering q = k2 — kı. Define 
FÌ) = Juxpi (19.16) 


and observe that by partial integration in Eq. (19.15), with localized 
densities, one can make the replacement 


Voiq (19.17) 


The presence of terms in iq in the elementary nucleon amplitudes 
are then anticipated by defining 

J(x)fi = Je(x)fi +V x u(x)fi 

Pri = PNV si HVA (19.18) 
The use of Eq. (19.13) evaluated at x = 0 now permits the identifi- 
cation of the nuclear density operators in first quantization, which 


give rise to the required result in second quantization of Eq. (19.10). 
The operators take the form 


Îx) = Je(x) +V x fi(x) 


A(x) = Ana) + V8(x) + VRA) (19.19) 
Here the densities are defined by Eqs. (19.1), (19.4), (19.5), and 
x d 1 
d(x) = A —x;) (19.20) 
F 
a(x) = IEDU) x PO) SOA xs 
j=l 


where in the static limit 


s(j) = elj) +220) (19.21) 
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Fig. 19.2. Basis of Hartree-Fock states. 


5. It is an empirical result that in the nuclear domain? 
F\(q’) n _ Fla’) 
Fi(0) fsn(q°) © Fx(0) 
1 
fsn(q’) (19.22) 


(1 + q2/0.71 GeV’)? 


At finite q?, the quantity fsn(q7) enters as an overall factor in the 
electromagnetic vertex, and it can be included by using an overall 
effective Mott cross section Gm in the (e,e’) cross section 


om = omlfsn(q7)/ (19.23) 


The use of this effective Mott cross section represents an approxi- 
mate way of taking into account in the nuclear domain the spatial 
extent of the internal charge and magnetization densities of a single 
constituent nucleon. 


The present analysis gives the leading relativistic corrections to the nu- 
clear current, assuming it is a one-body operator. It neglects, among other 
things: meson exchange currents, other multibody currents, relativistic 
terms in the wave functions, and off-shell corrections to the nucleon vertex 
in the nuclear medium. We shall return to many of these points. 

Consider next the many-body matrix elements of the current [Fe71, 
Wa95]. Introduce a complete basis of Hartree-Fock states as illustrated 
in Fig. 19.2. Assume a central field and label the quantum numbers by 


Th 1 
(nl jmj; zm) 


(a; mj, m) (19.24) 


a 


? A more accurate representation of the experimental data for the proton and neutron 
out to very large q? is given by [Ba73, Wa84] 


Gu(q’?) = Fi +2mF> = fsn(q?)Gu(0) 
Ge(q’) = Fi —(q?/2m)F, = fsn(q?)Ge(0) 


although G} (q°) remains to be measured well. Elastic scattering from the nucleon is 
discussed in more detail in chapter 20. 
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Then 
—a = (a;—m;, —m;) (19.25) 
We shall also need the phase defined by 
a GO sa Cae) a (19.26) 


Any many-body multipole operator of the above current can now be 
written in second quantization as [Fe71] 


F my tMy(k) =X Y ch (al Tray rar (KB) ep (19.27) 


cl, cp are creation and destruction operators for the single-particle 
Hartree-Fock states. The single-particle matrix elements are calculated 
using the wave functions of this basis, the current densities above, and the 
appropriate multipole projections of chapter 9. 

Within the present framework, an arbitrary matrix element between 
exact eigenstates |¥;) and |¥p) of the nuclear many-body system can be 
written 


(Pl mTM (Y) = XX (aTim:Tm:(K)IB) pli 
wap = (Pyledepl¥i) (19.28) 
The quantities y di are simply numerical coefficients. This result has the 


following features: 


e It assumes the current is a one-body operator — exchange currents, 
for example, are neglected; 


e Any shell-model calculation, no matter how complicated, must give 
an answer of this form. The exact many-body matrix element is a 
sum of single-particle matrix elements with numerical coefficients; 


e This is an exact statement within the traditional non-relativistic 
nuclear many-body problem. 


Let us extract the angular momentum properties of the operators in- 
volved in the above. Suppress isospin for the moment; it will be restored 
at the end. The angular momentum operator for the system is 


J D2 (aJiB)ep 
= SEE dp (jm |J\jM})Cnijm (19.29) 


nj mw m 
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Note that the single-particle matrix elements of J are diagonal in (nl) 
and independent of (nl). Now make use of the basic anti-commutation 
relations 
leaeh) = dap 
lea = =0 (19.30) 
It is then a matter of algebra to establish the relation? 
J, chij] = 2 Umi Lim) (19.31) 


Hence c} is an irreducible tensor operator (ITO) of rank j [Ed74]. 
Use of the Wigner—Eckart theorem allows one to establish the following 
relations [Ed74] 
(jmlJigljm’) = (D1 G, =m alj, —m) 
XC (GmJuljm = 0 (19.32) 


m 


This permits the angular momentum operator to be written in an equiva- 
lent form [recall Eq. (19.26)] 


Î = Ds 2 (S-a6-a)o1ENS-gc-p)' (19.33) 
SESC IH ca; mw] jen! |S] jm) K1 eil 


nj mw m 


Hence one concludes the S_,c_, is an ITO by the same proof as above. 

Now restore isospin (treated in an exactly analogous fashion) and 
assume the initial and final many-body target states are eigenstates of 
angular momentum and isospin. Use of Eq. (19.27) and the Wigner—Eckart 
theorem on both the many-body and single-particle matrix elements, and 
a change of dummy indices, leads to* 


(JMi TMi? amy trl SiMiTiM;) = 
M; Jf J Ji Maa x 
_1 4 —My f i TER TUG. ETT. 
(—1) ( M; M; M; ) x [I =] x (TEET y riJ Tà 


= Jaian um | XO (amj jgmijgljajgJ Ms) 


MjaMjg 


3 See [Fe71, Wa95]. 


4 The symbol (50E) indicates a matrix element reduced with respect to both angular 
momentum and isospin. 
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11 ig +mj m 
x D. (tam, tgmylzz TMD s 


Mey Mig 
: 1 
JCI+F DOT +H 


One now identifies the tensor product [c, © S_gc_glim,;rmM, of two ITO 
[Ed74]. Use of the Wigner—Eckart on that quantity gives, upon cancellation 
of common factors, the following expression for the matrix element of a 
multipole operator 


cle s} IJMiT Mì (19.34) 


(TEP rT) = Xa! TZ yri) bjpfr(la, b) (19.35) 
a,b 
fi 1 m:et ; upp. 
pyr (a, b) JO FDOT j” Lec (ab; JT) dy ly) 


ĉi (ab; JMy, TMT) 


do (iat), jgmjljajgJ My) 


Mj, jg 
11 : 
x 5 (tumi, tpmtp| 55 T Mr)calS-gc-p] 
Mtg Mtg 


This is our principal result for the many-body matrix element. It has the 
following features: 


e It is doubly reduced with respect to angular momentum and isospin; 


e It expresses the many-body matrix element as a sum of single-particle 
matrix elements; 


e It assumes a one-body current; 


e It is exact within the traditional non-relativistic nuclear many-body 
problem. 


Consider the isospin dependence in more detail. The previous single- 
particle densities, and hence the single-particle multipole operators, all 
have the form 


1 0 1 1 
T JM; = 57 IM, 537 My 


Too TF She, + Lio 7$}, (19.36) 


Ill 


It follows from this definition that (3||I7||5) = [(2T + 1)/2]!”? [Ed74]. 
The many-body multipole operators thus have the corresponding isospin 
structure 


J jm, = J 3m,:00 + F sy :10 (19.37) 
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In electron scattering (e,e’), as well as real photon transitions, the third 
component of isospin of the target cannot change, and hence My = 
Mi. Now use the Wigner—Eckart theorem on the isospin dependence of 
the many-particle matrix elements to obtain the doubly reduced matrix 
elements. The basic result in Eq. (19.35) can then be employed. The 
isospin dependence of the single-particle matrix elements in Eq. (19.36) 
factors, and thus the doubly reduced single-particle matrix elements are 
particularly simple. It follows that the many-body matrix elements that 
enter into the cross sections and rates must take the form 


(PellF sO) ||%i) = ue Jel ge lis TiM) (19.38) 
=p O pe pNP ioa b) 


—M; T; 1 T; 3 
+07 hom )X iazo juf’, (ab) 
i i ub 


This is the basic multipole matrix element for the transition |J;;T;M;) > 
\J~; TyMi). It relates the many-body reduced matrix element to a sum 
of single-particle reduced matrix elements; the isospin dependence of the 
transition multipoles has now been explicitly exhibited. The many-body 
physics is in the numerical coefficients p 4" -(ab). Again, this is a general 
result within the current framework. _ 

Once one has a set of coefficients t'r (ab) from the many-body analysis 
(several examples are discussed in chapter 20), the problem is reduced 
to computation of the single-particle reduced matrix elements of the 
multipole operators [W163]. The tables in [D079, Do80] are a substantial 
aid here since all the angular momentum algebra of computing the reduced 
matrix element of a tensor product in a coupled basis [Ed74] has already 
been carried out. There are two sets of tables. The first [D079] is in a 
harmonic oscillator single-particle basis where the wave functions can be 
written in analytic form [Fe71, Wa95]. In this case, the required radial 
integrals can all be done analytically in terms of hypergeometric functions 
[de66]. The result is of the form exp(—y) x polynomial in y where 


— a 
a 
h2 


2 
mbc 


hose (19.39) 
In the second set of tables [Do80], the calculation is carried out for 
arbitrary radial wave functions up to the point where a final radial 
integral must be done numerically. 
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If one inserts the single-particle densities from Eqs. (19.1, 19.4, 19.5, 
19.20), then through O(1/m) the single-particle multipole operators take 


the form 


Mmh) = MHo) tA +73) 


2 
K 1_1 
iT jms (K) Sr fai ox) . ov ru +13) 
til 1 1 
= [Zy x (ai) 6 [30r + Un) + 3 13(Up = a) \ 
K 1 1_1 
Tfu, (Kk) = { Fa x (ay) ; av ria + 73) 


1 1 1 
+I o [30 +n) + 5t0(tp— tn] + (19.40) 
Here 


My (ex) = j,(«x)¥ym,(Qx) 
MY = flex) WY O) (19.41) 


Note the isospin dependence is now explicit and one can read off 7 Oh and 
1) 


T ( m; 1n Eq. (19.36). Furthermore, it is no longer necessary to symmetrize 
the convection current since V - MYY =V- [Vx MYY ]=0. 

A notation which identifies the various pieces of the multipole operators 
in Eqs. (19.40) is introduced in [D079] 


1 
Mjm (K) = 5C + t3) M3” (Kx) (19.42) 
ma, k f1 
iT jv, (K) = * {5+ a) Ay! 
1 1 ae 
+ [le + bn) + 5 13(Mp a) ( z) zp 


k (l 
Ti, (k) = ~ {5+ a) ai” 


+ [30r + Hn) + 5p = 7) (5) zy} 


The quantities (A, A’, £, X’) follow from comparison with Eqs. (19.40). One 
can now directly employ the tables in [Do79, Do80]. 
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We proceed to some applications of the analysis in chapter 19. Start with 
closed j-shells filled up to the energy F as illustrated in Fig. 20.1, and 
define particle and hole operators by [Fe71] 


= cl a> F 
S_yC—a ;a<F (20.1) 


: 
: 
Recall that the phase S, is defined by 


Sy = (1) (—1)2 a (20.2) 


Equations (20.1) form a canonical transformation since they leave the 
anti-commutation relations in Eqs. (19.30) unchanged. Denote by |0} the 
non-interacting ground state illustrated in Fig. 20.1. Both particle and hole 
destruction operators annihilate this state 


dy|0) = by|0) = 0 (20.3) 


Furthermore, by Eq. (19.31) and the discussion following Eq. (19.33), both 
at and bt are irreducible tensor operators (ITO). 

To illustrate the physics and theoretical techniques, we consider some 
model cases. Equations (19.35) form the starting point of this analysis. 


Fig. 20.1. Closed j-shells as a basis for defining particle and hole operators. 
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Le] 


Fig. 20.2. A particle—particle transition. 


Consider first a particle—particle transition from the single-particle state o 
to the state p as illustrated in Fig. 20.2. Take 


|¥i) = ato) 
|) = a}l0) (20.4) 


Here p = (nrl-3 frm, ; im) = (r; mjm, ) with a similar relation for ø. In 
this case one has the very simple result that the quantum numbers a must 
refer to the final state and b to the initial state 


ph'p(ab) = dar dbs ; particle—particle (20.5) 


All the angular momentum and isospin algebra has now been dealt with 
in arriving at the doubly reduced matrix elements. Note that here and 
henceforth we adopt the convention that the selection rules on J and T 
are implicitly contained in the reduced matrix elements. 

The proof of Eq. (20.5) goes as follows. The only term in the operator 
Ê t which contributes to the transition in this case is 


CT (ab; JMy, TMr) = Sardpslah, © S-o4—elamy TMr (20.6) 
Now take the matrix element 


(Plts; IMs, TMr)|Pi) = So (jom, jos —mj,| ipod Ms) 
1 1 11 


x (Sm, 55 melz 5 T Mr) (20.7) 
This is just one form of the Wigner—Eckart theorem [Ed74] 
Lhs. = So (pm ies, LiploI MI 5m, ml 557 Mr) 
l COP Es; JT) EP) (20.8) 


“JOI FDT FI 


A comparison of these two equations gives the stated result. 

Consider next the somewhat more complicated case of a particle-hole 
transition as illustrated in Fig. 20.3. Here a particle makes a transition out 
of the filled ground state, leaving a hole behind. In this case one has 
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p F 
6 


Fig. 20.3. A particle-hole transition. 


F 
(07 
Fig. 20.4. A hole-hole transition. 
lP) = |0) 
# = [al © biam,:7M7|0) (20.9) 


In this case, the only contributing term in the operator Êt is 
Cab; JMy, TMT) = Sardps (al, © bilm, TMr (20.10) 


Now take matrix elements and use the orthonormality of the Clebsch— 
Gordon (C-G) coefficients [Ed74] 


(PCM(rs; JM, TMr) Y) = 1 (20.11) 
1 
J@I+IOT +1) 


The Wigner—Eckart theorem has again been used to obtain the second 
equality. Thus, in this case also, one has the simple result 


(J, T 20t(rs; IT) #0) 


ph'-(ab) = OarObs ; particle-hole (20.12) 


Consider the most complicated case of a hole—hole transition as illus- 
trated in Fig. 20.4. Here the initial state has a hole in the state p and the 
final state a hole in ø. The transition is actually accomplished, of course, 
by a particle going in the opposite direction. In this case 


(Yi) = bf IO) 
IP) = b§10) (20.13) 
The contributing term in Ê t is 


C4 (ab; JMy, TMT) = ôarôbs[Spb-p © bt] yy TM: (20.14) 
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One has to first turn the destruction and creation operators around 
in computing the matrix element.! Use of the basic anti-commutation 
relations gives 


ĉt(ab; JMs, TMr) = dardbs {5505 T0V 22 ia + 1) ôrs 
—(—1) t (—1)2+1 7T [BE © Spb_plumyrmy } (20.15) 
Here the anti-commutation relations for the b’s has been employed, along 
with the relation for reversing the order of coupling in the C-G coefficients 
[Ed74] 
(omj jot jy lindo M3) = (1+ (jgmy, jom; ljajo] Ms) 
(20.16) 


There is a similar relation for isospin. The first term in Eq. (20.15), now 
simply a c-number, follows from 


S Uom; jp Mj, ljpjoJ My)(—1 
Mip 


= X Gom; jp» —Mj,|jpjoJ Ms) omj, jp —m;,|joJp0 0 )/ 2jp +1 


mj p 


= ,/2j, +1650 (20.17) 


Again, there is a similar relation for isospin. 
Now the calculation of the remaining matrix element proceeds exactly 
as in the particle—particle case. Note that here S_, = Sp. 


wh'r(ab) = dardps07s550 570 [22ja + DT; + Y2H + YI? 
—(—1)te-J(1)242-T Saps; hole-hole (20.18) 


The reduced matrix element has been calculated in the first (scalar) term, 
and we now observe that there will, in fact, be an additional contribution 
phi (aa) of this type of term for each occupied shell a < F in Fig. 20.1. 

Suppose one does elastic scattering from a ground state that has neither 
particles nor holes as in Fig. 20.1 


Pi) = PF) = |0) (20.19) 


In this case, the only non-zero contribution comes from the first term in 
Eq. (20.18), and from Eq. (19.38) one has 


(0||Mo(x)|]0) = X V/2ja + 1 (all M)’() Ila) (20.20) 


a<F 


' They must be normal-ordered. 
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Fig. 20.5. Shell model for '8O ground state. 


Now consider the case of elastic scattering from a (J7,T) = (07,0) 
target. In this case, the only contributing multipole is Mo(x), and one evi- 
dently measures the Fourier transform of the ground-state charge density 


VF (ol Motoo) = fax | 
As an example, consider '$O modeled as indicated in Fig. 20.5. In this 
case, Eq. (20.20) gives 
(OIM = V2 sinll MOIS) + V4 Apl MP lp) 
4/2 pinl MP Ip) (20.22) 


Use of the tables in [D079] then gives for harmonic oscillator wave 
functions 


sin Kx 


| pools (20.21) 


Ve (Pollo) = 8 (1 — 5”) e= (20.23) 


Note that at x = 0 one must obtain Z, the total charge on the nucleus, 
and this result is indeed recovered. Since s and p radial wave functions 
contribute here, the coefficient of e™” is a first-order polynomial in y. 
Thus there is (at most) one diffraction zero as a function of y. Figure 20.6 
shows the fit to the experimental charge form factor in this model [D075]. 
The data is from [Mc69]. There is one parameter in this fit, bose = 1.77 fm. 
Also shown is the result obtain with Woods-Saxon radial wave functions, 
where a second diffraction minimum is observed [D069]. Note that the 
harmonic oscillator wave functions provide an excellent description of the 
gross distribution of charge, and only break down when one seeks a more 
detailed description at higher momentum transfer. 

Figure 4.2 shows the quality of elastic (e,e) data presently available. 
Figure 21.5 in the next section illustrates the quality of the nuclear charge 
distribution which can now be extracted from elastic (e,e) charge scatter- 
ing. Note the small uncertainty band on the experimental result in that 
figure. 
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Fig. 20.6. Elastic charge form factor for !$O showing results using harmonic 
oscillator (solid curve) and Woods—Saxon (dashed curve) radial wave functions 
[Do69, Do75, Mc69]. 
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Fig. 20.7. Ground states of }He and }H. 


Consider elastic magnetic scattering. It is proven in appendix E that 
only the odd magnetic multipoles contribute to elastic scattering through 
the transverse interaction. Consider the simplest nuclear case of elastic 


scattering from 3He and 7H with (J%,T) = ae $) as illustrated in Fig. 
20.7. Here only T/"*®(x) contributes. Although very sophisticated three- 
body calculations are available for this system (see later), we consider it 


here as a very simple illustration. 
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Table 20.1. Comparison of experimental and theoretical magnetic moments of 
the three-nucleon system calculated in the harmonic oscillator shell model. 


uH) + uCHe) CH) — uHe) 
Theory 0.8795 4.7059 
Experiment 0.8513 5.1064 


The shell model configuration in Fig. 20.7 is a (1s, py hole in the 1s 
shell. Use of Eq. (20.18) in this case leads to 


pyr [(181/2)"] = 460670 — (—1)"*7 (20.24) 
From the general result in Eq. (19.38), and the tables in [D079], one finds 


An\V? 1 1 i 3 
(F) G spmaiMovatis izm) = (Gtm) 


= Ae 
An 1/2 1+ 1 ‘Ke 1+ 
(F) G aio z) 
K 1 £ 
= a5) [3% + Hn) m:( Hp Hn) es 
=p (5) ue (20.25) 


Here Z is the charge of the target and u its magnetic moment. The 
proportionality of the matrix element of ÎPS to the magnetic moment 
is a general result as shown in appendix A. At higher x one probes the 
spatial distribution of the magnetic moment distribution. Table 20.1 shows 
the (well-known) comparison between the calculated and experimental 
magnetic moments for this system. 

Figure 20.8 shows the low-x elastic (e,e) data compared with this shell 
model calculation with an oscillator parameter chosen as bose = 1.59 fm 
[Do76, Wa95]. Again, it is only the deviations from these simple results 
that show up the more sophisticated elements of nuclear structure, to 
which we shall return. 

With higher nuclear angular momentum J;, higher multipoles can con- 
tribute to elastic scattering. It is shown in appendix E that parity and 
time-reversal invariance of the strong and electromagnetic interactions 
imply that only the even charge multipoles and odd transverse magnetic 
multipoles can contribute in the elastic case. Consider a 1g9/2 proton as 
the single-particle shell model assignment for the ground state of 77Nb as 
depicted in Fig. 20.9. The highest magnetic multipole that can contribute 


in this case is Tj""®(x). Use of the previous particle-particle results and 
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Fig. 20.8. Longitudinal and transverse elastic scattering form factors for the 
three-nucleon system compared with harmonic oscillator shell model results. 


Here f = Zfsn/./4n and fr = (k/2m)ufsn//2z. The correction factor fem has 
been included. [Do76, Wa84]. Data from [Co65, Ch69, Mc70]. 


Md 01 


Fig. 20.9. Single-particle shell model assignment for the ground state of 7/Nb. 
the tables in [D079] gives 


9+ Amag 9+ 
(5 T ls ) = miesllT)lrlg2) (20.26) 
25 


4y He) 
e 
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Fig. 20.10. M1 transition in '2C as example of particle-hole transition. 


Note that only the intrinsic magnetization contributes to the highest 
multipole in the stretched configuration j = l + 7 and note the simplicity 
of this result. Note also that this multipole has the highest possible 
number of powers of y, which implies that it will be the dominant 
contribution at high momentum transfer x. The experimental results for 
elastic magnetic scattering from 3;Nb have already been shown in Fig. 
12.4.2 In contrast to the case with real photon interactions where the 
long-wavelength limit is relevant and the lowest multipole dominates 
(appendix A), here the rank of the dominant multipole increases as the 
momentum transfer is increased until at high x the dominant contribution 
is indeed M9 — one can effectively dial the multipole one wants to 
examine. 


What does one learn from this? Figure 12.5 shows the surface of half- 
maximum intrinsic magnetization density “(x)max/2 for 34V (chosen so 
that it would fit on a 10fm square). Here the configuration assignment 
is (1f7/2)z, and the nucleus is aligned so that its angular momentum 
points along the z-axis with m; = j. The intrinsic magnetization maps 
the location of the valence nucleon. The nucleus is a small magnet with 
a current loop provided by the motion of the orbiting proton. Elastic 
magnetic electron scattering at all x provides a microscope to see the 
spatial structure of this small current loop [Do73]. 


As an example of particle-hole states consider the celebrated isovector 
M1 transition to the (1+, 1) state at 15.11 MeV in '2C as illustrated in Fig. 
20.10. Make the simplest shell model assignments 


lP) = |0) 
P) = laj, O bip, l+ 10) (20.27) 


Then from the above discussion of particle-hole transitions and the tables 


2 Here dep = K. 
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Fig. 20.11. The quantity F}(«) for the 1*,1 state in '¢C(15.11 MeV). The curve 
is a best fit with bose = 1.77 fm and € = 2.25 [D075]. Here q = x. 


in [Do79] one finds 


i fan Ve 3 3 
ian (1+, 10$ EGoot,0) =i (FE) UpSIITM ote) 


Oel -be 


(20.28) 


Now it is clear that the model of a pure particle-hole transition is an 
oversimplification. With configuration mixing, even within just the 1p-shell, 
the amplitudes in Eq. (19.28) will be changed from the pure particle-hole 
value, and in general reduced from this value. A fit to the experimental 
data for this transition using Eq. (20.28) with an oscillator parameter 
bose = 1.77 fm and an overall reduction factor of € = 2.25 is shown in Fig. 
20.11 [Do75].3 


3 In this figure do/dQ = 4nou[(q*/q*)F? + (q?/2q° + tan? 0/2)F}]r. 
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a? (fm?) 
Fig. 20.12. Inelastic electron scattering to the 1*,1 state in 'C(15.11 MeV) 


plotted in terms of the polynomial p(y) in Eq. (20.29). The straight line is a fit 
with 1p-shell harmonic oscillator wave functions [Do79a]. Again, q = xK. 


Fig. 20.13. Particle-hole configuration (1f7/2)(1dsj2)1. 


If both the ground and excited states are configuration mixed, but still 
both described within the 1p-shell oscillator model, then the polynomial 
in the above transition amplitude must indeed be of the form 


p(y) =% — %1 y (20.29) 


Figure 20.12 shows such a straight-line fit to the data [Do79a]. This fit 
determines two of the four possible one-body amplitudes ps, (ab) for this 
transition, if it is indeed described within the 1p-shell oscillator model. 
Note that this straight-line plot, now on a linear scale, gives some credence 
to this description. 

As an example of magnetic excitation of high-spin states, consider the 
isovector transition to the stretched member (67,1) of the particle-hole 
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configuration in Fig. 20.13. Model the ground and excited states by 


P) = |0) 
IPs) = lais, © Bia, ,]6-1 10) (20.30) 
Then, as before, 
iän (6-10) ÎE), 0) = i ei (if FTE Mads) 


K 2 5 
= /2 ev 
(5) (= m)? 


(20.31) 


Note the simplicity of this result. Again, only the magnetization con- 
tributes to this highest multipole in the stretched configuration, and this 
multipole gives the maximum power of y. The large isovector magnetic 
moment of the nucleon in Eq. (19.4) implies that isovector transitions are 
preferentially excited in electron scattering at large scattering angles and 
high momentum transfers. Figure 12.6 shows a spectrum for ?4Mg taken 
under these conditions, and the transverse form-factor squared for the 
state at 15.0 MeV which dominates the spectrum; it is evidently a 67.4 
Such stretched particle-hole states have now been seen throughout the 
periodic table, including states as high as 147 in *°8Pb [Li79]. 


“Note that even though 73Mg is not the closed 1ds,.-shell nucleus of the shell model 
(that would be 78Si), the (67,1) particle-hole transition still shows up strongly in the 
spectrum. 
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A relativistic model of the nucleus 


In current and future electron scattering studies of nuclei, one is interested 
in momentum transfers q? > m?. For consistency, a relativistic description 
of the nuclear many-body system is required. One such model, quantum 
hadrodynamics (QHD) is developed in detail in [Se86, Se92, Wa95, Se97]. 
Relativistic mean field theory (RMFT) then includes the strong nuclear 
interactions in an average fashion. In its simplest version, one starts from 


a baryon field y = ( : ). neutral vector and scalar fields (V,,,), and 


the lagrangian density 


2 
ô 1| (0 
A h (ier) +m-eo] u5 (2) +m? 


1 ee 


— GF ww Fu = 5% v? (21.1) 
Here 
ôV, OY, 
Fy = i 21.2 
E Xu Xy ( ) 


The equations of motion for a field theory are those of continuum me- 
chanics [Bj65a, Fe80, Wa91]. 


ô OL OL 
OX, (q/x) Og 


=0 (21.3) 


The Euler-Lagrange equations for the above fields are 


a 2 
(È) -nil = -gy 


169 
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ô ones 
aa Eo me Vu = igopyyp 
ô ' 
Yu aT ig Va +(m— gs) p= 0 (21.4) 
OX 


The scalar field couples to the baryon scalar density, the vector field 
couples to the conserved baryon current, and the Dirac equation for the 
baryon field has the meson fields included in a minimal, linear fashion. One 
now imposes canonical (anti-)quantization on the dynamical variables, the 
fields, and this leads to a relativistic quantum field theory [Bj65a, Wa91]. 

Consider uniform nuclear matter. One can obtain an approximate solu- 
tion to the field equations by replacing the meson fields by their expectation 
values, which are then just classical fields. By translation invariance, these 
quantities must be constants independent of space and time. 


$> (¢) = po 
V, — (Vi) = idj,4Vo (21.5) 


The last equality follows from the isotropy of the medium. This RMFT 
should become better and better as the baryon density pg gets larger and 
the sources on the right side of the meson field equations correspondingly 
increase. At observed nuclear density, this is equivalent to the usual 
(relativistic) Hartree approximation. With this approximation, the baryon 
field equation is linearized. 


ô 
Two, + 84o + (m — gsh0)| p = 0 (21.6) 
u 


This linear equation can be solved exactly. Stationary state solutions to 
the Dirac equation lead to the eigenvalue equation 


eP = g Vot vk +m? 
m = m— gydo (21.7) 


The ground state of the corresponding hamiltonian of this RMFT is 
obtained by filling the Dirac levels up to the Fermi momentum kr. To be 
self-consistent, one determines the sources in the meson field equations by 
summing over the occupied levels 


pe 
ps = (Py) = 5 X TKU) 
kA 


128 
pp = (ply) = 5 do VIKU (21.8) 
kå 
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We choose to normalize to unit probability in the box, so that U'U = 1. 
Note also the important relation, derived immediately from the Dirac 
equation 


x 
m 


a/k2 + m*2 
From the field equations, for constant fields 


1 1 
bo = ps ; Vo= 05 (21.10) 
Ms my 


U(kA)U(kA) = U'(kA)U(kA) (21.9) 


The translational invariance of nuclear matter permits ready solution of 
the resulting coupled, non-linear, differential equations. The quantity m” is 
calculated self-consistently. Nuclear matter saturates at the right binding 
energy and density in RMFT if one takes 


2 2 
C =g? (5) = 267.1 ; C =g? (= =195.9 (21.11) 


S 


The saturation and m* curves are shown in [Wa95]. 
The baryon field operator in RMFT takes the following form 


p(x) = sgh [eu (kA) exp (ik - x) + BL, V (—k2) exp (—ik - x) 
(21.12) 


Here Ax, destroys a baryon of momentum and helicity (k, 2) in the medium 
and Bİ , creates an antibaryon [Bj65a, Fe71, Wa91]. 

An effective electromagnetic current operator is now introduced. The 
internal structure of the individual nucleons, which from this hadronic 
point of view arises from charged meson fields, is summarized in a single- 
nucleon form factor and an effective Mø ller potential 


fsn(q7) 


1 
AD, 2 


q q 


The effective current, to be used in lowest order in the nuclear many-body 
problem, is then taken to be 


(21.13) 


= 1 ə 
Ja(x) = PuL + m gx, Poms 
1 
Q = hae) 


JS U5( +e) tans) (21.14) 
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Fig. 21.1. Thomas-Fermi theory for finite systems. 


If y(x) satisfies the field Eq. (21.6), and its adjoint, then this current is 
both local and conserved 


ôJ,(x) 
Xu 


=0 (21.15) 


Furthermore, it gives the correct result for a free nucleon.! 
An immediate extension of RMFT to finite nuclei is through Thomas- 
Fermi theory [Se86]. Here one gives the meson fields a spatial variation 


(V? —m?)polr) = —ps(r) 
(V? — m? Volr) = —pa(r) (21.16) 


It is then assumed that these fields vary slowly enough so that one can 
calculate the sources for a uniform system at the appropriate baryon 
density pg(r) parameterized by kp(r) as illustrated in Fig. 21.1.7 The con- 
dition kr = 0 determines the nuclear size and baryon number B. The 
electron scattering cross sections of Rosenfelder for two nuclei 48Ca(e, e’) 
and *{§Pb(e, e’), calculated with local RMFT and then integrated over the 
Thomas-—Fermi distributions, are shown in Figs. 21.2 and 21.3 [Ro80]. 
The calculations are compared with quasielastic electron scattering data 
from HEPL on these nuclei [Mo71]. Note the following features of 


' This effective electromagnetic current assumes F,(q*)/F\(0) ~ Fy(q?)/F2(0) = fsn(q’). 
This relation breaks down at large q? where the data indicate that it is the Sachs 
form factors Gy = F, + 2mF, and Gg = F; — q?F2/2m that scale. To incorporate this 
observation, make the following replacements: 


fon(@’) i fon(7’) 1 
rE g 1+42/4m 

i 0 @ o 
J, > Ji Ge ax, 0x, (puya) 


Here u is the full magnetic moment [Wa95]. Applications of this improved effective 
current do not exist at the present time. 
2 ki(r) and k}(r) will differ if N + Z and the Coulomb interaction is included. 
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Fig. 21.2. Quasielastic electron scattering from 4Ca in RMFT compared with 
experimental values. The calculation assumes a local Fermi gas with the quantities 
m*(r) and pg(r) taken from a relativistic Thomas—Fermi calculation of these 
quantities in QHD-I [Ro80, Wa95]. Data are from [M071]. 
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Fig. 21.3. As Fig. 21.2, but for *¢8Pb. 


these results: 
e They are calculated using the Thomas—Fermi 
densities; 


ground state 


e The only parameters are those of nuclear matter and m; = 550 MeV 
from a fit to the mean-square charge radius of 4$Ca; 


e The final result involves values of m*(r) and pg(r) taken over the 
entire nuclear density; 
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Fig. 21.4. Occupied Dirac orbitals in relativistic Hartree theory. 


e It is satisfying that the positions of the peak and values of kp are 
approximately correct. 


A more satisfactory treatment of finite nuclei is obtained through rel- 
ativistic Hartree theory. Here one solves the Dirac equation in the fields 
[ġo(r), Vo(r)] and assumes the Dirac orbitals are occupied up to some level 
F in these mean fields as illustrated in Fig. 21.4.4 The source terms in the 
meson field equations at a given point are then calculated self-consistently 
by summing over the contributions of the occupied orbitals 


F 
pat) = > pogl) 


F 
pst) = S>dalt)oalr) (21.17) 
The meson field Eqs. (21.16) are then solved with these sources. 

Since the relativistic Hartree calculations provide a very powerful way 
of dealing with the relativistic nuclear many-body problem, and since they 
follow from our discussion of the Dirac equation in chapter 10, we digress 
to develop them [Bj65, Sc68, Se86, Wa95]. Consider the hamiltonian for a 
Dirac particle moving in spherically symmetric vector and scalar fields. 


h = —i&-V + g, Volr) + BIM — gsdo(r)] (21.18) 


Define the angular momentum by 


Be ale ees P o 
J=L+S = iF x V4 52 (21.19) 
The wave function and spin matrix are written in two-by-two form as 
_( WA ey ue 
=( %1) =( 4 3 (21.20) 


3 Note there is no additional average binding energy @ required in these calculations. 
4 We here assume closed shells and spherical symmetry. 
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One first establishes the following commutation relations (this takes a 
little algebra) 
[J] = hj = h5 = 0 (21.21) 
Note [h, L?] 4 0. Now introduce 
K = BÈ- L+1) = Peete) 
[h,K] = 0 (21.22) 


To establish the vanishing of the second commutator again takes some 
algebra. 

Now label the eigenvalues of K by Ky = —xy. The states can be 
characterized by the eigenvalues {j,s = 1/2,—K«,m}. One then establishes 
the following relations 


Ree Sept =. Fe 
k = +j+1/2) (21.23) 


It follows from these relations that 


—Kpa = (6-L+1)pa 
-kyg = Se EA es (21.24) 
Hence 
+2 ee Se 
Lya = |(G45) +] 0a = lala + Ds 


LI u de 
L yg = K + 5) =- K| pp = I[p(lpt lps (21.25) 
Thus, although y is not an eigenstate of L2, the upper and lower compo- 
nents are separately eigenstates with eigenvalues determined from these 
relations. They also have fixed j and s = 1/2. 

Now introduce spin spherical harmonics 


1 1, 
km = > (Im 5ms|15 jm) Yim (0, P)Xm, (21.26) 
mms 
Here j = |x| — 1/2. Hence one shows that the solutions to this Dirac 
equation take the form 
— 1 iGO) Pm 
Wnkm fip r ( —F (r)neP— pm ) (21.27) 


Here l = x if x > 0 and l = —(x + 1) if x < 0. 
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Consider the relativistic Hartree equations. 


(V? —m3)o = —gsps(r) 
(V? =m) Vo = —gvpa(r) 
1 Ow 
(Fav tgv) +M -goy = E 21.28) 


Label the baryon states by {æ} = {nxt,m,} = {a,m}. Here t = 1/2(—1/2) 
for protons (neutrons). Look for stationary state solutions, and insert the 
form of Dirac wave functions in Eq. (21.27). One needs the following 
identity, again established with a little work 


> 1 1 
è- V -GỌbm = = ( aR =) GO_ hom (21.29) 
r rid r 
The required relation for F is obtained with the substitution k > —x. It 
then follows that the coupled radial Dirac equations reduce to 
d 


= Galt) + ~ Galt) — [Ea — 8 Vol") + M — gsdo(r)]Fa(r) = 0 


d 
dr 


The normalization condition on the Dirac wavefunctions reduces to 


F,(r) — ~ Fal) + [Ea — gv Vo(r) — M + gsh0(r)]Ga(r) =O (21.30) 


f ” drC +ROD = 1 (21.31) 


Consider the relativistic Hartree Eqs. (21.28) for the meson fields. For 
the source terms one uses the following relation for the Dirac solutions if 
k= +K. 


m=j 


2j+1 


5 DP = O o k= +k’ (21.32) 
f 4r 

m=—j 
Hence the meson field equations become 
a 2d SS (25a +1 
Fator) + E potr) — mihol) =g: > (“= ) GaP — [Fat 
d? 2d ; SS /2ja+1 3 j 
Ea Vol) + E Vot) — mval) = -g Y (=) aar + E) 


(21.33) 


In practice, these relativistic Hartree equations are enlarged to include a 
condensed neutral p field bo(r) coupled to the third component of the 
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Fig. 21.5. Predicted charge density for '$O in the relativistic Hartree model 
[Ho81, Se86]. The solid curve and shaded area represent the fit to experimental 
data [Mc69]. Theoretical results are indicated by the long dashed lines [Ho81, 
Wa95]. 


isovector baryon density Sop! ETY and the Coulomb field Ao(r) coupled 
to the charge density epp's(1 +13)y. The extension of the above equations 
is immediate. 

The resulting relativistic Hartree equations are coupled, non-linear dif- 
ferential equations; however, they are local. Fortunately, a rapidly conver- 
gent computer program has been published, available to all, that solves 
these equations by iteration [Ho91]. 

Let us return to applications of this relativistic Hartree theory. Horowitz 
and Serot [Ho81] make the model more realistic by adding the condensed, 
neutral p field and the Coulomb interaction. The four parameters in their 
theory (Zv, Zs, Zp, Ms) are fitted to the bulk properties of nuclear matter 
(E/B,kr,d4)nm and the root-mean square charge radius of OCA. Their 
results are discussed in detail in [Wa95]; the principal features are: 


e One finds an excellent fit to ground-state charge densities throughout 
the periodic table; 


e There is a strong spin-orbit interaction, and one derives the single- 
particle spectrum of the nuclear shell model; 


e If one forms a Dirac optical potential from the relativistic Hartree 
densities and the empirical, Lorentz covariant N—N scattering ampli- 
tude (RIA), one obtains a quantitative description of p—A scattering, 
including the spin observables, up to = 1 GeV. 
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Fig. 21.6. Upper and lower component Dirac radial wave functions G(r) and 
F(r) for the three cases discussed in the text [Ki86, Wa95]. 


altm7!) 


Fig. 21.7. Magnetic form factor squared for '{O0. Calculated using relativistic 
Hartree wave functions and the effective current operator [Ki86, Wa95]. The 
dotted curve omits the C-M correction factor taken from the harmonic oscillator 
shell model, and the dashed curve omits the single-nucleon form factor. Data are 
from [Co65, Mc77, Ar78, Ca82]. 


As a first application of this relativistic Hartree model to electron 
scattering, consider elastic electron scattering from the extended charge 
distribution in oxygen '8O(e,e). The central density in 78$Pb determines 
(kr)nm. The mean-square radius of PVCa determines the one length pa- 
rameter in the model. The charge distribution of '$O is then predicted 
[Ho81]. It is compared with the experimental determination of this charge 
distribution in Fig. 21.5. The agreement is all that one might hope for. 

As a second application to electron scattering, consider elastic magnetic 
scattering from !{O(e, e). Figure 21.6 shows the Dirac radial wave functions 
for the valence nucleon, calculated in relativistic Hartree, for three nuclei: 
3He(v1s)7/; 170(v1d)s/2; 293 Bi(r1h)11/2 [Ki86, Wa95]. The transverse 
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Fig. 21.8. Relativistic Hartree calculation using RIA optical potential and ef- 
fective current compared with data for '8O(e,e’p)!3Ngs, (see text) [He95]. The 
author is grateful to J. I. Johansson for preparing this figure. 


magnetic form factor for elastic electron scattering from '{O(v1d)s /2 calcu- 
lated by Kim is shown in Fig. 21.7, together with the existing experimental 
data [Ki86]. Here we again use for the inclusive process 


-= 4royF’r 
qi dn 0 
FP = (2) F? + (3 + tan? 4 Fi (21.34) 
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All the parameters in the calculation are determined through relativistic 
Hartree and the effective current. The agreement with experiment is sat- 
isfactory (but note the scale!), and there is nothing intrinsic in the model 
that now limits the range of q? to which the calculation can apply. 

As a third application, consider the electron scattering coincidence 
reaction 160(e, e’ p)'3Ngs. Figure 21.8 shows a state-of-the-art calculation 
of the cross section for this (e,e’ p) reaction on '8O leading to the (x1 Pi 


ground state of '3N. The calculation is from [He95] and the data from 
[La93, Le94]. The calculation has the following features: 


Relativistic Hartree wave functions [Ho81] and the Dirac RIA opti- 
cal potential [Co93] are used, along with the effective electromagnetic 
current;® 


Parallel kinematics q||k are assumed. The missing momentum is 
defined by 


Pm =Q—k (21.35) 


The incident electron energy is 456 MeV and |q| is held fixed at 
90 MeV; 


The ordinate is d>/ déndQzdQ, divided by Ilinc Cep Where Gep is calcu- 
lated under the same kinematics, but with’ 


1. An initial proton four-momentum p, = (Pm, [p4 +(m—Es)?]'/”), 
where Es is the separation energy of the 1p,/2 proton in HO: 


2. A nucleon vertex I, = ya(Fı + 2mF2) — (p + q) F2. 


The theoretical calculation has been reduced by a spectroscopic 
factor of S = 0.69. This represents partial occupancy of the (1p)1/2 
state in '$O in this model. (See e.g. [Do75].) The shape of the 
momentum distribution is unaffected by this overall factor; 


The normal polarization of the outgoing proton is also shown. 
Since the most important consequence of relativistic Hartree theory 
and RIA is the prediction of the spin-orbit effects, it is crucially 
important to see how these predictions hold up for nucleons ejected 
from orbits in the nuclear interior; 


> Except for a proper relativistic treatment of the C-M motion (see [Ki87]). 

é To the extent that the relativistic Hartree calculations generate the real part of the 
empirical RIA optical potentials, this electromagnetic current is conserved. Current 
conservation in the presence of the imaginary part of the optical potential is a more 
challenging problem under active investigation. 

7 The denominator is a well-defined expression under all kinematic conditions — it yields 
the so-called CC1 expression of de Forest [de83]. 
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e There is nothing intrinsic in the calculation that limits the k? to 
which it can be extended, nor the q, provided the RIA optical 
potential still yields a good description of the scattering. 


Quasielastic electron scattering for Cale, e’) is calculated in relativistic 
Hartree by summing over single-particle transitions, and including the 
random phase approximation (RPA) response, in [Ho89]. 

As described here, QHD is a simple model which reproduces many 
important aspects of nuclear structure. A much deeper basis for this rela- 
tivistic quantum field theory approach to the nuclear many-body problem 
can be given in terms of effective field theory. One chooses to use hadronic 
degrees of freedom as generalized coordinates and writes the most general 
low-energy lagrangian consistent with the symmetry properties of QCD 
(chapter 25). This provides the density functional for the nuclear sys- 
tem, and minimization of that density functional leads to the relativistic 
Hartree equations (with additional non-linear couplings). The values of 
gsġo/m and g,Vo/m, both = 1/3, then yield expansion parameters which 
provide controlled approximation schemes. This approach puts the RMFT 
on a much firmer theoretical basis [Fu97, Se97]. 


8 Again, except for a proper relativistic treatment of C-M motion. 
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Elastic scattering 


Electron scattering studies of nuclear and nucleon structure came into their 
own with the beautiful experiments at the High Energy Physics Laboratory 
(HEPL) at Stanford University by Hofstadter and collaborators in the 
1950’s. These experiments measured charge distributions through elastic 
scattering [Ho56]. Early results throughout the periodic system from Mg 
to Pb were summarized in terms of a two-parameter “Fermi model” charge 
distribution 
— o 

1+ Ria 

R = nA’? 
ro 7% 1.07 fm 

t = 24fm (22.1) 


pP — 


Here the surface thickness t is the 90% to 10% fall-off distance (t ~ 2a1n 9). 
The observed distributions are illustrated in Fig. 22.1. It is difficult to 
overstate the impact of these experiments. One could actually see what 
the tiny nucleus at the center of the atom looks like.! The density of the 
nuclear matter at the center of the nucleus is approximately constant from 
nucleus to nucleus, as is the surface structure. As one adds nucleons, the 
nucleus simply grows in size. If fact, it grows exactly as a drop of water 
grows when more liquid is added to it. The volume of the nucleus is simply 
proportional to the number of nucleons 
4 


V = 37k’ = sar (22.2) 


' Experiments on finite-size effects in the spectra of mu-mesic X-rays had previously 
yielded good values for the nuclear mean-square radius [Fi53]. 
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RADIAL DISTANCE (10 '? CM) 


Fig. 22.1. Approximate shapes of the charge distribution of selected nuclei, 
including the proton and alpha particle. Note the change of scale for the proton. 
The insert explains the Fermi model (here c = R) [Ho56]. 


Furthermore, Hofstadter and collaborators demonstrated that the charge 
distribution of the proton is of finite extent, with a root-mean-square 
radius of [Ch56, Ho56] 


(r3)1/? œ 0.77 fim (22.3) 
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Fig. 22.2. Compilation of the form factors of the proton. Left: (up)G?,/G4,)* and 
Gi,/HpGp are plotted versus q? on a logarithmic scale. Right: (G})? [the dashed 
curve is G!.(q*) = —1G} (4°) with t = q?/4m7] and G",/inGp [Ba73]. 


This gave direct evidence that the nucleon itself is a composite structure.” 
To extract accurate charge distributions in electron scattering from heavier 
nuclei, one has to deal with the Coulomb distortion of the electron wave 
functions, as well as other corrections [Ye65, Ra87]. 

Experiments on elastic magnetic scattering from the proton and neutron 


demonstrated the spatial extent, and measured the spatial distribution, of 
1 


the magnetization in this (J”,T) = Ge 5) system. Free neutron targets 
do not exist, so one uses the next best thing, a neutron lightly bound to a 
proton in the deuteron (7H). Both quasielastic scattering where the neutron 
is directly ejected, and elastic scattering, have been employed. The latter 
depends more sensitively on the ground-state deuteron wave function. Of 
course, the accompanying proton is not really inert, and nuclear physics 
comes into play in analyzing these experiments. Nevertheless, over the 
years reliable charge and magnetic form factors have been obtained for 
both the proton and neutron, and a summary of the elastic form factors 
for the nucleon is shown in Fig. 22.2. The Sachs form factors are defined 
in terms of the Dirac form factors according to 


Gu(q’) Filg’) + 2mF>(q’) 


2 
Gel’) = Fig’) — EF) (22.4) 


The dipole form factor, to which the measured values are compared, is 


Ill 


? Of course, the fact that the magnetic moments of the neutron and proton already deviate 
so much from the Dirac values (chapter 19) strongly implies the same thing. 
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Fig. 22.3. Charge density for 788Pb. The solid curve and shaded area represent 
the fit to the experimental data [He69]. Relativistic mean field theory results are 
indicated by the long dashed lines [Ho81, Se86]. Some density-dependent Hartree- 
Fock calculations within the traditional picture are also shown (see [Ho81] for 
references). 


defined by 


1 
Gp = 22.5 
(1 + q2/0.71 GeV?) a 


By showing the deviations from the phenomenological dipole form, one 
can plot the form factors on an expanded scale. Note that at the time of 
publication of Fig. 22.2, the charge form factor of the neutron was not 
very well known at all. It is important to emphasize that even though 
the neutron has no net charge, it can still have a non-uniform spatial 
distribution of charge within it. One of the advantages of the Sachs form 
factors is that they have a more direct interpretation in terms of the spatial 
Fourier transform of the charge and total magnetic moment densities of 
the nucleon [Wa59]. 

Theoretical understanding of the charge distribution of nuclei within the 
traditional picture is based on self-consistent Hartree-Fock calculations 
of nuclear ground states [Fe71, Go79, Ne82]. The most sophisticated 
of these use as an interaction the local-density T-matrix calculated in 
the Bruekner theory of nuclear matter [Ne82]. Relativistic mean field 
theory (RMFT), described in the previous section, gives a very direct 
determination of these densities with a local interaction. In Fig. 22.3 we 
show the comparison of the RMFT calculation by Horowitz and Serot 
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Fig. 22.4. As Fig. 22.3, but for 49Ca [Fr79, Ho81, Se86]. 


of the charge density of *88Pb and the experimental determination of 
this quantity [Ho81, Wa95]. The error band on the experimental charge 
distribution arises primarily from the fact that one is always measuring 
only a partial Fourier transform in electron scattering, although other 
effects contribute [Fr73]. It is from this figure that the density of nuclear 
matter is determined [Ho81]. Figure 22.4 shows a similar result for 48Ca 
[Ho81, Wa95]. Here the half-density radius determines the scalar mass 
[Ho81]. All other nuclear charge densities are then predicted in RMFT 
(see Fig. 21.5). In summary, although in a sense it is the simplest thing 
one can compute [Se97], one has a good theoretical understanding of the 
ground-state charge densities of nuclei. 

The theoretical analysis of the elastic form factors of the nucleon pro- 
ceeds most directly through the spectral representation of these quantities 
[Ch58, Fe58, Dr61, Wa95]. From very general field theory principles, one 
establishes that the isovector and isoscalar form factors of the nucleon 
have the representations 


1 fe wo? )do? 
FY 2 = | i -j=1.2 
i (q ) T JOm) o +g >11 > 
1 /® we(a7)do? 
F(q?) = | i 22.6 
S ae ae (22.6) 


Here m, is the pion mass. The thresholds in the representations in Eqs. 
(22.6) are obtained by angular momentum, isospin, and charge-conjugation 
considerations. 

The real spectral weight functions ws Y (a?) are related to the absorptive 
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part of the amplitude for a time-like virtual photon to go through an 
intermediate hadronic state and then into a nucleon—antinucleon pair. 
Time-like virtual photons with q = (0,iW) can be created in the laboratory 
through the process of electron—positron annihilation in the C-M system. 
The process et +e” — pions can be measured experimentally for any W > 
2m,. The amplitude for et + e~ > N + ÑN can be accessed experimentally 
only for W > 2m; for W < 2m, one needs analytic continuation. 

The spectral representations in Eqs. (22.6) hold in the entire q? plane. 
The representation for the charge form factors probably requires one 
subtraction [Dr61] 


q? m 
F%(q? Cf ager -4=S,V (22.7) 


One can readily establish that in elastic electron scattering from the 
nucleon there is always one Lorentz frame, the so-called Breit (or brick- 
wall) frame, where the electron undergoes no energy transfer. In this 
frame, the four-momentum transfer takes the form q = (q, i0). In this case 
one can define the form factor as the three-dimensional Fourier transform 
of a charge and magnetization density according to? 


F(@) = / dx el p(r) 


a 
pr) =f aire Fa) (22.8) 


Insertion of Eqs. (22.6) in the second relation gives 


1 —or 
pr) = a5 / do? w(o?) —— (22.9) 


This relation expresses the density as a linear combination of Yukawa 
distributions, each of mass ø. By the uncertainty principle, the mass o of 
the intermediate state determines how far it extends out from the origin. 
The intermediate state now occurs as a virtual one in electron scattering 
where the momentum transfer is space-like. 

Consider a simple example of these ideas. The lightest mass hadron is the 
pion, and it is evident from Eq. (22.9) that charged pions are responsible 
for the long-range part of the electromagnetic structure of the nucleon. 
To evaluate the two-pion contribution to the spectral weight function 
for F(q?) in Born approximation (without pion rescattering) one can 
simply look at the Feynman diagram for the lowest-order vertex correction 
illustrated in Fig. 22.5. We calculate the contribution of this diagram to Sj; 


3 The Wigner—Eckart theorem and parity invariance imply that the ground state densities 
must be spherically symmetric for a spin one-half system. 
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Fig. 22.5. Two-pion contribution to Sp; and F>(q”) in Born approximation. 


from the following pion—nucleon and pion-photon lagrangian densities* 
Lan = ifniPyst pon 
On 
Ly, = êp [a E| a (22.10) 


The component contributions to the diagram are then indicated in Fig. 
22.5. It is a nice exercise to show that the result from this diagram can be 
put into the following form 


2mF2( =ni f asa- low tt 
n l x YP + mex + q?y(x — y) 
(22.11) 
The spectral representation and two-pion contribution to the spectral 
weight function follow directly. Note that this contribution is entirely 
isovector. 

The integral in Eq. (22.11) is well-defined, and one can use it to cal- 
culate this two-pion contribution to the anomalous magnetic moment of 
the nucleon by simply evaluating 2mF (0). The longest range two-pion 
contribution to the mean-square radius of the isovector magnetic moment 
can be obtained through 

FY (q’) =| q? (r2)¥ 

FY(0) oo 
The use of g2/4x = 14.4 from pion-nucleon scattering leads to the results 
shown in Table 22.1. The present analysis provides a qualitative, and even 
semiquantitative, understanding of the anomalous magnetic moment and 
its mean-square radius [Ch58, Fe58]. 

To pursue this approach even further, it was argued before their discovery 
that vector mesons with (J", T) = (17,1) and (17,0), the p and œ, must be 


+o (22.12) 


4 The absorptive part is independent of the particular form of the n-N coupling used. 
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Table 22.1. Two-pion contribution to the anomalous magnetic moment of the 
nucleon in Born approximation. 


w5 Y ae U PP ca 
Theory 0 3.20 0.24 fm? 0.49 fm 


Experiment —0.12 3.706 ~ 0.64 fm? æ 0.80 fm 


eecccccces. 


gamma 


<t____ (a) Pair Term — (b) Pion Term 


Fig. 22.6. Time-ordered Feynman diagrams retained in the one-pion exchange 
current calculation in [Du76]. 


present to make the size of the distributions quantitative [Na57, Fr60]. The 
basic idea is that a two- or three-pion resonance makes the distribution 
extend out further.’ 

Of course, the internal quark structure of the nucleon plays an essential 
role in determining the electromagnetic structure of the nucleon (chapter 
24); however, it is clear from Eq. (22.9) that pions are responsible for the 
long-range contribution to this structure. Both elements of the internal 
structure clearly play a role.® Effective chiral lagrangians that reflect the 
underlying symmetry structure of QCD, and chiral perturbation theory, 
place the calculation of the the long-range low-q? pion contribution to 
the nucleon form factors on a firmer theoretical foundation [Be98, Ku01]. 

A prime example of the need for an explicit hadronic description of 
nuclei is provided by the additional two-body currents arising from the 
exchange of charged mesons between nucleons. Although many exchange 
current calculations exist, for concreteness we briefly describe those of 
Dubach, Koch, and Donnelly [Du76]. These authors keep the static limit 
[leading O(1/m)] of the time-ordered Feynman diagrams shown in Fig. 
22.6. Each of these processes clearly represents an additional contribution 


>In chapter 21 we were content to include the contribution of charged mesons to the 
internal structure of the nucleon in a phenomenological fashion, through a single-nucleon 
form factor fsn(q7) = Gp(q’). 

6 “Bag models” and “chiral soliton models” attempt to incorporate both elements of this 
internal structure [Wa95]. 
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to the current in the traditional picture, which is now extended to 


A A 
Fux) = 0 JOa + SS JOa, xx) (22.13) 
i=1 i<j=l 

The two-body current can be identified through reproduction of the S- 
matrix as follows. 


The free Dirac propagator can be decomposed according to [Fe71, 
Wa95] 


1 _ | 1 a-pt+fm+E, 
py tm 2Ep Ep —po—in 


1 a-p+fhm—E, 
2E, Ep + po~ in 


B (2214) 


The first term yields the usual non-relativistic result [Fe71]; the second 
term gives rise to backward propagation in time. The Feynman rules from 
the lagrangian in Eq. (22.10) allow one to evaluate the contribution to the 
S-matrix from the graphs in Fig. 22.6, retaining just the second piece of the 
baryon propagator. An equivalent S-matrix can be constructed from the 
current in Eq. (22.13), and one can then identify the additional two-body 
current. Define 


dk 


aa (22.15) 


Jyu(X1,X25X) = f e*I (x1,x2;k) 


Then to leading order in 1/m, and with the neglect of kọ, the pair contri- 
bution to the pion-exchange current in Fig. 22.6(a) is given by 


JP (x1, x2; k) = —epf? [rc x 1] 3 
; i ; 1 ase 
x foz (==) eth 4g, (2 r) ems (==) e™ (22.16) 
r r Xi 
Here 
Xı = pr > U= Mr 
1 
r = XX ; R= 5x1 +x) 
2 2 
fe = È ( a ) = 0.080 (22.17) 
4r \ 2m 


The pion contribution in Fig. 22.6(b) is 


2 
J"™(x1,x2;k) = ep (£) k” x 2) 3(61 - Vie: V2) 


1/2 = 
x i je ira +9) (® ) exp{ ik-(R—vr)} (22.18) 


22 Elastic scattering 191 


Here 
k2 1/2 
y= rle+(*) a4) (22.19) 


There is no exchange contribution to the charge density to this order in 
1/m. These results are from [Du76], and the reader is now in a position 
to reproduce them.’ 

This exchange current has the following features to recommend it: 


e If the current is taken to be the sum of the one-body current of 
chapter 19 and the above exchange current, and if a two-nucleon 
potential has the form V = Vreutl 4 VOPEP where the last term is the 
one-pion exchange potential [Wa95], then the current is differentially 
conserved [Du76] 

as i oR 
~"=V-J+i[H,p] =0 (22.20) 
OX 

e The threshold pion electroproduction part of the graphs in the above 

amplitude satisfies the Kroll-Ruderman (soft-pion) theorem; 


e This one-pion contribution represents the longest-range part of the 
two-body exchange current; it is exact as |x; — x2| > 00; 


e The charge density operator is unmodified to leading O(1/m); hence 
transition matrix elements of the charge density can be used to 
calibrate the nuclear structure in exchange-current calculations. 


Assume that 3He can be described by a (v1s, py harmonic oscillator 
shell model configuration as shown in Figs. 20.7 and 20.8. The magnetic 
moment calculated with the inclusion of the above exchange current is 
u = —2.078 n.m., now closer to the experimental value u = —2.127 n.m. 
than is the Schmidt value u = —1.913 n.m. in Table 20.1. (Here 1 n.m. 
=e,h/2m,c). This gives one some confidence in the present exchange cur- 
rent calculation [Du76]. The effect on elastic magnetic electron scattering 
at modest momentum transfers, say q? < 6 fm~7, is shown in Fig. 22.7; the 
effect is not large. This illustrates the marginal role of exchange currents 
in the traditional nuclear physics domain.® 

Figure 22.8 illustrates the state of the art with elastic magnetic scattering 
from 3He [Ca82]. The measurements are from Saclay and Bates. The 
dashed line shows the result obtained from the best three-body calculation 


7 Use (ab)! = f; dz[az +b(1 — 2)] 2. 
8 A relativistic QHD calculation of this exchange current, without the 1/m expansion, is 
contained in [B191]. 
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Fig. 22.7. Elastic transverse form factor for }He(e, e’) in the harmonic oscillator 
model with (dashed) and without (solid) one-pion exchange currents [Du76, 
Wa84]. 
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Fig. 22.8. Elastic magnetic form factor for }He(e,e) out to high q? [Ca82]. Two 
exchange-current theories are shown: (a) from [Ha83]; (b) from [Ri80]. 


done in the traditional picture; the three-body wave function is obtained 
by solving the Faddeev equations with potentials fitted to two-body data, 
and the current is obtained from the properties of free nucleons. There is 
clear disagreement with the data as q? increases to ~ 10 fm~’, not by a few 
percent, but by orders of magnitude. The best three-body calculation in 
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Fig. 22.9. Cross section for tH(e, e')pnthresh. The dotted curve is the impulse- 
approximation result, the dash-dot curve includes the pion-exchange contribution, 


the dash curve includes also a p-exchange contribution, and the solid curve is the 
total result, which includes a A contribution. [Au85]. 


the traditional picture clearly fails at high q?. Also shown in Fig. 22.8 are 
two exchange-current calculations that include the pion exchange current 
discussed above, as well as other hadronic contributions [Ha83, Ri80]. The 
difference between these two curves at high q? is a good measure of the 
present theoretical uncertainty. While the exchange current contribution 
is marginal at low momentum transfers, it is a dominant effect at large 
q?. A more recent and extensive discussion of electromagnetic interactions 
with light nuclei is contained in [Ca91]. 

This pion exchange current also shows up dramatically in threshold 
electrodisintegration of the deuteron *H(e, e’)pNthresh as Shown in Fig. 22.9 
[Au85]. 
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Quasielastic scattering 


A first description of quasielastic scattering is obtained from the electro- 
magnetic response of a non-interacting, non-relativistic Fermi gas. This 
provides a convenient, consistent picture of the dominant part of the 
nuclear response surface as a function of (q, œ). Consider a Fermi gas of 
protons as illustrated in Fig. 23.1. The total charge and charge density are 
obtained by counting the occupied states 


kp k 3 

2Q pkr Qk 

Z = X oS Ëk == 
4 (On) I 372 


Z k? 


= = p=} (23.1) 


The last equality relates the proton density to the Fermi wave number. For 
illustration, retain just the Coulomb interaction, assuming no transverse 
interaction. The target response surfaces of chapter 11 then reduce to the 
form [compare Eq. (12.31)] 


Wi = 0 (23.2) 
1 t n 
= BST Ut f exp ia: x p00) xii P60) — W) 
if 


W: 
Mr 5 qf 


The notation used is indicated in Fig. 23.2.! 


' Use of translational invariance, with eigenstates of three-momentum, allows one to do 
both spatial integrations which yield, in the limit of large Q, a factor (27)3Q6°(P; — P;) 
— this reproduces the previous form for the response surfaces for a target initially at 
rest. In the present form, one can directly calculate the scattering for a stationary target. 
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Fig. 23.1. Response of Fermi gas. 


Fig. 23.2. Notation in calculation of Coulomb response of Fermi gas. 


We also extract the nucleon form factor of Eq. (19.22) and write 


1 qi Kpa? 
a = 28 R 23.3 
M7 W2 a! IfsN(q°)I° R(q’, œ) (23.3) 


Here œ = gı — e2 is the energy loss. 
The charge density operator for point protons can then be written in 
second quantization as 


A(x) = P NNA) (23.4) 


Here, the non-relativistic, two-component proton field is given by 


(x) = L Y aa exp (ik - x) 0; (23.5) 


JOG 


Thus, upon integration 
[exp (ia: x) P(x) Bx = aS q, 14k (23.6) 


Matrix elements of this expression for a Fermi gas can now be readily 
evaluated. One particle must be destroyed inside the Fermi sea and one 
created outside. Upon converting the final sum to an integral, one arrives 
at 


2Q kr 
Rg, o) = F [Pk oik a) —kr)8( q+) 37 
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Fig. 23.3. Momentum space geometry for evaluation of response of a non- 
relativistic Fermi gas. 


This is a general result for a Fermi gas. Now specialize to the dispersion 
relation for non-relativistic nucleons 


k2 
20s pkr kq ¢ 
2 _ 3 -_ _ 
Reo) = Gay f Pkok-a ea (o+ “4 _ 


Introduce dimensionless variables according to 


k ; 4 -é= (23.9) 
kp 


x = 
The additional use of Q = 37?Z /k}. then leads to 


3Z m f! A? 
R(q’,w) = ee, dx O(\x — A| — 1)6 (c+ 4-x- >] (23.10) 


This integral can be done with the aid of some simple geometric 
considerations [Fe71]. The situation is illustrated in Fig. 23.3. First rewrite 


sera 5) = 55 (x [3] 44-3) (23.11) 


Energy conservation enforced by the vanishing of the argument of the 
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Fig. 23.4. The quantity č R(q?, œ) with ¢ = 4krq/3Zm for the case A > 2. 


delta function then defines the plane indicated in this figure 


x: | ee (23.12) 


A A 2 


The restrictions on the region of integration reflect the fact that the 
particle is initially inside the Fermi sphere (F) and must end up outside 


Ix—A| > 1 ; outside F 
Ix} < 1 ; inside F (23.13) 


The answer for the A x (integral) is the area of intersection of the plane 
and the restricted Fermi sphere. This is either a circle (as illustrated in 
the figure), or an annulus, depending on the value of €/A. Thus one can 
immediately write the answer in the various cases: 

1) A > 2 (spheres do not intersect) 


A E A 


5 +1 > A > a 1 ; plane intersects sphere 
E AV 
= fe era 
area T | (3 5) 
3Z ma E AN? 
R, œ) = je ( ) | (23.14) 
An kz. A A 2 


This result is sketched in Fig. 23.4, and we make two observations: 
e The peak of this response occurs at € = A*/2 or 
Opeak = q°/2m (23.15) 
This is just the free, non-relativistic kinematic relation for the energy 


transfer to a nucleon initially at rest, recoiling with momentum —q. Note 
the position of this quaiselastic peak moves with q?. 
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Fig. 23.5. Data on quasielastic scattering at 6; = 500 MeV, 0 = 60° from HEPL. 
Calculation includes Coulomb and transverse current interactions. é shifts the 
response function by an average nuclear binding energy [Mo71, Do75]. 


e The width of this peak at the base is 2A. Thus ôčbase = 2A or 


1 k 

50M base = ~ lq] = vr lal (23.16) 
m 

There is a Doppler broadening of the quasielastic peak that increases with 


|q|. This width can be used to measure the Fermi velocity as shown in Fig. 
23.5. 
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Fig. 23.6. The quantity č R(q?, œ) with ¢ = 4kpq/3Zm for the case A < 2. 


2) A < 2 (spheres intersect) 


A A 
1+ 5 > . >1 5 ; plane does not intersect excluded sphere 
3Z ma E ANV 
R(q’,o) = je ( ) | (23.17) 
An kz A A 2 


The area and answer are the same as before. 
3) A < 2 (spheres intersect) 


1— A > £ > 0 ; plane does intersect excluded sphere 
2 2 
Z 2_(¢_A zals 5) = 
area = aL E 5) [ (F+5 2n€ 
3Z m C 
R(q’,o) = Qn ( ) (23.18) 
An k? A 


The results in the case A < 2 are sketched in Fig. 23.6. 

This simple model calculation provides excellent insight into quasielastic 
electron scattering from the nuclear many-body system. 

Within the traditional framework of non-relativistic nucleons and one- 
body densities, it is possible to derive some exact results for the nuclear 
response functions. An integration over all energy loss in Eq. (23.2) at 
fixed q removes the energy delta function, and from Eqs. (23.3) and (23.4)? 


S(q) = J dorg, o) = SYI f exp (—iq x) ACs) d°x|Wo) |? (23.19) 
F 
? It is important to note that one can never fully evaluate this integral experimentally 


in electron scattering since there the four-momentum transfer must be space-like q} = 
2 2 
q — o4 20. 
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Here the ground state is written as |i) = |o); it is assumed to be non- 
degenerate. Closure may now be used on this expression to give 


sa) = Pol f | axa yexp {ig (x —y)} Aly) Ax) [¥o) (2320) 


Now make use of the canonical anti-commutation rules for the proton 
fields 


{Galx), Pfy)} = Ox- y) dp 
{HA Hp} = {Piw HO} = 0 (23.21) 
They allow one to write 


PW) PSD) = HMO) aea) (23.22) 
= Ox- yia + OMG WOWHY) 
The total charge, a constant of the motion, can be identified according to 
[bx f byexp -ig: a-no =Z 2323) 
Hence one has the general result 
Sq’) = Z (23.24) 
+ fbx f Èy exp ig (x —y)} POOOR) 


The discussion can be focused on inelastic transitions by defining S™ 
through the restriction >? 29 in Eq. (23.19). This yields 


sq’) = Sq’) — (Pol f exp (—iq- x) P(x) d°x|%o)|? (23.25) 
It follows that 
si2(q?) = [ae R(q’,@) 
= Z +f | @xdy exp {—iq : (x — y)} g(x, y) 


(Polo! (WPT OPNA) Fo) 

— (Pol! (x) P(x)|Po) PIA NAYO) (23.26) 
One observes that g(x,y) in the nuclear two-body charge density, and 

this Coulomb sum rule provides probably the only way, in principle, to un- 


ambiguously measure this density—density correlation function in nuclei. If 
the Fourier transform of the two-body density goes to zero as |q| — oo, then 


Sy) > Z ; |q| > œ (23.27) 


g(x,y) 
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In this limit, in this traditional picture, the Coulomb sum rule simply 
counts the number of proton charges. 

The Coulomb sum rule can be explicitly evaluated for a Fermi gas 
by integrating the previously derived response functions. First note that 
dé =mdo/k7, and define y = €/A. Then 

1) For A> 2 


£ A/2+1 2 
s"(q2) = = | dis (> 5) (23.28) 
4 Ja/2-1 2 


Change variables to u = y — A/2 and use Jt du(1 — u?) = 4/3, thus 


Ss") =Z (23.29) 


, 1—4/2 1+4/2 2 
s™q) = A iu 2Avdy + | dy |1— (»- 5) 
4 0 1-A/2 2 


= aa þa (1 3) + faut) 


3Z 1 
= A A? 23.3 
4 ( 12 ) (aaan) 
Thus 
Ss”) =Z (34 — 7A) (23.31) 
4 16 i 
In summary, the Coulomb sum rule defined by 
. om 
CN) = 78") (23.32) 
takes the following form for a non-relativistic Fermi gas 
c™q) = 1 ; q > 2kr 
adfan ay 
5 (4) 5 a ; q < 2kf (23.33) 


This result is plotted as C(Q)np in Fig. 23.7.7 


3 In the quantum field theory QHD-I, described by the lagrangian density of Eq. (21.1), 
the baryon field satisfies canonical anti-commutation relations; however, it contains 
both baryons and anti-baryons. The equations of motion imply that the local, effective 


current in Eq. (21.14) is conserved. A Coulomb sum rule can then be constructed in 
direct analogy with the derivation given in the text. The result obtained for nuclear 
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Fig. 23.7. The Coulomb sum rule C(Q) where Q = q/2kp. The non-relativistic 
result (NR) is that of Eq. (23.33). Also shown is the RMFT result (see text). 


Inspection of Eqs. (23.3) and (23.8) shows that in the non-interacting, 
non-relativistic Fermi gas, the Coulomb cross section can be written 


do q$ 
ody Z 7M gh INP RE. o) (23.34) 
kq @ 
2 = 3 = ee 
R@.0) = oa Pk Ok — 4) — ke)5(o +=- E) 


Here we have used Q = 327Z /k}. Now write the momentum integration 
region in Eq. (23.34) as d?k dky where ky lies along q, and assume that 
the momentum transfer q is large enough so that the @ function in the 
integrand is irrelevant. Then 


ao qi m 
on se Or alee 
F = dk, dky d(ky — 
0 = ae Z. f" Pk dkh òk -y) 
mo q 
= —-= 23.35 
y ra (23.35) 
The energy loss œ and momentum transfer q = |q| enter the scaling 


function F(y) only through the single scaling variable y. 


matter, using RMFT to evaluate the two-body charge density, is shown in Fig. 23.7 
[Wa83]. The Coulomb response amplitudes are more complicated in a full field theory. 
For example, there are other degrees of freedom that carry charge, included here in an 
empirical fashion in the additional anomalous magnetic moment term in the effective 
current [responsible for the rise in C(q’)]. It is also possible to produce real nucleon 
pairs in the time-like region [Ma83]. The nuclear Coulomb sum rule in such theories is 
examined in detail in [Fe94, Ko95]. 
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Fig. 23.8. Super-scaling analysis of Donnelly and Sick for nuclei from A = 4—197 
[D099]. The variable wy’, defined in that paper, is close to y/kp. 


Suppose one still has a non-interacting, non-relativistic Fermi gas but 
now, instead of the initial momentum distribution (3/42k})0(kr — k), one 
has a more general (normalized) distribution n(k*). One example would be 
a thermal Fermi distribution [Fe71]. Suppose also that the Pauli Principle 
is irrelevant for the final-state proton. The evident generalization of Eq. 
(23.35) is 


F(y) = / dk dky n(k2, + k?) 5(ky — y) 


= fok n(k? + y?) 


mo 


4 
q 2 


(23.36) 


=< 
Ill 


This result is known as y-scaling. It is a simple result of conservation of 
energy and momentum for a non-relativistic nucleon. To the extent that 
the nuclear density and Fermi momentum are unchanged as the size of 
the nucleus is increased, F(y) should be a universal function independent 
of A. y-scaling is discussed in detail in the review article [Da90]. One of 
the most impressive applications of y-scaling is in the work of Donnelly 
and Sick shown in Fig. 23.8 [D099], which reflects some of the extended 
relativistic analysis in appendix G. 

The response of the relativistic Fermi gas is investigated in depth in 
[Mo69, Va78, A188, Ce97]. Smith and Moniz [Sm72] have also calculated 
inclusive quaiselastic scattering (e,e’) in a relativistic Fermi gas model of 
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Fig. 23.9. Relativistic calculation of quasielastic peak and N*(1232) production 
in electron scattering from Ni at ¢; = 500 MeV, and 0 = 60°; here € = 42 MeV 
and kp = 271 MeV [Sm72]. The experimental data are from Moniz et al. [M071]. 
The dashed line omits the Pauli principle in the final state. 


the nucleus, including production of the A(1232) (see chapter 28). Their 
results for Ni are shown in Fig. 23.9. 

A relativistic model which includes interactions in an average fashion 
is given by relativistic mean field theory (RMFT) discussed in chapter 
21. Pollock has calculated the four response functions of Eq. (13.48) for 
coincident electron scattering (e,e’ N) for nuclear matter in RMFT [Po88]. 
He uses the current of Eq. (21.14), and his results are shown in Fig. 23.10. 
This is a very simple calculation, but it has the following features to 
recommend it: 


e The RMFT provides a realistic model of nuclear matter [Wa95]; 


e The full nucleon vertex IT, = Fiya — F20wky has been used; the 
current is conserved and gives the correct result for a free nucleon; 


e The calculation is completely relativistic; 


e The resulting response surfaces in Fig. 23.10 map out the complete 
Fermi sphere, weighted with the appropriate electromagnetic inter- 
action; one can examine any part of the Fermi sphere, including 
the deeply bound states, by looking at the appropriate region of the 
response surface. Correlations will modify the Fermi sphere and add 
a tail to the momentum distribution; 


e The (e,e’n) surfaces are also worth looking at [Po88]. 


Figures 21.2 and 21.3 show quasielastic data from HEPL on 4$Ca(e,e’) 
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Fig. 23.10. The four proton response functions in RMFT obtained from the 
transition matrix elements of the current Y, and evaluated per proton are 
plotted as functions of energy loss and cos 04. Here |k| = 0.5 GeV and ¢, = 2/2; 
the @, dependence is now in the response. Also kp = 0.28 GeV and m*/m = 0.56 
(appropriate for nuclear matter). The vertical scale is 25.0GeV~! for all four 
response functions, and œp is in GeV [Po88, Wa95]. 


and 708Pb(e, e') compared with a calculation in RMFT [Ro80].* The calcu- 
lation uses the relativistic densities for these nuclei, and the full, relativistic, 
conserved current; there are no free parameters. The position, shape, and 
magnitude of the peak are all well-described; it would appear that one had 
an understanding of nuclear quasielastic scattering. Nonetheless, the data 
contains both the transverse and Coulomb (longitudinal) response, and if 
one could isolate the Coulomb response, where the interaction is simply 
with the charges in the target, the understanding should be even better. 
Experimentalists have worked very hard to make the required Rosenbluth 
separation, and the result for 48Ca is shown in Fig. 23.11. The experimen- 
tal points are from Saclay; they represent the area under the Coulomb 


4 Quasielastic electron scattering for 4$Ca(e,e’) is calculated in relativistic Hartree by 
summing over single-particle transitions, and including the RPA response, in [Ho89]. 


206 Part 4 Selected examples 


S (q) - 4Ca 
12 


0.2 0.3 0.4 V0.5 U.6 
q(CaV) 


Fig. 23.11. Area under the Coulomb part of the quasielastic peak — the 
Coulomb sum rule — for 49Ca(e,e'). Data are from Saclay [Me84]. Theoreti- 
cal curve is RMFT, with relativistic, conserved current and nucleon form factors 
left in [Po88, Wa95]. 


quasielastic peak — the Coulomb sum rule. The theoretical curve is the 
same RMFT calculation described above [Po88].° The disagreement is 
by almost a factor of 2 at the largest q. Several possible solutions have 
been proposed, including: a swelling of the nucleon in the nuclear medium 
[now pretty well ruled out by further (e, e’) studies], modification of strong, 
hadronic vacuum polarization in the nuclear medium, RPA correlations, 
short-range correlations, and missing experimental strength. 

Consider further one of these effects, the role of short-range correlations 
in the Coulomb sum rule. Recall from Eqs. (23.26) and (23.32) that the 
Coulomb sum rule, properly normalized® can be written [Vi77, Wa93] 


c™(a) = 1+ Bop (a) (23.37) 


The second term is the Fourier transform of the two-body density. Figure 
23.12 [Vi77] shows the calculated quantity |1 — C'"(q)| for infinite nuclear 
matter using (1) The Pauli correlations of a non-interacting Fermi gas; (2) 
A two-body density calculated from the Bethe-Goldstone wave function 
for a hard-core interaction [Fe71]; (3) A similar result with a more realistic 
two-body interaction. While approximately 10% correction from short- 
range correlations at the highest measured q above is conceivable; it is 
difficult to see how this could account for the factor of 2. 


5 The single-nucleon form factors have been left in this result. 
é The normalization is C(q) — 0 as q — 0, and the single-nucleon form factor has been 
divided out. 
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Fig. 23.12. Normalized Coulomb sum rule for nuclear matter including short- 
range correlations (see text) [Vi77] . 
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Fig. 23.13. Two-body density p\)(q) extracted from Coulomb sum rule in (a) 
iH(e,e’) and (b) 3He(e,e’). The data are from Bates [Be90]. 


The two-body density is one of the fundamental quantities in many- 
particle physics. For example, the precision measurement of this quantity 
by inelastic neutron scattering in liquid *He provides the basis for much 
of our understanding of this quantum fluid. Despite the fact that the two- 
body density is the basic quantity used in the calculation of the binding 
energy of many-body nuclei, it had never been measured experimentally. 
It has now been measured, however, for one simple system. 

A study of quasielastic scattering in both }He(e,e’) and }H(e,e’) has 
been carried out at Bates. Figure 23.13 shows the two-body density ex- 
tracted from the Coulomb sum rule in these two nuclei [Be90]. This 
determination has a very nice self-calibration, for the two-body proton 
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Fig. 23.14. Nuclear Coulomb response (dimensionless units) for n.m.(e,e’ N) for 
hard-core Fermi gas to order (ka). x is dimensionless energy transfer. Kinematics 
arranged so there is no quasi-elastic (e,e’ p) [de66a, de67, Wa93]. 


density must vanish in łH, as it does. The result for 3He provides the 
first experimental determination of the two-body nuclear density — a 
significant achievement. 

The resolution of the disagreement with the Coulomb sum rule in 
medium to heavy nuclei has been one of the most significant problems 
in nuclear physics [Wa95]. Jourdan has made a very important contri- 
bution here [Jo96]. By combining all the available data from the world’s 
laboratories, he shows that it is possible to obtain a longer lever arm 
on the Rosenbluth plots, separating the dominant transverse scattering, 
which determines the slope, from the much smaller Coulomb scattering, 
determined from the extrapolated intercept. After an extensive analysis, 
he finds a ratio of experimental to theoretical value of the Coulomb sum 
rule of 0.97 + 0.12 in 36Fe at q = 570 MeV/c.’ 

It is interesting to investigate other effects on the electromagnetic re- 
sponse surfaces produced by short-range correlations. Figure 23.14 shows 
the Coulomb response for the reaction n.m.(e,e’ N) on a nuclear matter 
(n.m.) Fermi gas with hard-core interactions [Fe71]. The figure is from 


7 The extensive set of current experimental data on separated longitudinal and transverse 
quasielastic response surfaces for 33Ca is discussed in [Wi97]. 
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Taber deForest’s thesis [de66a] — done over 30 years ago in connection 
with the proposed program for the SCA at HEPL. The quantities (qf, œ) 
are arranged to be outside the allowed region for quasielastic scattering for 
the Fermi gas — see above and [Fe71]; thus the process can only proceed 
while two nucleons are in virtual collision in the nucleus.* The calculation 
of the response is exact to order (kpa)* (all graphs creating 2p—2h states 
are retained). In Fig. 23.14 the z-axis lies along q. While the resulting 
proton distribution may not look so dramatic, the backward peaking of 
the neutrons in the n.m.(e, en) Coulomb response is quite spectacular. 


8 For quasielastic scattering, the indicated energy conservation region would have to 
intersect the Fermi sphere; thus these results lie on the high-energy-loss side of the 
quasielastic peak. 
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The quark model 


The first understanding of the underlying structure and “periodic table” of 
the hadrons came from the quark model of Gell-Mann and Zweig [Ge64, 
Zw65]. We now know that quarks form the underlying fermionic degrees 
of freedom for QCD and a field theory of the strong interactions. Solution 
to the dynamics of strong-coupling QCD presents formidable problems. 
It is often useful to make simple dynamical models that emphasize one 
or another aspect of QCD and that provide physical insight and guidance 
for further work [Bh88, Wa95]. Models build on three features of QCD: 


e Baryons have the quantum numbers of (qqq) systems and mesons of 
(Gq) systems where the flavor quantum numbers of the quarks q are 
given in Table 24.1; 


e Color and the strong color forces are confined to the interior of 
the hadrons. Quarks come in three colors (R,G,B). Lattice gauge 
theory calculations indicate that confinement arises from the strong 
nonlinear couplings of the gauge fields at large distances; 


e QCD is asymptotically free; at short distances the renormalized 
coupling constant goes to zero. One can do perturbation theory at 
short distances. 


One approach to model building is that of the M.I-T. bag which provides 
an extreme picture of each of the three items listed above [Ch74, Ch74a, 
De75, Ja76]. For baryons, three massless non-interacting quarks (correct 
quantum numbers), with the one-gluon-exchange interaction treated as a 
perturbation (asymptotic freedom), are placed inside a vacuum bubble of 
radius R (confinement). It is assumed that it takes a positive amount of 
internal energy density to create this bubble in the vacuum. The Dirac 
equation is then solved within this scalar bubble, wave functions for the 
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Table 24.1. Flavor quantum numbers of the lightest quarks: isospin, third com- 
ponent of isospin, baryon number, strangeness, charm, and electric charge, re- 
spectively. 


Quark/field T Th B S C Q=T;+(B+85S+C)/2 
u 1/2 1⁄2 1/3 0 0 2/3 
d 1/2 —1/2 1⁄3 0 0 —1/3 
5 0 0 1/3 -1 0 —1/3 
c 0 0 1⁄3 0 1 2/3 


nucleon are constructed, and its properties calculated. The M.I.T. bag 
model is discussed in detail in [Wa95]. 

Another approach is the non-relativistic quark model [Bh88] whose 
most extensive application is due to Isgur and Karl [Is77, Is80, Is85]. 
Here “constituent quarks” with masses of ~ m/3 move non-relativistically 
in a confining potential.! The confining potential is most simply taken to 
be that of a harmonic oscillator, which has the distinct advantage that the 
center-of-mass motion of the three-quark system can be treated exactly 
(appendix B). 

Let us confine the discussion to the nuclear domain where only the 
lightest (u,d) quarks and their antiquarks are retained. The quark field is 
thus approximated by 


p= ( : ) ; nuclear domain (24.1) 


To do a calculation one needs the (qqq) wave functions, including all 
the quantum numbers. We make an independent-quark shell model of 
hadrons and start with the simple case of non-relativistic quarks in a 
potential (where the spin and spatial wave functions decouple). In this 
case one can write the one-quark wave function as 


M; = T 1/2 
p= WPnim (T) Xm Nm Pa 3 m, = ale 1/2 (24.2) 
— nw w Nw a= (R,G,B) 


space spin isospin color 

Consider the color wave function for the (qqq) system. The observed 

hadrons are color singlets. Hence the color wave function in this case is 

just the completely antisymmetric combination (a Slater determinant with 
respect to color) 


pr) pe) p(t) 
pR(2) pe(2) pB(2) 
pR(3) pe(3) pB(3) 


1 
Poolor(1, 2, 3) ST 


J 


; antisymmetric (24.3) 


1 The masses of these constituent quarks are presumably generated by spontaneously 
broken chiral symmetry in QCD. 
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If Golo with « = 1,...,8 are the generators of the color transformation 
among the quarks, then all of the generators annihilate this wave function” 


GIP isr =0 ; 4 = 1, DA 8 (24.4) 


Since the total wave function must be antisymmetric in the interchange 
of any two fermions, the remaining space-spin-isospin wave function must 
be symmetric. 

For the ground state in this shell model, the spatial wave functions 
wnoo(r) will all be the same, all 1s, and hence the spatial part of the wave 
function is totally symmetric 


VY space(1, 2,3) = pis(t1)yis(r2)y1s(13) ; symmetric (24.5) 


The spin-isospin wave function must thus be totally symmetric. Start with 
isospin. One is faced with the problem of coupling three angular momenta; 
however, the procedure follows immediately from the discussion of 6-j 
symbols in quantum mechanics [Ed74]. An eigenstate of total angular 
momentum can be formed as follows 


lijjzjjm = X,  (jimjzmljijzjizm2) (24.6) 


mımım3mı2 
x (jı2m12j3M3| jı2j3 jm) | jim }| j2m2) | j3m3) 


These states form a complete orthonormal basis for given (jj, j2, j3). The 
states formed by coupling in the other order |j,(j2j3)jx3jm) are linear 
combinations of these with 6-j symbols as coefficients. 

For isospin in the nuclear domain all the t; = 1/2, thus there are a 
total of 2 x 2 x 2 = 8 basis states. Consider first the states with total 
T = 3/2. Here the only possible intermediate value is tj2 = 1. The state 
with T; = 3/2 is readily constructed from the above as «(1)a(2)a(3). Now 
apply the total lowering operator T_ = t(1)_ + ¢(2)_ + t(3)_ and use 
t_a=f, t_f =0. The set of states with T = 3/2 follows immediately 


o |(33) 1333] = a(1)a(2)x(3) 


11 131 1 
© ( ) 1 BAA) + 1E) + (a2) 


22) 222 JB 
11 13 1 1 
j K >) 153 5l = g EPOD + PORO EaR 


DDJ 22 2 


There are four symmetric states with T = 3/2. 


©/(55) 155-5] = BBR) Asymmetric states (24.7) 


? Just as the fully occupied Slater determinant of spins has S = 0, or of j-shells has J = 0. 
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Consider next the states with total T = 1/2. Here there are two possible 
intermediate values in the above, t;2 = 0,1. For the first of these values 
one finds 


vit 1 
p G 5) 05551 T i [a(1)B(2) — «(2)B(1)] «(3) (24.8) 


11\ 11 1 1 
p = = : 
® (33) 05 5 J VA [a(1)6(2) — «(2)B(1)] B(3) ; 2 states 
These two states have mixed symmetry; they are antisymmetric in the 
interchange of particles (1 < 2). 

The second value t12 = 1 yields 


11\.111 1 
i js |- [2a(1)æ(2)8(3) — (1)8(2)x(3) — F(1)x(2)x(3)] 


22/5223). 6 
ASi A 
À = 
D (D ;| (24.9) 
1 


LEDBOL) -AADO -ODAO  ; 2 states 
These two states also have mixed symmetry; they are symmetric in the 
interchange of particles (1 > 2). 

Now look at the spin wave functions. The analysis is exactly the same! 
We have a set of spin states & identical to those above. 

For the overall spin-isospin wave function, we must take a product 
of these wave functions and make the result totally symmetric. Recall 
first from quantum mechanics how one makes a wave function totally 
antisymmetric. Introduce the antisymmetrizing operator 


A =NY-(-1)?P (24.10) 
P) 


Here the sum goes over all permutations, produced by the operator P, 
of a complete set of coordinates for each particle. The signature of the 
permutation is (—1)?, and N = 1/ /Np where Np is the total number of 
permutations. 

Similarly, to make a wave function totally symmetric introduce the 
(unnormalized) symmetrizing operator 


S=NYP (24.11) 
(P) 


Note that if a wave function is antisymmetric under the interchange of any 
two particles, the application of Z will give zero. This result is established 
as follows. Use 


PI = SP (24.12) 
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Table 24.2. Totally symmetric spin-isospin states for three non-relativistic 
quarks. 


T S Number of states 


3/2 3/2 16 
1/2 1/2 4 
20 


This follows since as P goes over all permutations, so does Pj2P or P P12 


X PoP SSP HSS PP} (24.13) 
P) (P) (P) 
It follows that 
PoSyp = Fy = FPiy =—Syp =0 (24.14) 


This is the stated result. 

Note further that if the operator Z is applied to the product of the 
totally symmetric 3/2 state and either of the 1/2 states with mixed symme- 
try, the result will vanish. The proof is as follows. Since 73). = 93S, 
one just needs to show that 


S(AD? +B] =0 (24.15) 


The first term gives zero since ®? is antisymmetric in the interchange of 
the first pair of particles. The second vanishes because of the nature of 
the sums in Eqs. (24.9) and the fact that Y produces an identical result 
when applied to each term in the sum 


S (aap) = Slaba) = S (Baa) (24.16) 


It is a consequence of these two observations that the only non-zero 
totally symmetric wave function will be obtained by combining the spin and 
isospin wave functions of the same symmetry. Thus one must combine the 
two totally symmetric spin and isospin states and the other two pairs 
of states with the same mixed symmetry; in the latter case there is only 
one totally symmetric linear combination (this is proven in appendix J 
of [Wa95]). This leads to the set of totally symmetric spin-isospin states 
shown in Table 24.2 and given by 


a (24.17) 


These are all the baryons one can make in this model. Since all these 
states are degenerate in the model as presently formulated, one has a 
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supermultiplet of baryons. The present calculation predicts the spins and 
isospins of the members of this supermultiplet.* 

These arguments can be extended to the situation in the M.LT. bag 
model where, in contrast to massive, non-relativistic constituents, one has 
massless relativistic quarks. The problem is more complicated since the 
space-spin parts of the wave functions are now coupled; however, if the 
quarks occupy a common lowest positive energy is,,.m,(r) ground state, 
the problem is greatly simplified. Make the following replacement in the 
space-spin wave functions discussed above 


Wis(V) Xm, T Wis, m,(¥) (24.18) 


Instead of the spin S, now talk about the total angular momentum J; the 
angular momentum and symmetry arguments are then exactly the same 
as before. 

Let us investigate some consequences of the quark model. Consider the 
nucleon (N) ground-state expectation value of the following operator 


3 
O = S° O((r;,6;)1;(t;) (24.19) 
=A 


Assume that the isospin factor is diagonal J; = (1,73);. Since the wave 
function is totally symmetric, it follows that one need evaluate the matrix 
element only for the third particle.* 


3 
(Pnl XO ONIY n) = 3(PylO3I3|Py) (24.20) 
=I 


Substitution of Eq. (24.17) then yields’ for the state of total m j= 1/2 


3(W|Osls)) = 5 ( I31?)(5(3)10315(3)) 
3. «1 1 1 1 1 
+D) [4560s = 5) +25 8)10a1508)} 2421) 


3 Define 6 = Xm, Nm With (ms, m) = (41/2,+1/2). Then in a non-relativistic quark model 
with spin-independent interactions one has an internal global SU(4) (flavor) symmetry 
— this is just Wigner’s supermultiplet theory [Wi37]. Here the baryons belong to the 
totally symmetric irreducible representation one gets from 4&9) 4 @) 4; this is the [20] 
dimensional representation with spin-isospin content worked out in the text and shown 
in Table 24.2. 

4 Assume the operators form the identity with respect to color; the color wave function 
then goes right through the matrix element, and it is normalized. 

> Use (®?|J3|®*) = 0 if I is diagonal; this follows immediately from the form of Eqs. 
(24.8) and the orthogonality of the mixed-symmetry wave functions. 
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Here the remaining labels on the single-particle matrix elements of O3 are 
|m;, (particle number)). The result is 


3 
i gee Se ES) 1, 3 
N T yN = a = IP p = (aM A 
CMRI OMIA = (GIOR [3O + o] 
1 1 2 A 
+101 — 5) [0110] (24.22) 


This result is for total m; = 1/2; the remaining isospin operator I3 acts 
only on the third particle. For an isoscalar operator with I} = 1 this 
expression reduces to 


3 
‘peek 
(Pal >, OP a) = (51015) + ( (24.23) 
aera sc 


This is now just a sum of single-particle matrix elements. For an isovector 
operator with I3 = 73, the required isospin matrix elements for the proton 
with m, = 1/2 follow from Eqs. (24.8) and (24.9) 


(@?|73(3)|0") = 1 (24.24) 
1 1 1 
(@*|73(3)|0*) = g(-4t1+)=—-3 5 protonm = 5 
For a neutron with m, = —1/2, these isovector matrix elements simply 


change sign. It follows that 


3 
ce ene 1, 1 1 
N N = 
WHIL oso) = 30l) — 33101- 5) 
3 
a O 1, 1 1 
N S N = 
CPE DL oO) = 3651015) + g(-glOl— 5) (2428) 


The notation here is YN „.. 
tMj 


In the nuclear domain with only (u, d) quarks the electric charge is given 
by 


e= F + zel) ep (24.26) 


Hence the expectation value of an operator proportional to the 
charge in the composite three-quark proton and neutron ground state 
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is given by 
2 1 14 1 
Pp i@i|P) = ep |e 1/2 —1/2 3311/2 — Z¥-1/2 
(pl X` Oieilp) z(20 +0 aaa” 30 ) 
i=l 
1_ 1 
= ep(51015) 
2 1 1 4 1 
i€i = @p|Z(201/2 -1/2) + 5(- F912 + Z9_-1/2 
(n| X` Ojei|n) e g(20 +0 + 56 30 F39 ) 
i=1 
= ep,1 1 ep, 1 1 
2 (51015) + £(-5101— 5) (24.27) 


Let us apply this result to compute the magnetic moment of the ground 
state of the nucleon in the non-relativistic quark model using for the 
expectation value of the single quark matrix element the Dirac magnetic 
moment of a point quark of mass mq 


Toet 1 
EPOE Sa 24.2 
(l Iz 2m ( 3 


Since the magnetic moment is a vector operator, its expectation value in 
the state m; = —1/2 must simply change sign (—3|0| — $) = —1/2m,. 
This yields 


ep 2p 
= as 24.2 
The experimental results are 
Up = +2.79 n.m. Un = —1.91 n.m. (24.30) 


The calculated ratio is quite impressive, and the absolute value can be 
fitted in the first relation with a constituent quark mass of mg = m/2.79, 
which is certainly in the right ballpark. 

Suppose that instead of just the static magnetic moment, one wanted the 
matrix element of the transverse magnetic dipole operator at all momen- 
tum transfer in the constituent quark model, how would the calculation 
change? From Eq. (9.16) one has 


T(x) = J Bx AY iy Tox) + [V x AYN Aa} (24.31) 


There is no convection current in a 1s state, so the first term does not 
contribute. For the second term use the general relation [Ed74] 
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aie T N 
V x DlA] = —ik ist (sa) Oy 


J+1 


—jy—1(KX) (A 


1/2 
) Wr (24.32) 


Since there is no orbital angular momentum in the initial and final states, 
the first term does not contribute; retention of just the second leads to 


2 1/2 bak TE 
ix (5) J Px jolts ao 


1/2 
=. (=) I Px jolcx ax) (24.33) 


PECK) 


The spatial distribution of the magnetization is that of a 1s harmonic 
oscillator wave function, and from the discussion is chapter 20 we know 
that 


2 
(sl jolx)| 1s) = e7” a= (Se) (24.34) 


Hence, for the nucleon 


ne Tee NDS i ag D 24.35 
eANSIT BEING) =i (gz) Kane (24.35) 
The C-M motion for particles in a harmonic oscillator is now treated as 
in appendix B. 

Consider the transition magnetic dipole moment between the ground 
state (N) and the excited state (A) formed from the product of the totally 
symmetric isospin state and totally symmetric space—spin state. Since only 
different mj states are involved in the latter, we are in a position to 
calculate this matrix element. The wave functions are given by 


N =A = 

Fin = iE +i E, (24.36) 
22 a2 II 22 23 22 

we, = ÕE; 
55 33 33 


The subscripts on the left are (m;,m;) and those of the right (Tm, Jmj); 
in detail, these wave functions are 


31 
22 


1(3) + G1 (1 b_1(2)613) + b1(DGi2)o_ 
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A similar expression holds for 23 1ı. The transition magnetic dipole moment 


is now given by 


31 
22 


3 1 3 
ID uD BOeP]) = Ze PA OPT) (2438) 


Nie 


1 1 
2 2 
Here it has been observed that only the isovector part of the magnetic 
dipole operator can contribute to the transition and the total symmetry of 
the states has been used. It now follows from Eq. (24.37) and the previous 
results that 


(P31 |r3(3)|®1,) = 0 (24.39) 
fee, a 1 fii a 

pO) = Te a-a -AGlealp)] = Ty 

= be 1 OE EE E E. ee T 

(By MOEA) = ay [2 pal — 9) Aza] =- aa 


Use of Eqs. (24.27) allows the final result for u” to be expressed in terms 
of the ground-state magnetic moment of the proton 


3116 4 
11 11 


This is the matrix element for (mj, m) = (53) > (53); other components 
follow from the Wigner—Eckart theorem. This result agrees to about 30% 
with experimental observations of the transition magnetic dipole matrix 
element obtained from electroproduction of the first nucleon resonance 
[Ka83]. 

Since only the spin is flipped in the constituent quark model, and the 
radial 1s wave functions are unchanged in the N —> A transition, one can 
simply read off from Eq. (24.35) that the transition matrix element of the 
transverse magnetic dipole operator is given by 


e (at deme cen r = (A) «(4 ) e 
P 2 10 P3 = 6r De 


(24.40) 


2 
i—— Kupe” 24.41 
3. 3x Hp ( ) 


Particularly simple is then the ratio of the transition to the static matrix 
elements of the transverse magnetic dipole operator 


(At iPox) 2/2 
(pi Ph (Kx)pi) 3 


(24.42) 
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Note that this ratio is a numerical constant independent of « in the 
constituent quark model. This result is also independent of the detailed 
form of the single-quark wave function since the form factor cancels in 
the ratio.° 

The Coulomb monopole moment for the proton simply reflects the 1s 
radial wave function of each quark, and, as in chapter 20, the elastic 
scattering form factor for the proton is given by 


(95|Moo(x)|p5) = =e (24.43) 


The transition magnetic dipole form factor is thus proportional to the 
elastic form factor of the proton in this model. 


ep (At SIT io (Kx) 


(p5|Moo(kx)|p5 


1 
: a a (24.44) 


ga 


This result is again independent of the form of the single-quark radial 
wave functions since the form factor cancels in this ratio. Since there 
is no orbital angular momentum in either the ground or excited state, 
the transition matrix elements of the Coulomb and transverse electric 
quadrupole operators vanish here. 

To the extent that the cross section is dominated by the transverse 
interaction and q3 ~ q? = x’, the constancy of the ratio in Eq. (24.42) is 
indeed manifest by the experimental data shown in Fig. 12.9. Of course, 
the experimental elastic form factor itself falls off as a dipole [Eq. (22.5)] 
and not the gaussian of the simple-harmonic oscillator model, and it is 
certainly inconsistent to use a non-relativistic model for x > mq. 

The N — A transition is particularly simple in the constituent quark 
model. Higher excitations of the nucleon can be constructed by promoting 
one of the quarks to a higher oscillator state and then constructing totally 
symmetric space-spin-isospin wave functions for the nucleon. Similarly, the 
hyperfine splitting coming from (asymptotically-free) one-gluon exchange 
can be readily included in the model. We refer the reader to the literature 
for these developments [Is77, Bh88]. 


€ The present treatment of the C-M motion, however, only holds in the simple harmonic 
oscillator model (appendix B). 
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Quantum chromodynamics 


The primary evidence that hadrons are composed of a simpler substructure 
of quarks is the following: 


e If one assumes the baryons are composed of quark triplets (q¢qq) and 
the mesons are quark—antiquark pairs (qq) then, with appropriate 
quantum numbers for the quarks (flavors), one can describe and 
predict the observed supermultiplets of hadrons; 


e The assumption of interaction with point-like quarks provides a 
marvelously simple and accurate description of electroweak currents; 


e Dynamic evidence for a point-like quark—parton substructure of 
hadrons is obtained from deep-inelastic electron scattering (e,e’) 
and neutrino reactions (vı, 17). 


Quarks come in many flavors; the quark field can be written as 


(25.1) 


Aa QS 


One assigns quarks an additional intrinsic degree of freedom called color, 
which takes three values i = R,G,B. The quark field then becomes (we 
focus here on the four lightest quarks) 


UR UG UB 
dr dg d ; 
p= is G B = (YR: YG, YB) = Vi ; i= R,G,B_ (25.2) 
R 5G SB 


CR CG CB 
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It is convenient to construct a column vector from the color fields 


WR 
p= ve (25.3) 
VB 


Matrices in this color space will be here denoted with a bar under a 
symbol. This is a very compact notation 


e Each y; has many flavors; 
e Each flavor is a four-component Dirac field. 


Quantum chromodynamics (QCD) is a theory of the strong interactions 
binding quarks into the observed hadrons. It is a Yang-Mills non-abelian 
gauge theory [Ya54]. It is built on the underlying color symmetry and 
invariance under local SU(3)c. 

The lagrangian density! for the free quark fields can be written com- 
pactly as 


0 
Z =- (r 25 m) p (25.4) 


OXp 
Here the mass term is the unit matrix with respect to color. It may be 
anything with respect to flavor, for example, 


My 


m m 
M= m m= g (25.5) 
Ms 
m 


Me 


The lagrangian in Eq. (25.4) has a global invariance with respect to uni- 
tary transformations mixing the three internal color variables [SU(3)c]. 
We denote the generators of this transformation by G4 with a = 1,...,8 
and the eight parameters characterizing a three-by-three unitary, uni- 
modular matrix by 0° with a = 1,...,8. There are eight three-by-three, 
traceless, hermitian, Gell-Mann matrices 4, — the analogs of the Pauli 
matrices. These matrices satisfy the Lie algebra of SU(3), the same algebra 
as satisfied by the generators 

1 a 1 b A abc 1 JC 
[5454] if 54 


(25.6) 


Here the f% are the structure constants of the group; they are antisym- 
metric in the indices (abc). The matrices (A“);; for a = 1,...,8 are given in 


' See [Fe80] for a background discussion of continuum mechanics and lagrangian densities, 
and [Bj65a, Fe71] for an introduction to quantum field theory. 
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order by 


Cow AiG Me 


1/./3 
3 ) u3 (57 
1 i =) 5/8 


The operator producing the finite color transformation is then given by 
R = else (25.8) 

It has the following effect on the quark field 
Ry! = Uw = [e2] Y (25.9) 


Latin indices will now run from 1,...,8, and repeated Latin indices are 
summed. The transformation in Eq. (25.9) with constant, finite 0° leaves 
the lagrangian in Eq. (25.4) unchanged. Here U (0) is a unitary, unimodular 
three-by-three matrix, and the quark field in Eq. (25.3) forms a basis for 
the fundamental representation of SU(3). The symmetry is with respect 
to color. 

One can now make this global color invariance a local invariance where 
the transformation 6“(x) can vary from point to point in space-time by 
using the theory developed by Yang and Mills [Ya54, Ab73]: 


1. Introduce massless vector meson fields, one for each generator 
Aj (x) ;a=1,...,8 (25.10) 
These vector mesons are known as gluons; 


2. Define the covariant derivative by 


D 0 Di yee 
= | 784 Aj (x)] yp (25.11) 


Dx," OXp 


3. Define the field tensor for the vector meson fields as 


ee 
E Oxu SOs 


H gf” ALAS (25.12) 


Here f% are the structure constants of SU(3); 
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Fig. 25.1. Processes described by the interaction terms in the QCD lagrangian. 


4. Under infinitesimal local gauge transformations 0° — 0 the vector 
meson fields and the field tensor transform according to 
100° 
ôA! = its tie 
L g ÔxXu Xy 
a — abc pb Gc . pa 
OF wy = JO OF iw ; 0—0 (25.13) 


5. A combination of these results leads to the lagrangian of QCD 


pe 0 a a a 
Loecp = -o fru k- sed As is) vat} p — a7 w7 w (25.14) 


The lagrangian in Eq. (25.14) can be written out explicitly in powers of 
the coupling constant g 


Loco = Lot Zit L2 (25.15) 
= 0 \ ree 
Zo = -h aa +M)v- rea 
i ie 1a a abc pa E 
Lı = 580d pits) — Sf FAAA, 
g? be gade yb yc yd 
LPa = = efs A A AnA 
Here aaa pda 
Fe. = i l 25.16 
E xu ôx ( ) 


The various processes described by the interaction terms in this lagrangian 
are illustrated in Fig. 25.1. 

To obtain further insight into these results, it is useful to write the 
Yukawa interaction between the quarks and gluons in more detail. Recall, 
for example, the structure of the first two 2° matrices 


1 =j 
at= | 1 ) v= i (25.17) 
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Fig. 25.2. Individual processes described by the quark—-gluon Yukawa coupling 
in QCD. 


These matrices connect the (R, G) quarks, and with explicit identification 
of the flavor components of the color fields, it is evident that this interac- 
tion contains the individual processes illustrated in Fig. 25.2. The quarks 
interact here by changing their color, which in turn is carried off by the 
gluons; the flavor of the quarks is unchanged and all flavors of quarks 
have an identical color coupling. If the gluons are represented with double 
lines connected to the incoming and outgoing quark lines respectively, and 
a color assigned to each line as indicated in this figure, then color can be 
viewed as running continuously through a Feynman diagram built from 
these components. 

The Euler-Lagrange equations in continuum mechanics follow from 
Hamilton’s principle [Fe71] 


fy (a 3 ) d‘x =0 (25.18) 


OXp 


The Euler-Lagrange equations following from the QCD lagrangian are 
readily derived as 


3 i aga 
ofn a +584 A(x) -u}= 
OF iv oi e Ay + gf HF? A (25.19) 
Oxy =EL PTE py 


It follows from these equations of motion that currents built out of quark 
fields and a unit matrix with respect to color are conserved. 


sa & ) =0 ; baryon current 
OX gel La os ° y 
0 
as (ipnzw) =0 ; flavor current (25.20) 


ÔXu 
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In the second line, X is a unit matrix with respect to color satisfying 
[x, 2°] = 0; the flavor submatrices are arbitrary as long as they commute 
with the mass matrix 


o 
Z= | a ; [e,m] =0 (25.21) 
o 


The conserved electromagnetic current for the (u,d,s,c) quarks, with 
charges (2/3, —1/3, —1/3, 2/3) respectively, is given by the point Dirac 
value 


Ji = ipy,Qy (25.22) 
2/3 


2 l —1/3 
TOES iee 
4 2/3 


The gluons are absolutely neutral to the electromagnetic interaction. 

It follows from the four-divergence of the third of Eqs. (25.19) and the 
antisymmetry of Fiy = —F;,, that the color current, the source of the 
color field, is also conserved. 


Q 


[RQ 
I 


ô gan be gb yc 
say (Gedney +e" FhA) =0 (25.23) 

The theory of QCD can again be characterized by a set of Feynman 
rules. Here we give the Feynman rules for the Green’s functions, which 
characterize the quantum field theory [Fe71]. The quark Green’s function 
in the vacuum sector is defined by 


iGap(X1t1,X2t2) = (OIP [pa(xit1), Pg (xat2)]|0) 
dk » 
= ____gik'(x1=%2)} k 25.24 
| Gee Gaull) (25.24) 


The Feynman rules for iG(k) are derived in [Qu83, Ch84, Ai89, Wa91]; 
they are as follows: 


1. Draw all topologically distinct, connected diagrams; 


2. Include the following factors for the quark, gluon, and ghost lines, 
respectively (Fig. 25.3): 


? See Ref. [Ch84] for a much more extensive discussion, including Feynman rules with 
other choices of gauge. 
3 All quark indices are now explicit: i, j = R,G,B for color; l,m = u,d,s,c,--- for flavor. 
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Fig. 25.3. Propagators in QCD. 
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jm ‘ 
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i1 b,x cw j K i 


Fig. 25.4. Vertices in QCD. 


1 1 


== Îijôlm ; quark (massless) 
l YuPu 
1 1 kuky 
oe (5. 2 ) ; gluon (Landau gauge) 
tegi 
79 2 ; ghost (25.25) 


The ghost is an internal element, coupled to gluons, that is required 
to generate the correct S-matrix in a non-abelian gauge theory; 


3. Include the following factors for the vertices indicated in Fig. 25.4: 


ee 
es Aimy ; (quark)?—gluon 
gf™ [q4 — r),0nv +(p— Q)vOiu + (r— P).Oww) ; (gluon)? 


—ig? i pa ae rene or. 0j09uv) + SS (COE a 0309p) 
+f f(5ivSon — Sov 5iy)] ; (gluon) 


—gf™ pu ; (ghost)?—gluon (25.26) 
. Take the Dirac matrix product along fermion lines; 


. Conserve four-momentum at each vertex; 


. Include a factor f d*+q/(2x)* for each independent internal line; 


NY NH Nn A 


. Include a factor of (—1)*+© where F is the number of closed fermion 
loops and G is the number of closed ghost loops; 
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Fig. 25.5. Confinement in QCD. Lattice gauge theory calculations indicate that 
the separation energy grows linearly with d. 


(a) (b) 
Fig. 25.6. (a) Shielding of point charge by (b) vacuum polarization in QED. 


QCD has two absolutely remarkable properties, confinement and asymp- 
totic freedom. 

Colored quarks and gluons, the basic underlying degrees of freedom in 
the strong interactions, are evidently never observed as free asymptotic 
scattering states in the laboratory; you cannot hold an isolated quark 
or gluon in your hand. Quarks and gluons are confined to the interior 
of hadrons. There are strong indications from lattice gauge theory cal- 
culations [Wi74], that confinement is indeed a dynamic property of QCD 
arising from the strong, nonlinear gluon couplings in the lagrangian. One 
can show in these calculations, for example, that the energy of a static 
(qq) pair grows linearly with the distance d separating the pair (see Fig. 
25.5). What actually happens as the (qq) pair is separated is that another 
(qq) pair is formed, completely shielding the individual color charges of 
the first pair, and producing two mesons from one. 

The second remarkable property is asymptotic freedom. Recall from 
QED that vacuum polarization shields a point electric charge eg as in- 
dicated in Fig. 25.6(a). The renormalized charge e? changes with the 
distance scale, or momentum transfer 27, at which one measures the inte- 
rior charge. The mathematical statement of this fact is the renormalization 
group equation of Gell-Mann and Low [Ge54] 


= (e5) (25.27) 
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Fig. 25.7. Anti-shielding of color charge in QCD by strong vacuum polarization. 


The lowest order modification of the charge in QED arises from the 
vacuum polarization graph indicated in Fig. 25.6(b). The renormalization 
group equations can be used to sum the leading logarithmic corrections to 
the renormalized charge to all orders. The result is that the renormalized 
charge measured at large 1? >> M? is related to the usual value of the 
total charge e? by 


2 
ei 


~ I (e12) In (2 /M2) 


The first term in the expansion of the denominator arises from the graph 
in Fig. 25.6 (b). The renormalized electric charge in QED is evidently 
shielded by vacuum polarization; the measured charge increases as one 
goes to shorter and shorter distances, or higher and higher 2. 

Similar, although somewhat more complicated, arguments can be made 
in QCD. An isolated color charge go is modified by strong vacuum 
polarization and surrounded with a corresponding cloud of color charge 
as indicated schematically in Fig. 25.7. In this case, the renormalization 
group equations lead to a sum of the leading In corrections for 4? > 4? 
of the form [Gr73a, Gr73b, Po73, Po74] 


e3 


(25.28) 


Dons gi 

eng + (g7/1627)(33/3 — 2Ny/3) In (22/43) ore 
Here Ny is the number of quark flavors.* An expansion of the denominator 
again gives the result obtained by combining the lowest-order perturbation 
theory corrections to the quark and gluon propagators and quark vertex. 
The plus sign in the denominator in this expression is crucial. One now 
draws the conclusion that there is anti-shielding; the charge decreases at 
shorter distances, or with larger 4?.> The implications are enormous, for 


4 With N; = 1, no gluon contribution of 33/3, and the observation tr(4752°) = Mi gab, 
one recovers the result in Eq. (25.28). It is the gluon contribution that changes the sign 
in the denominator. 

> The vacuum in QCD thus acts like a paramagnetic medium, where a moment surrounds 
itself with like moments, rather than the dielectric medium of QED where a charge 
surrounds itself with opposite charges. 
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one now concludes that it is consistent to do perturbation theory at very 
short distances, or high momentum transfer. The renormalization group 
equations then provide a tool for summing the leading In’s of perturbation 
theory. The powerful result of asymptotic freedom in QCD is due to Gross 
and Wilczek [Gr73a, Gr73b] and Politzer [Po73, Po74]; see also Fritzsch 
and Gell-Mann [Fr72a, Fr73a]. References [Ma78, Re81, Wi82, Do93] 
contain good background material on QCD. 

While a multitude of QCD-inspired models exist [Wa95], the most 
ambitious attempt to solve the QCD field equations relies on lattice gauge 
theory where the theory is put on a finite space-time lattice [Wi74].° Low- 
energy applications can be found in terms of effective field theory, where 
hadronic degrees of freedom are the generalized coordinates of choice, and 
an effective lagrangian constructed which reflects the symmetry properties 
of QCD [Do093, Se97]. While we will not give an extensive discussion of 
effective field theory here, it is possible to capture the spirit of these efforts. 

Consider the nuclear domain of massless (u,d) quarks. The kinetic 
energy term as rewritten in Eq. (26.2), and hence “gcp, is invariant 
under the chiral SU(2), ® SU(2)r transformation py, > Lyr, pr > RYR 
where L and R are global SU(2) matrices. Consider the pion sector of the 
hadronic theory and represent the pion field x through the SU(2) matrix 


U =exp(it -2/fz) (25.30) 
Here fr reflects the mass scale (say mp) at which this chiral symmetry, 


as manifest in nature, is spontaneously broken. The leading term in an 
effective lagrangian can be constructed as follows 


2 oUt oU 2m2 
PR = Sas | les me Te t—2) (25.31 
La + Lesh 4 EE) 4 r(U+U ) (25 ) 


If m, = 0, this lagrangian is invariant under the chiral transformation 
U — LUR (the pion mass term reflects chiral symmetry-breaking at 
the lagrangian level through u,d quark masses). This effective lagrangian 
should be applicable in the low energy domain where q/fx < 1. Higher 
order terms in the effective lagrangian can now be similarly constructed 
in terms of U,d0U/0x,. An expansion of the exponential then leads to 


1 /én\? m? 
Lr+ Lop = 5 (sn) oe 


1 on \? > ( On 2 m2 A 


and n-r scattering to O(1/f2) can now be calculated from this result. 


€ An extensive introduction to lattice gauge theory can be found in [Wa95]. 
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The standard model 


The development of a unified theory of the electroweak interactions surely 
must be regarded as one of the great intellectual achievements of our era. 
We assume the reader is familiar with the basic phenomenology of the 
weak interactions [Cu83, Wa95] and turn to the so-called standard model 
of the electroweak interactions [We67, We72, Sa64, G170]. The discussion 
follows [Wa95] 

Most leptons (l, vı) are light, or massless, and they can be created and 
destroyed in weak interactions. This indicates that they must be described 
with relativistic quantum fields. In the interaction representation, fermion 
fields take the following form [Bj65, Fe71] 


p(x) - > [ax sul kAje** + bt v(—kAje*™ (26.1) 


In this expression a destroys a lepton, bt creates an antilepton, and 4 de- 
notes the helicity with respect to the accompanying momentum variable.! 
A spinor field can always be decomposed as follows 


1 1 
yp = gl +s +50 Ys)Y = PYL HYR 
A Sae ô e ô 
a = Wat og pT eee 


PW = PLPR PRYL (26.2) 
The lepton fields for the electron and electron neutrino? will be com- 
1 Hole theory implies that v(—k4) is a negative-energy wave function with helicity 2 with 


respect to —k. 
2 And similarly for the other leptons. 
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bined in the following fashion: 


pr = Gale: (26.3) 


The fields (L, R) are defined by 


(1 — ys)Pe (26.4) 


1 
L = (y) = 30+ 
1 
R = eR=5 


The kinetic energy of the leptons is then given by? 


R 0 3 ô 
Dries ce Peng Ve t Hagen 
e aO - oO 
= L L+R R 26.5 
| Wax, Hex, | (203) 


This lagrangian is invariant under a global SU(2)w symmetry — a weak 
(left-handed) isospin — which treats the field L as a weak isodoublet and 
R as a weak isosinglet. The generators for this SU(2)w symmetry can be 
immediately written in terms of the above fields as 


Pi 
Tw 


J Li uLdx 
ba 
= J pizti + ys)pi(x)a x (26.6) 


It follows immediately from the canonical (anti)commutation relations 
that these generators satisfy an SU(2) algebra 


[Pete = ae ry (26.7) 
The finite symmetry transformations are given by 
exp {i0- Tw} L exp{—i0-Tw} = [e287 L ; doublet 
exp {i0-Tw}R exp{—i0-Tw} = [1]R ; singlet (26.8) 


These equations follow from the projection properties of (1 + ys)/2. 
The mass term for the electron has the following form 


—MePepe = —mel[ēLer + erer] (26.9) 
3 There is only one neutrino field in the standard model v; = 30 + ys)py; it describes 


left-handed neutrinos and right-handed antineutrinos. This is put in by hand, as is the 
fact that this neutrino is massless m, = 0. 
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This expression is not invariant under SU(2)w. Hence if one wants to 
build on this symmetry, it is necessary to start with massless fermions. 

The corresponding lagrangian for point Dirac nucleon fields is rela- 
tively simple and illustrates the general structure of the theory [We72]; we 
present this first. Matrix elements for physical nucleons then follow from 
general symmetry considerations. The somewhat more complex formula- 
tion in terms of quarks is then given [G170]. 

Proton and neutron fields are included in a manner analogous to the 
above 


1 
N = ( PL ) = =(1+ys)py ; doublet (26.10) 
n, 2 
PR NR ; singlets 
B ô ô ô 
p? = — | Niya ——NL + PRYu — RY u — 
nucleon | LY OX, L + PRY yu ax, PR + ARV yn OX, NR 


This lagrangian is now also invariant under SU(2)w; again this is true 
only if one starts with massless fermions. 

The standard model introduces an additional global U(1)w symmetry 
weak hypercharge defined so that the fields transform according to 


exp {iaYw @ exp {—ia fw} = e@w¢ (26.11) 


Now assign quantum numbers to the fields (and corresponding particles) 
so that the lagrangian is invariant and the electric charge is still given by 
the Gell-Mann-Nishijima relation* 


Q = (T+ 5¥w (26.12) 


Conservation of electric charge will be imposed as an exact symmetry 
of the theory. Assignments of the weak quantum numbers for the fields 
introduced so far are shown in Table 26.1. 

As with QCD in chapter 25, this is now made into a Yang-Mills local 
gauge theory based on the symmetry group SU(2)w@®U(1)w [Ya54, 
Ab73]. The only slight new complexity is that now one has the direct 
product of two symmetry groups with commuting generators; however, 
an examination of the basic concept shows that this is an inessential 
complication. The steps of the Yang-Mills construction are as follows: 


1. Add gauge bosons, one for each of the generators (îi, Yw) 
Ai (x) >i=1,2,3 
B, (x) (26.13) 


4 This follows for the fermions by constructing the appropriate operators in second 
quantization [Wa95]. 
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Table 26.1. Weak symmetry quantum numbers in the standard model. 


Particle/field Tw Tsw Yw Q 
(ve)L 1/2 1/2 —1 0 
1 1 


eL /2 —1/2 1 

eR 0 0 27 | 
PL 1/2 1/2 1 1 
nL 1/2 —1/2 1 

PR 0 0 2 1 
nR 0 0 0 0 
or 1/2 1/2 1 1 
p? 1/2 —1/2 1 0 


2. Use the covariant derivative in the lagrangian 


0 D ô i i 
ax, > Di = (= 58 YwB, — 587 A) ; on doublets 
= (= — 5 7w8,) ; on singlets (26.14) 


3. Include a kinetic energy term for the gauge bosons 


2 2 
_ 1 (aB, @B,\? 1 (dA, ôA, 
Z sauge 4 (= =| 4 & Oxy Bae a) ena] 


Mass terms of the form m4B„B, or mA, A, break the local gauge 
invariance; hence the gauge bosons must be massless. 
The Yang-Mills lagrangian thus takes the form 


z 0 i i 
L lepton S a in, (= = 5(Ds'By Ei 38 i au) L 
irp -e EER 
} ON 2 K 
i i 
F nucleon = ier (z z(D8 By = 38 i an) NL 


7 ô sista E ô 
+PRYu (= = 5(2)8 Bu) PR +firyy (= T 7g B) nn! 
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The masses for the gauge bosons are now generated by spontaneous 
symmetry breaking. One proceeds to: 


1. Introduce a weak isodoublet of complex scalar mesons 


o = ( % ) (26.17) 


2. Assign weak quantum numbers as indicated in Table 26.1; 
3. Use the covariant derivative of Eq. (26.14); 


4. Add a term to the lagrangian for this scalar field that is invariant 
under local SU(2)w ® U(1)w 


Cee & (34) viet) (26.18) 


Dx Dx, 


DA\*/D 
2 g (26.19) 
Dx, Dx, 
a i ô i i 
i iy eae / 
g & +58 Bu + 587 s) (= 58 Bu— 58 a.) £ 


5. Assume the most general form of the scalar self-interaction potential 
V for a renormalizable theory 


V = Poppo? (26.20) 


Assume that u4? < 0 and 2 > 0 so that the potential V has the shape 
shown in Fig. 26.1. The minimum of the potential no longer occurs at the 
origin with ọ = 0, but now at a finite value of ¢. Hence the scalar field 
acquires a vacuum expectation value. Only the neutral component of the 
field can be allowed to develop a vacuum expectation value in order to 
preserve electric charge conservation. Furthermore, the (constant) phase 
of the field can always be redefined so that this vacuum expectation value 
is real. Thus we write 


(¢°) = (™) = (26.21) 


Z 


> The metric is not complex conjugated in v% = (vt, +iv}). 
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Vibro) by 
Reg 
- Im p 


Fig. 26.1. Form of the scalar self-interaction potential to generate mass for the 
gauge bosons by spontaneous symmetry breaking. The illustration is for a single, 
neutral, complex ¢. 


At the minimum of the vacuum expectation value of the potential one 
finds 


2 
y= a (26.22) 


Without loss of generality, one can now parameterize the complex 
scalar field ġ in terms of four real parameters {¢(x), n(x)} describing the 
fluctuations around the vacuum expectation value in the following fashion 
[Ab73]: 


=i 0 
g= exo {Ze} h ey (26.23) 


The theory has been constructed to be locally gauge invariant. Make use 
of this fact to simplify matters. Make a gauge transformation to eliminate 
the first factor in this equation. Define 


p =op Ez- clo = Ug = a ( TA ) (26.24) 


Written in terms of the new field ¢’, the three scalar field variables 
{€(x)} now no longer appear in the lagrangian; and, as we proceed to 
demonstrate, the free lagrangian has instead a simple interpretation in 
terms of massive vector and scalar particles. The lagrangian in this form 
is said to be written in the unitary gauge where the particle content of the 
theory is manifest. The procedure for generating the mass of the gauge 
bosons in this fashion is known as the Higgs mechanism [Cu83, Ab73]. 

Substitution of the expression in Eq. (26.24) in the scalar lagrangian in 
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Eqs. (26.18)-(26.20) leads to 


l 2] _ 14] én | ig’ ig 
P scalar = —V Fc +n) z% E roy (v + n)Bu + ma +n): A; 
ôn _ ig’ ig 
n E 2 rae 5 (v +n)t ` Auf x, (26.25) 


Here x; = ( y j An evaluation of the potential term, utilizing the 


minimization condition in Eq. (26.22), gives 


1 2 ) 
V [3e +0? | = Sw +n? + o+ (26.26) 


a A 
=? @ +912) + (20) nt (F) 


Note that there is no term linear in 7 when one expands about the true 
minimum in V. The coefficient of the term linear in 0n/0x, similarly 
vanishes in Eq. (26.25). 

The remaining boson interactions in scalar are proportional to 


x| (g! By + et Ape! By + gT Ay 
= x| (g° B2 + gA? + 2ge'Byt ` Au) 
22 242 3 
= (g? B} + g° Aj — 2gg'B, AQ) (26.27) 


Hence the scalar lagrangian in the unitary gauge is given by 


1I any j 1 
H 
1 
ua n)’ (g? By, + gA? — 2gg'B, AQ) (26.28) 


The term in v? in the second line now provides the sought-after mass 
for the gauge bosons. The coefficient of this term is a quadratic form in 
the gauge fields, which can be put on principal axes with the introduction 
of the following linear combinations of fields: 


1 
+) = eS (1) 2 
WY) = Wr p^ +iA®) 
z 1 : 
WO = W,= par — iAP) 
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Zi = EA g B 
BO ge E 
'AG) + gB 
AS a (26.29) 


(g? + ¢2)172 
The fields (Wi , W) will create particles (Wit , W; ), respectively, the third 
field describes a neutral Zz vector boson, and the fourth is the pho- 


ton field. The relation between (By, AQ) and (Z,,A,) is an orthogonal 
transformation. Note in particular that the weak angle is defined by 


1 


£ 
(g? + g!2)1/2 


The scalar lagrangian can thus finally be written in the unitary gauge as 


sin Ow (26.30) 


1} fon \? J 1 
= | Dy 2d 3 4, +22 
L scalar = 7 (2) | ( 2u )n | gn +n ) 4” v 
1 1 1 R 
STE e Aa r Wal 
1 2 12 2 2 x 
=g +i +g Zi + 2g Wa Wi] (26.31) 


The first term in the first line is the lagrangian for a free, neutral scalar 
field of mass —2u4? — the Higgs field; this is the only remaining physical 
degree of freedom from the complex doublet of scalar fields introduced 
previously, in this unitary gauge. The second term describes cubic and 
quartic self-couplings of the Higgs field; the third term in the first line is 
simply an additive constant. The terms in the second line proportional to 
the constant v? represent the quadratic mass terms for the gauge bosons. 
Note, in particular, that no mass term has been generated for the photon 
field, which thus remains massless, as it must. Finally, the terms in the last 
line proportional to (2vn + n?) represent cubic and quartic couplings of 
the Higgs to the massive gauge bosons. 

Since the transformation in Eqs. (26.29) is orthogonal, the quadratic 
part of the kinetic energy of the gauge bosons remains on principal axes 
and Eq. (26.15) can be rewritten as 


AN 1 1 
ÑL gauge = 72 Wry Wv E gw Zw 3; gww 
2; 
-SFs . (A; X Ay) — E (A; x A,)? (26.32) 


Here the field tensors are defined by the linear Maxwell form V,, = 
OV, /0x,—OV,/0x, and the original gauge field A, in the nonlinear terms 


26 The standard model 239 


must still be expressed in terms of the physical fields defined through Eqs. 
(26.29). The second line in the above result represents cubic and quartic 
couplings of the physical gauge fields. 

The particle content of the theory is now made manifest in this unitary 
gauge, since the free lagrangian has the required quadratic form in the 
kinetic energy and masses. In addition to the original (still massless!) 
fermions, the theory evidently now contains 


1. A massive neutral weak vector meson Z 7 with mass given by 


DS? | g2 
M3 vg +s ) (26.33) 
2. Massive charged weak vector mesons wE with masses 
vg? 
My = neS M3 cos? Ow (26.34) 
3. A massless photon 
2 = 
M = 0 (26.35) 


The lagrangian retains the exact local U(1) gauge invariance generated 
by the electric charge Ô, corresponding to QED. 

The total lagrangian for the standard model as presented so far is the 
sum of the individual contributions discussed above 


L = L lepton + Z nudeco + L gauge + Z oalar (26.36) 


Note that this lagrangian now contains all the electroweak interactions 
[Cu83, Wa95]. The coupling of the leptons to the gauge bosons follows 
immediately from Eqs. (26.16) and (26.29)6 


+ g 3 (— x 
D = 22 P Wat i Wr 
(0) _ & W 
Piston = Ero A Zy 
Liepton = EA (26.37) 


Here the electric charge e, is defined by 


= gg' 


6 The details of this algebra are provided in [Wa95]. 
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The lepton currents are given by the following expressions 


JP = idm + ysy 


P = 1 
Ja = TWP p [-5a -9 yı 


JO = ull +73)5t301 — 2sin? Ow ji (26.39) 


The interaction of the point nucleons with the gauge fields takes exactly 
the same form as in Eqs. (26.37), with hadronic currents given by 


SE = ipy(l+ys)tey 


; e L 
= ipn [30+] 


1 ; 
IP = HP + 95)573p — 2sin? OwJ (26.40) 


The lepton and nucleon doublets appearing in these currents are defined 


by 
= (” =| Y 26.41 
ii ( We ) i ( Wn ) l ) 


An analysis of the S-matrix for single, heavy weak boson exchange 
shows how interactions with the gauge bosons of the form in Eqs. (26.37) 
lead to an effective current—current lagrangian in the low-energy, nuclear 
domain where q? « Mj,, M3. In particular, comparison with that analysis 
immediately establishes the following relationships between the gauge 
couplings and masses of the standard model and the traditional weak 
Fermi coupling constant [Wa95] 

2 2 
T geet e & (26.42) 
J2 8M} 8M3 cos? Ow 


It is also evident that the total weak currents here receive additive 
contributions from the leptons and hadrons 


I @) = J Œ (hadrons) + j® (leptons) 
gy = £ (hadrons) + i) (leptons) (26.43) 
The semileptonic parts of this effective low-energy lagrangian form the 


basis of most of the nuclear applications. Formulation in terms of quarks, 
discussed below, simply changes the underlying structure of Y (hadrons). 
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The corresponding effective four-fermion lagrangians are [Wa95] 


LR = 7 {[pera(l +7s)Wy, + (e > WIL) (hadrons) (26.44) 
+liby,2a(1 + ys)pe + (e > WLFS (hadrons) 

a = - [Preta + y5)yr, + (e > u)] #0 (hadrons) 

n = -2 [Pera + y5)pe — 4 sin? Ow hers Pe + (e > p)| 2P 


i 
The theory as formulated assumes massless fermions. The fermion mass 
is now put in by hand. One adds Yukawa couplings of the fermions to 
the previously introduced complex scalar field that preserve the local 
SU(2)w ® U(1)w local gauge symmetry. One such coupling is introduced 
for each fermion field. The fermions then acquire mass when the scalar 
field develops its vacuum expectation value. As a consequence of this 
procedure, each fermion also has a prescribed Yukawa coupling to the 
fluctuation of the scalar field about its vacuum expectation value — the 
real scalar Higgs. We illustrate the procedure in the case of leptons.’ 
Start with the following lagrangian with Yukawa couplings of the fermi- 
ons to the complex scalar field and invariant under local SU(2)w ® U(1)w 


Lin =—GeR(H L) + he. (26.45) 


Each term is a weak isoscalar, and each term is neutral in weak hy- 
percharge (Table 26.1). Now with the previously discussed spontaneous 
symmetry breaking, and in the unitary gauge ¢ is given by Eq. (26.24). 


Substitution into Eq. (26.45) and the use of Eq. (26.9) then gives 


26: fio, =e +n) ( s ) \ + h.c. 
= Gee 


n 
ager 
The first term is the sought-after fermion mass (there is one adjustable 
coupling constant for each fermion mass in the theory). The second term 
is the remaining Yukawa interaction with the real scalar Higgs particle, 
with a prescribed coupling determined by the mass of the fermion. 
The deeper formulation of the electroweak theory is in terms of quarks. 


At first glance, one might expect that the first quark weak isodoublet 
would just be that constructed from (u,d) quarks. The actual quark weak 


L int 


v 


Gee (26.46) 


1 For point nucleons see [Wa95]. 
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isospin doublets that couple in the electroweak interaction have a more 
complicated form [Ca63, G170]. They are 


= uL = UL 
wee ( dr cos 0c + sz sin Oc ) = ( deL ) (26.47) 


CL CL 
QL = ( <Gieinion a hoes ) = ( Der ) ; weak doublets 
The fact that it is a rotated combination of fields in the charge-changing 
current, which includes a small strangeness-changing component, was first 
noted by Cabibbo [Ca63]. The discovery that one requires a second doublet 
with an additional c quark and the orthogonal rotated combination is due 
to Glashow, Iliopolous, and Maiani (GIM) [G170] who predicted the 
existence of the c quark on the basis of the arguments given below.® 
As before, the right-handed quark fields form weak isosinglets 


UR, dR, SR, CR ; weak singlets (26.48) 


The quarks are assigned the weak quantum numbers in Table 26.2. The 
assignments are again made so that the electric charge operator is 


ô = + Pw (26.49) 


Because one has two orthogonal linear combinations, the following 
(GIM) identity holds 


dede + D:De = (dcos0c +3sinOc)(dcos 0c + ssin 0c) 
+(—d sin 0c + 5cos 0c)(—d sin Oc + s cos 0c) 
= dd+5s (26.50) 


No off-diagonal, strangeness-changing terms appear in this expression; 
as a consequence, the neutral currents generated in the standard model 
have no lowest-order strangeness-changing components — an empirical 
observation that was the primary motivation for the introduction of the c 
quark in [GI70]. 

The GIM identity can be used to rewrite the non-interacting quark 
kinetic energy as 


_ _ ô 
Pyuark = — |G TA Oyu 7x, 2! (26.51) 


ô k ô ô 


8 The extension to include still another (heavy) quark family is discussed in [Wa95]. 
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Table 26.2. Weak isospin and weak hypercharge assignments for the quarks. 


Field /particle 4L QL UR dr SR CR 
Tw 1/2 1/2 0 0 0 0 
Yw 1/3 1/3 4/3 —2/3 —2/3 4/3 


The covariant derivatives acting on the quark fields are as before (see 
Table 26.2) 


ə . f 
Co = 58 YwB, = 58t ` Ap) ; on isodoublets 
H 
ə ; 
x = 58 Yw By) ; onisosinglets (26.52) 


The gauge boson and Higgs sectors of the theory are exactly the same 
as discussed above. The electroweak currents representing the interaction 
with the physical gauge bosons can also be identified exactly as before 
[Wa95]. The charge-changing weak current is given by 


J = igyal t+ ys)teq + iOy,(1 + ys)t4O 
J = iuy,(1+ys)(dcos0c + ssin 0c) 
+ity,(1 + y5)(—d sin 0c + scos c) (26.53) 


Note it is the Cabibbo-rotated combination that enters into these charge- 
changing currents. The electromagnetic current of QED is just the point 
Dirac current multiplied by the correct charge 


ida. : ie x 
Sh Si z (Huu + Cyc) 3 (Aud + Syys) (26.54) 


The weak neutral current is 


1 = 1 A 5 
PO = iM + y5)5134 + irll + ys)3130 — 2sin? Ow), 


2 
i z - = 
AO = ziya + ys)u + Cra + ys)e — yaC + 75)d — Syu(L + 75)] 
—2 sin? OJ} (26.55) 


The second equality follows with the aid of the GIM identity. Terms of 
the form (Sd) or (ds) have been eliminated; hence there are no strangeness- 
changing weak neutral currents in this quark-based standard model, as 
advertised. 

The quarks can be given mass in the same fashion as were the leptons 
above, although the argument is somewhat more complicated in the case 
of quarks [Ab73, Cu83, Wa95]. 
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How does the standard model of electroweak interactions get combined 
with QCD, the theory of the strong forces binding quarks into hadrons? 
Consider for simplicity the nuclear domain of (u,d) quarks. Quarks now 
carry an additional color index that takes three values (R, G, B), and the 
quark field gets extended to 


Le ( d ) == ( in ie Fs ) =(pr.yo.ps) (26.56) 


These get combined into a three-component (actually multicomponent) 


field Y 
WR 
WG (26.57) 
WB 


Let © be a matrix that is the identity with respect to color, but an 
arbitrary matrix O with respect to flavor 


O 
0 = o ) (26.58) 
o 


Then under the extension of the quark fields to include color, all elec- 
troweak currents are defined to be correspondingly extended to 


Ill 


Y 


PyOp > PrypOwrt PaypOypc + PBY OPB 
= Py OY (26.59) 


Such currents are evidently invariant under strong SU(3)c. 
The full lagrangian of the strong and electroweak interactions thus takes 
the form (see [D093] for an extended discussion) 


L = P+ tA (26.60) 
This lagrangian is locally gauge invariant under the full symmetry group 
SU(3)c Q SU2Q)w Q) UDw (26.61) 


This full theory is renormalizable. It has the following characteristic prop- 
erties: 


e The electroweak interactions are colorblind — they are the same, 
independent of the color of the quarks; 


e The gluons are absolutely neutral to the electroweak interactions — 
the electroweak interactions couple to the quarks. 
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Let us examine the implications of this development for nuclear physics. 
To summarize the weak and electromagnetic quark currents in the stan- 
dard model, we have 


J) = itty, (1 + ys)[dcos Oc + ssin Oc] 
+icy,(1 + ys)[—d sin ðc + scos 0c] 
i = 
Sy) = lyu + ys)u + Eyll + ys)e 
—dy,(1 + ys)d — 3y,(1 + y5)s] — 2 sin? 0w J) 
; a re - 1- z 
Ji = i 3 (Wu + pyc) — (dnd + SyyS) (26.62) 


Each current is actually a sum over three colors }ooojo;s(** +) leading to an 
operator which is an SU(3)c - singlet as discussed above. 

To a good approximation, the hadrons that make up the nucleus are 
composed of (u, d) quarks. As a starting point for nuclear physics, consider 
that subspace of the full Hilbert space consisting of any number of (u, d) 
quarks and their antiquarks (ū, d). We refer to this as the nuclear domain. 
The quark field in this sector takes the form 


p = ( j ) ; nuclear domain (26.63) 


Assume that the (u,d) quarks have the same mass in the lagrangian; 
they are in fact both nearly massless. In this case, the lagrangian of 
the strong interactions, with the full complexity of QCD, has an exact 
symmetry — the SU(2) of strong isospin. This is the familiar isotopic spin 
symmetry of nuclear physics. It is important to note that one still has the 
full complexity of strong-coupling QCD with colored quarks and gluons 
in this truncated flavor sector of the nuclear domain; nevertheless, one 
can draw conclusions that are exact to all orders in the strong interactions 
using this strong isospin symmetry. 

The quark field y in Eq. (26.63) forms an isodoublet under this strong 
isospin. The quark currents in Eqs. (26.62) can then be written in terms 
of this isospinor in the nuclear domain as follows 


‘ z 1 1 
Ja = iya CEJL 
JP = iy (l+ys)tsy 


f 1 ae 
AD = Hh +s)5t3y — 2sin? Ow, (28:04) 


The properties of these currents under general symmetry properties of the 
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theory now follow by inspection [Wa95] 


Su = Int Ius oe ae 
JP = oY +i ar ; isovector 
TEE J + Jr ; EM current 
IE = J ; CVC 
go = JY — 2 sin? OwJ, ; standard model (26.65) 


Here the Cabibbo angle has been absorbed into the definition of the 
hadronic weak charge-changing Fermi coupling constant 


G® = G cos bc cos 0c = 0.974 (26.66) 


Note that the numerical value of cos Oc is, in fact, very close to 1 [Cu83]. 

The first of Eqs. (26.65) indicates that the weak current is the sum of a 
Lorentz vector and axial vector, the second that the charge-changing weak 
current is an isovector, and the third that the electromagnetic current is 
the sum of an isoscalar and third component of an isovector. The fourth 
equation is the statement of CVC. The conserved vector current (CVC) 
relation states that the Lorentz vector part of the weak charge-changing 
current is simply obtained from the other spherical isospin components of 
the same isovector operator that appears in the electromagnetic current. 
As a consequence, one can relate matrix elements of the Lorentz vector 
part of the charge-changing weak currents to those of the isovector part 
of the electromagnetic current by use of the Wigner—Eckart theorem 
applied to isospin. The resulting relations are then independent of the 
details of hadronic structure; they depend only on the existence of the 
isospin symmetry of the strong interactions. CVC is a powerful, deep, 
and far-reaching result, for it established the first direct relation between 
the electromagnetic and weak interactions which a priori have nothing to 
do with each other! All known applications of CVC are consistent with 
experiment. The last of Eqs. (26.65) exhibits the structure of the weak 
neutral current of the standard model in the nuclear domain. 

If the discussion is extended to that sector of the full theory with no 
net strangeness or charm, and the electroweak interactions are treated in 
lowest order, then the first four of Eqs. (26.65) still hold; however, the weak 
neutral current is modified by the addition of an isoscalar contribution 

59) = Eyll +73) — yl + 75)5 (26.67) 
In this sector of the theory, (s,c) quarks and their antiparticles (5,¢) enter 
through loop processes. 
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Parity violation 


We are now in a position to understand the standard model founda- 
tion of the analysis carried out in chapter 16 of parity violation in the 
process A(é,e’), where A includes the nucleon. The Feynman rules for 
the diagrams shown in Fig. 16.1 follow immediately from the lepton 
currents in Eqs. (26.39) and quark currents in Eqs. (26.54) and (26.55). 
The result is the S-matrix in Eq. (16.1). The analysis in chapter 16 then 
leads to the general expression for the parity-violating asymmetry given 
in Eq. (16.20), where the response functions are defined in terms of 
matrix elements of the current by Eqs. (16.21, 16.22). One application 
has already been presented in chapter 16. Here we briefly discuss two 
others. 

The measurement of parity violation in the scattering of longitudinally 
polarized electrons in deep-inelastic electron scattering from deuterium 
at SLAC is a classic experiment which played a pivotal role in the 
establishment of the weak neutral current structure of the standard model 
[Pr78, Pr79]. 

The analysis of parity violation in inclusive DIS in the quark—parton 
model was given in the end of chapter 16. The response functions wis and 
wit are given in terms of the quark charges and momentum distributions 
by Eqs. (16.35) and (16.37). The electromagnetic and weak neutral charges 
of the quarks follow from the discussion in chapter 26; they have already 
been presented in Table 16.1. 

Here we carry out a very simplified calculation of *H(é,e’) in the deep 
inelastic region [Wa95]. Assume Fond angles with 0e — 0 as in the 
SLAC experiment. Assume also that sin? Ow ~ 1/4. It follows from Eqs. 
(16.2) and (16.20) that the asymmetry is then given by 


Ga? | vWay, D 
4ra 2 v W2(v,q?) 


(27.1) 
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Fig. 27.1. SLAC results for parity-violating asymmetry for scattering of longi- 
tudinally polarized electrons from deuterium at forward angles in DIS region 
[Pr78, Pr79]. Here y = (Eo — E')/Eo. The result in Eq. (27.4) is also shown. 


For a nucleon, assume the nuclear domain with just three valence 
quarks, and assume that the quark distribution functions f;(q?) are, in 
fact, identical for these valence quarks. If this is the case, the required 
ratio of structure functions reduces simply to a ratio of charges 


vW a 29701” 
v Wa(v, 47)? L(Y 
The target in the initial SLAC experiment was a deuteron, which 
consists of a very loosely bound neutron and proton. In this case, the 
cross sections are just an incoherent sum of the cross sections from the 
nucleon constituents. An incoherent sum of the corresponding structure 
functions yields 


a, = 24 A OTEO 
N Ana” | EOP] + E]n 
A proton consists of (uud) and a neutron of (udd) valence quarks. The 


required charges may now be read off directly from Table 16.1. The result 
is 


(27.2) 


(27.3) 


ty = —-— =e (27.4) 


The SLAC results are shown in Fig. 27.1. The simple result in Eq. (27.4) 
is also indicated. It gives a very nice first explanation of the data. A 
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much more sophisticated analysis of the parity-violating DIS process is 
presented in [Ca78]. 

As a second example, consider parity violation in elastic scattering 
from the nucleon. The single-nucleon matrix element of the weak neutral 
current in the standard model must have the general form! 


i _ 
(PF OID) = FEED yy + FY wd» + Fy Ysu — iFP ysqulu(p) 
(27.5) 


The matrix element of the electromagnetic current has the form given 

in Eqs. (19.6) and (19.7). It is then simply an exercise in Dirac algebra 

to show that for relativistic electrons the parity-violating asymmetry for 
N(é,e)N is given by [Po87] 

A furi + q°(F3)"] cos? an CEEA ) sin? 4 = 

: 2 2m? 2 


Gq? 


“naj )! 


ing/2 0 rey : 
a je coa at į? sin? 5 G} (1 — 4 sin? on (27.6) 


[FOR + FOF] cos l + Go Ge ane 
5 2° 2m Meias D, 


Here the Sachs form factors are defined by 


Gm = F,+2mF2 
q? 
F, — —F, (27.7) 
2m 
The discussion in chapter 26 implies that within the framework of QCD 
in the nuclear domain of equal mass (u,d) quarks (which implies strong 
isospin invariance), the form factors appearing in this expression must 
have the form 


GE 


F = Fh -—2sin OF}, 
FO = FY (27.8) 


Here F? 7 are obtained from electron scattering and FY from charged 
current semi-leptonic weak interactions. 

In the extended domain of (u,d,s,c) quarks and strong isospin in- 
variance, Eq. (26.67) implies there is an additional isoscalar term in the 


' Hermiticity of the current again implies that the form factors in this expression are real. 
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Fig. 27.2. Average value of raw asymmetry (difference/sum) observed with 
longitudinally polarized electron beam on a proton target for each data set. Odd 
data sets have the half-wave plate inserted in the laser beam (at the injector) and 
are expected to have the opposite asymmetry. Note the scale is parts per million 
(ppm). From the HAPPEX experiment at CEBAF [An99]. 


weak neutral current, so each of the form factors will have an additional 
isoscalar contribution 


FO > FO + ôF’ (27.9) 


A parity-violation experiment to determine the distribution of weak 
neutral charge in the proton has been carried out at CEBAF. Figure 27.2 
shows the measured asymmetry when nothing but the incident photon 
polarization is reversed at the injector on a macroscopic time scale using 
a half-wave plate. In the nuclear domain with only the light u and d 
quarks and their antiquarks, the weak neutral charge distribution should 
be identical to that of the electromagnetic charge. Any difference must 
arise from s (heavy) quarks. No difference is found, a result which has 
profound implications for our understanding of the structure of matter. 

In more detail, a measurement of the parity-violating electroweak 
asymmetry in the elastic scattering of polarized electrons from the pro- 
ton is presented in [An99]. The kinematic point [(Oja5) = 12.3° and 
(Q?) = 0.48 GeV’c~?] is chosen to provide sensitivity, at a level that is 
of theoretical interest, to the strange electric form factor Gs. The result, 
A = —14.5 + 2.2 ppm, is consistent with the electroweak standard model 
and no additional contributions from the strange quarks. In particular, 
the measurement implies GS +.0.39G%, = 0.023 40.034(stat) +0.022 (syst)+ 
0.026 (dG), where the last uncertainty arises from the estimated uncer- 
tainty in the neutron electric form factor. 


28 


Excitation of nucleon resonances 


One of the primary goals of electron scattering experiments is to 
understand the internal structure of the nucleon, both its static and 
dynamic properties. Ultimately, electron scattering data will provide 
benchmarks against which the theoretical predictions of QCD can be 
compared. 

Elastic scattering from the nucleon has been discussed in chapter 22. 
There are no discrete bound states of the nucleon as there are in nuclei, 
and thus excited states of the nucleon show up as resonances in particle 
production processes. This is analogous to the situation with giant res- 
onances in nuclei which lie above particle emission threshold. Nucleon 
resonances are characterized by strong interaction widths, a typical value 
for which is given by the time it takes a light signal to travel a pion 
Compton wavelength, or I ~ fic/(h/mzc) ~% mc? œ 135 MeV. 

The first inelastic process on the nucleon occurs with the production of 
the lightest hadron, the pion. The coincidence cross section for the reaction 
N(e,e’72)N follows immediately from the general analysis in chapter 13. 
The angular distribution in the C-M system for arbitrary nucleon helicities 
is given by Eq. (13.68). If the nucleon target is unpolarized and its final 
polarization unobserved, the angular distribution reduces to that given in 
Eqs. (13.71) and (F.9). The analysis of pion electroproduction starting from 
the covariant, gauge invariant S-matrix and reducing it to the contribution 
of multipoles leading to states of definite J” in the final n-N system is 
presented in detail in appendix H. Such a decomposition forms the basis 
for current phenomenological analyses of coincident electron scattering 
experiments aimed at extracting properties of nucleon resonances. Exist- 
ing pion electroproduction data is presented in [Br82, Br83, Fo83] and 
discussed further in [Bu94]. The reader is referred to these references for 
previous applications. 

To get some idea of the quality of the data that is now becoming 
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Fig. 28.1. Preliminary angular distribution data do/dQ, in ub/sr for process 
p(e,e’z*)n on the first nucleon resonance from Hall B collaboration at TINAF 
[Eg01]. Here k? = 0.40(GeV/c)?, W = 1.230 GeV/c’, Ak? = 0.100(GeV/c)’, and 
AW = 0.020 GeV/c’. The plots are vs. $* = 2/2 — ¢, for various 04. The author 
is grateful to H. Egiyan for preparing this figure. 


available on the coincident electropion production process, we show in 
Fig. 28.1 some of the very first results for the process p(e, e’ z+ )n from the 
Hall B collaboration at TJNAF [Eg01]. 


QCD-inspired models of the internal structure of the nucleon give rise 
to a rich structure of dynamic excitations. One now has a quark-based 
picture of the underlying structure similar to that of the periodic table 
of the elements in atomic physics, or the shell model in nuclear physics 
[Bh88, Wa95]. The M.I.T. bag models confinement and asymptotic freedom 
with three massless quarks moving in a vacuum bubble [Ch74, Ch74a, 
De75, Ja76]. The constituent quark model has three non-relativistic quarks 
with masses m, ~ M/3 moving in a confining potential, for example, a 
harmonic oscillator [Is77, Is80, Is81, Is85]. Electron scattering coincidence 
studies of reactions proceeding through these resonances N(e,e’)N* —> 
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Fig. 28.2. (left) Existing world’s data on Re (El, M1+)/|Mi+ 2 at the A(1232) as 
of CEBAF PR89-037 [Bu89, Wa93]. Here k = Q. 


Fig. 28.3. (right) Projected range and error bars on Re (Ef, Mi+)/|Mi4|? at the 
A(1232) in CEBAF PR89-037 [Bu89, Wa93]. Here k = Q. 


N(e,e'X)N promise to teach us much about the internal dynamics of the 
nucleon [Bu94].! 

The quark model prediction for electron excitation of the first excited 
state of the nucleon, the A(1232), has been examined in chapter 24. It is 
clear from Fig. 12.8 that this first excited state is seen experimentally as a 
nice, isolated resonance. 

The electric quadrupole transition amplitude E} to the A(1232) with 
(J",T) = cee 3) is particularly interesting. Quark bag models of the nu- 
cleon, with a one-gluon exchange interaction, indicate that the bag may 
deform — similar to the deformation of the deuteron arising from the 
tensor force. As with even—even deformed nuclei, the nucleon can have no 
quadrupole moment in its ground state, so the most direct evidence for 
such an intrinsic deformation would show up in this transition amplitude. 
In the quark model, the transition amplitude to the P33(1232) is predom- 
inantly a spin-flip magnetic dipole M;,. The E;+ is, in fact, observed to 
be small, and it is currently only very poorly known. This is illustrated in 
Fig. 28.2, which shows the existing world’s data on Re (E},Mi+)/|Mi+!? 
at the A(1232) as of the proposal CEBAF PR 89-037 [Bu89]. Figure 28.3 
shows the projected range and error bars in that proposal [Bu89]. Note, in 
particular, the expansion of the vertical scale in this second figure. At TJ- 
NAF (CEBAF), the internal dynamics of the nucleon will be studied with 
unrivaled precision. These measurements will provide deep insight into the 
dynamical consequences of QCD. The accurate new data will continue to 


'See this review article [Bu94] for an extensive list of further references on electron 
excitation of the nucleon and the quark model. 
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Fig. 28.4. Preliminary results obtained for E,, by the Hall B collaboration at 


TJNAF from the reaction p(e,e’x°)p [HB01]. The author is grateful to V. Burkert 
and C. Smith for the preparation of this figure. 


provide benchmark tests for theoretical quark-model and QCD descriptions 
of the nucleon — the basic building block of matter. 

Figure 28.4 shows actual data on this ratio obtained from an analysis 
of the process p(e,e’ 2°)p by the Hall B collaboration at TINAF [HB01]. 
Note the quality of these results. 

It is evident from Fig. 12.8 and the Particle Data Book that the higher 
nucleon resonances are many, broad, and overlapping. It will be a challenge 
to isolate the individual resonance contributions, particularly when there 
is a substantial background contribution as is evident from Fig. 12.8. A 
second challenge is to have a completely relativistic description of the 
quark bound-state structure of the nucleon; this is essential when one 
goes to momentum transfers k? >> m? 

As first shown in a non-relativistic static model by Chew and Low 
[Ch56a], and subsequently generalized to the relativistic case [Ch57, Fr60], 
the A(1232) can be alternatively obtained as a dynamic resonance in 
a pion—nucleon field theory (QHD). Here, instead of starting at short 


? Relativistic corrections to the constituent quark model are examined in [Ca86, Ca87]. 
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Fig. 28.5. Electroexcitation of the first nucleon resonance. 


Fig. 28.6. Generalized Feynman amplitude used as the excitation mechanism in 
the |zN) channel for the A(1232) [Pr69, Wa72]. It is assumed that F, ~ FY. [For 
the last graph, which plays a minor role for the A(1232), gor, is obtained from 
o—>nt+y, and gor,8onn from an overall fit to the inelastic resonance spectra; 
it is assumed that For, ~ FY /FY (0)] 


distances with an asymptotically free quark model, one starts at large 
distances with a pion—nucleon description of the structure of the nucleon. 
Electron excitation of this resonance can then be viewed as an excitation 
process into the proper z—N channel followed by a dynamic final-state 
enhancement that builds up the resonance, as illustrated in Fig. 28.5. 

As a model for N(e,e’)A consider the following [Wa68, Pr69, Wa72] 


5 B alhs( W, k?) 
a(W,k ) — ~ D(W) 
7 1 2 8(W')dw' 
D(W) = exp { al aa} (28.1) 


Here a''S(W,k?) is the appropriate multipole projection of a set of Feyn- 
man graphs thought to play an important role in the excitation of the 
resonance and D(W) is a final-state enhancement factor. The sum of 
excitation graphs is treated as a generalized Feynman amplitude in that 
renormalized coupling constants and electromagnetic form factors F(k?) 
are used at the vertices; the justification for this procedure is that this am- 
plitude has the correct left-hand singularity structure arising from the pole 
terms in a dispersion treatment of this process [Fu58]. The graphs used 
in the present calculation [Wa68, Pr69, Wa72] are shown in Fig. 28.6. The 
multipole projections are obtained through the analysis in appendix H. 
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The excitation amplitude arising from the first three graphs is constructed 
below. 

Division of numerator and denominator in Eq. (28.1) by D(M;) changes 
nothing and 


D(Ms) 


T 


DW) _, l a. ôW’) dW’ 


= m (W! — MW — W — =} (28.2) 


This relation provides additional convergence. If one assumes that a(W, k?) 
= a''s(W,k?) at a given point, as in [Ch56a] where in the static limit one 
has a simple pole at W = M, then the quantity M, is determined.* 

This is a very simple model; but, it has several features to recommend 
it: 


1. It has the correct analytic properties since a”$(W ,k?) has the correct 
left-hand singularities and D(W) has the right-hand unitarity cut; 


2. It has the correct threshold behavior in both |k*| and |q| [Bj66]; 


3. It satisfies Watson’s theorem a = |ale® on the physical cut [Wa52]; 
here ô is the strong interaction z—N phase shift (see appendix H); 


4. It is an approximate solution to the integral equation of Omnes 
[0Om59]; 


5. The electroproduction amplitude resonates at the same Wp as elastic 
scattering; 


6. The calculation is completely relativistic; 
7. The current is conserved; 


8. The k* dependence is explicit. 


Let us elaborate on some of these points. The problem of constructing 
an analytic function a(W,k*) with a specified set of left-hand singularities 
in W given by alS(W,k?), where a”S(W,k?) is real on the physical real 
axis and where the overall amplitude obeys Watson’s theorem there, was 
formulated by Omnès as an integral equation [Om59] 


1% eW sin 5(W') a(W’, k2) 


Wk? = Ihs W,k? 
Aa RA S E W'—W-—ie 


dW’ (28.3) 


3 The calculation shown uses M, = 0.95M and Re6(W) everywhere in the integral. 
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The solution to this integral equation for Wọ < W < œ was also given 
by Omnès [Om59] 


a(W,k?) = em) a w.t2) saw) 


co „lhs 2 i —p(¢) 
pem? | a (¢,k ) sin ô(¢)e dé (28.4) 
T JW E—W 
In this expression FY is the Cauchy principal value and 
P f” ô(Ç) dé 
W) = Í 28.5 
pW = "E E (28.5) 


Assume now that a”S(W,k?) varies only slowly over the region where 
sind(W) #0 on the physical cut, and factor it out of the integral. It then 
follows that 


a(W,k2) = al™(W,k2) x(W) 
1 Cc 
IW = yW) exp {> f sor yaw' 


1 £2 6(W')dW’ 

W — 
pw) exp | T pe 
1 J sin 6(€) dé = | P f d(C) dl 
Tt Jwč—W —ie nm Jw ¢—€ 

The evident analytic properties of y(W), and the observation that y — 1 
as |W| — oo, allow one to write an unsubtracted dispersion relation for 
w(W) —1. A simple calculation shows that on the right-hand physical 
cut the discontinuity of this function vanishes, hence one concludes that 
yp(W) = 1! 

It follows that 


l 


yowo] 


(28.6) 


Ihs 2 
2. _ a (W,k ) 
= 1 2 8(W')dw' 
D(W) = exp | al WWE (28.7) 


This is just Eq. 28.1. Here D(W) serves as a final-state enhancement factor, 
and this final-state enhancement factor satisfies Watson’s theorem 


D(W) = |D(W) |e?) ; W > Wo (28.8) 
D(W) is purely imaginary at a resonance in elastic scattering where 
6(Wr) = 7/2. A Taylor series around the resonance then gives 
dRe D(W) 
dw ie 


D(W) ~ (W — Wr) | +i Im D(Wp) (28.9) 
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The electroproduction amplitude in this channel then resonates at the 
same Wp and has a Breit—Wigner form. 

Finally, consider the Feynman diagrams in Fig. 28.6 as the excitation 
mechanism for the production of the low-lying nucleon resonances in Fig. 
12.8. Treat these as generalized Feynman amplitudes using renormalized 
coupling constants and physical electromagnetic form factors F(k?) at 
the vertices; again, the justification for this procedure is that these terms 
give the correct pole contributions in the dispersion relations for the 
electroproduction amplitudes [Fu58]. The contribution of the nucleon and 
pion pole terms takes the form [Wa95] 


4nW 7 1 = 
(Fe) Fie; = gipa) StM + da MP + Sleat] MO) wpe; 
i 1 i i 
MP =s > pam FS) ai pkp] 
l , 1 
+silF Py — FP opk] =y 
1 2 eesi M 
: (2q —k), 
ifiys Gere (28.10) 


Here the spinor normalization is au = 1, the Feynman notation @ = a,y, 
is employed, and the form factors are given by 


2FO = FS ;5=4+1 3; fo=0 
2FO) = FY s;s,=41 3; f,=0 (28.11) 
2FO)=FY 3s =-1 ;f_=1 


If one assumes that F,(k*) ~ F K (k?) in the region of interest, then the 
replacement ¢, — k, gives zero; hence one concludes that this current 
is explicitly conserved. Multipoles can be projected from this amplitude 
through the procedures in appendix H. 

The model presented here [Wa68, Pr69, Wa72] is a simple synthesis and 
summary of a great deal of theoretical work on N(e,e’)A(1232) within 
a hadronic framework [Fu58, De61, Vi67, Za66, Ad68]. The result is 
shown as the theoretical curve in Fig. 12.9. Note that this QHD picture 
of the cross section to the first excited state of the nucleon holds out 
to k? ~ 4GeV’ = 100fm7?. The individual helicity amplitudes, which 
provide a much more detailed test of the picture, are compared with early 
experiments in [Pr70]. A coupled channel extension of this model exists 
that describes the inelastic form factors in the higher resonance regions in 
Fig. 12.8 [Pr69, Wa72]. 

Precise coincidence studies and measurement of all the amplitudes for 
all the excited states of the nucleon out to high k? will further challenge 


28 Excitation of nucleon resonances 259 


our understanding of the internal dynamics of the nucleon. Of major 
importance is the synthesis of a relativistic quark description of the 
internal dynamics of the nucleon with a meson field theory description 
of the dynamics of its external structure.+ Ultimately, electron excitation 
of the nucleon will provide benchmark tests of ab initio calculations of 
QCD, perhaps through lattice gauge theory [Wi74]. 


4 Various hybrid bag models are examined in [Bh88, Wa95]. 
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TJNAF(CEBAF) 


A top priority for the field of nuclear physics in the U.S. since the late 
1970's, the Thomas Jefferson National Accelerator Facility (TJNAF) was 
approved for construction by Congress in 1987. This project was originally 
called CEBAF, the Continuous Electron Beam Accelerator Facility. It 
came into operation in Newport News, Virginia, in 1994. The first physics 
results were reported at the Particles and Nuclei International Conference 
(PANIC) held at the College of William and Mary in Williamsburg in 
1996. The experimental program at TJNAF is now fully underway, and 
one can look forward to a steady output of significant experimental results 
providing insight into the structure of hadronic matter well into the 21st 
century. 

Some of the new experimental results from TJNAF have already been 
referred to in this book, and we discuss more of the anticipated program 
in the next chapter. In order to fully understand the future opportunities 
this facility provides, we present a brief overview of the existing accelerator 
and major experimental equipment. 

There is no single feature that makes TJNAF unique; each of the 
characteristics has been achieved previously at one location or another. 
Rather, it is the combination of properties that makes TJNAF (CEBAF) 
the world’s most powerful microscope for looking at the nucleus. A 
schematic of the accelerator complex at TJNAF is shown in Fig. 29.1. 

The accelerator itself is in the form of a racetrack 10m underground. The 
basic accelerating structure is a superconducting niobium cavity fed with 
microwave power at a frequency of v = 1497 MHz. A longitudinal electric 
field in the cavities accelerates 0.5 mm-long packets of electrons down the 
linac, which is composed of self-contained cryomodules each containing 
four cavity pairs. After exiting from the injector, the electrons are moving 
at close to the velocity of light c = 2.998 x 10!°cms~!. The wavelength 
determining the longitudinal cavity dimension is then 2 = c/v = 20.0cm, 
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Fig. 29.1. Schematic of the accelerator complex at TJNAF [Le93]. 


and the period of the field oscillation is t = 1/v = 0.668ns. The linac 
accelerates the electrons and increases the energy by 0.4GeV on the first 
pass. The electron beam is then extracted from the first linac, passed 
through its own magnetic return arc, and re-injected into a second linac 
which adds an additional 0.4GeV to the energy. The electron packets 
are again separated, magnetically returned, and re-injected into the first 
linac. It is a remarkable property of special relativity that even though the 
electrons may have different energy, they are moving with essentially the 
same velocity, namely the velocity of light c. The returned electron bunch 
can thus be placed spatially on top of a new bunch and accelerated with 
it. As designed, this process is repeated 5 times, until the electrons reach 
an energy of 4GeV.! A precise electronic timing system keeps track of the 
location of each bunch, and on the final pass, the electrons are deflected 
out of the beam by an RF separator. They are then steered magnetically 
to one of three independent end stations. The electrons can, of course, 
be extracted after fewer circuits, to provide a beam of lower energy. In 
standard operation, every third bunch is steered to a given end station. 
The time between electron bunches is then 3t = 2.00 ns during which time 
the electrons go 60.0cm. At full current, 200 uA can be placed on target 
in each end station. Since the electron bunches come continuously, instead 
of in the well-separated macropulses of a room-temperature linac which 


1 The field gradient in the CEBAF cavities significantly exceeds design specification, and 
an accelerator upgrade to 6 GeV has been carried out. 
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requires recovery time to dissipate the generated heat, one says the beam 
is continuous; the duty factor of the machine is df = 100%. An electron 
beam polarized at the photo-cathode source can be readily transported 
through the accelerator and delivered on target. Polarizations as high as 
= 75% have now been obtained. 

Although the cavities are superconducting, there are RF losses in the 
walls. The accelerating structures are immersed in superfluid tHe at ~ 2° K 
that carries off the generated heat. TJNAF is, in fact, the world’s largest 
superfluid He facility. Focusing magnetic elements keep the beam in line 
and well inside the machine aperture. The exiting beam has a remarkably 
low emittance, which means that it exits the machine as a fine pencil and 
stays that way for however far one wants to transport it on the site. The 
intrinsic energy resolution in the beam is E/E œ~ 1074 which implies 
that at 4GeV one can resolve 6E =~ 400keV in the target, well suited 
to the energy scale of nuclear physics. Since not much happens at low 
temperatures, the beam is remarkably stable once the machine is up and 
running. 

The experimental areas at TJNAF consist of three round halls of wa- 
tertank construction that are independently fed by beam, and in which 
experiments can be carried out in parallel. In electron scattering experi- 
ments, it is always necessary to have one magnetic spectrometer to detect 
the scattered electron and define the virtual quantum of electromagnetic 
radiation interacting with the target. Since one of the great advantages of 
TJNAF is the 100% duty factor that allows coincidence experiments, at 
least one additional detector is required. 

In Hall C, as illustrated in Fig. 29.2, there is a high momentum spec- 
trometer (HMS) constructed from three superconducting quadrupoles 
and a superconducting dipole (QQQD). In simplest optical terms, the 
quadrupoles act as focusing lenses and the dipole as a dispersive prism 
with which momentum measurements are made. The final particle is ob- 
served in the detector hut with an appropriate detector package. The HMS 
is capable of detecting scattered electrons with momenta up to 6 GeV c™!. 
The momentum resolution is moderate with ôp/p ~ 0.05-0.1%. The solid 
angle acceptance is sizable with AQ œ 6.7 msr and the angular coverage 
for the scattered electron is 12°—90°. Together with the HMS in Hall C, 
there is a short-orbit spectrometer (SOS) capable of detecting decaying 
secondaries with a maximum central momentum of 1.5 GeV c~! and with 
p/p ~ 0.1%, AQ = 9 msr, and angular range 12° —165°. 

In the initial commissioning phase, during the running of experiment 
E91-13, a brief test of the high momentum and short-orbit spectrome- 
ter pair for kaon detection was performed by the Hall C collaboration 
[HC96] (Fig. 29.3). In this experiment an electron collides with a pro- 
ton, the nucleus of the element hydrogen, producing an electron and a 
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Maximum Central Momentum 1.5 GeV/c 6 GeV/c 
Momentum Bite [(Pmax- Pmin)/Po ] 40% 10% 
Momentum Resolution 5p/p [FWHM] 0.1% 0.05% - 0.1% 
Solid Angie AQ. 7 msr 6.8 msr 


Fig. 29.2. Schematic of major detectors in Hall C at TJNAF [Do93a]. 
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Fig. 29.3. A brief test of the system for kaon detection in !H(e,e' K+) by the 
Hall C Collaboration during E91-13 at CEBAF [HC96, Wa97]. 


Kt meson which are detected in coincidence, along with a variety of 
other particles which are not detected. In our notation this reaction is 
1H(e,e' K+). Quarks of positive and negative strangeness are created in 
pairs in this high-energy reaction, with the Kt meson being the signature 
(and the carrier) of the positive strangeness quark. The missing mass (the 
collective masses of the unobserved particles) spectrum for this reaction, 
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Fig. 29.4. Schematic of CLAS detector in Hall B at TINAF [Do93al]. 


shown in Fig. 29.3, is indicative of the effectiveness of the system for 
kaon electroproduction studies that provide unique access to this process 
which implants strangeness (through the presence of the strange quarks) 
into the nucleus. Here the remaining A and E° hyperons produced in 
this reaction, which now carry negative strangeness, are clearly identi- 
fied. 


The CEBAF Large Acceptance Spectrometer (CLAS) is located in 
Hall B. This is a device designed to provide maximum coverage for 
particles emitted in coincidence with the scattered electron. A schematic 
of this device is shown in Fig. 29.4. Six thin superconducting current 
coils provide a toroidal field which surrounds the beam axis. Then, like 
segments of an orange, detector packages are inserted between the coils. 
The detectors contain drift chambers, Cerenkov counters, and time-of- 
flight scintillators. An electromagnetic calorimeter of segmented lead glass 
mounted in the forward direction allows one to detect the scattered 
electron. While the momentum resolution for the final electron is mod- 
est Op/p ~ 1%, the detector is able to handle luminosities as high as 
10*4cm~*s~! and has outstanding particle identification capability for 
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Fig. 29.5. Schematic of HRS detectors in Hall A at TJNAF [Do93a]. 


single and multiparticle coincidences. An example of some of the initial 
data from the CLAS detector has already been given in Figs. 28.1 and 
28.4. 


In Hall A there is a pair of identical high resolution spectrometers 
(HRS) with properties matched to the outstanding quality of the TINAF 
beam itself. The HRS is shown schematically in Fig. 29.5. The HRS is 
of a QQDQ design, with all magnetic elements superconducting. The 
momentum range is 0.3 -4.0 GeV c™!. The resolution is ôp/p ~ 1074 and 
the solid angle coverage is a significant 7 msr. One spectrometer has a 
detector package for electrons, and the second for hadrons. A polarimeter 
exists which can be mounted in the hadron arm. The angular coverage 
of the electron spectrometer is 12.5°-165° and that of the hadron arm is 
12.5°-130°. 

Polarization transfer has been discussed in appendix D. The polarization 
transfer experiment 'H(é,ep) measures the product of the magnetic and 
electric form factors of the proton [Ar81]. Since the magnetic form factor 
is well known, this interference term allows an accurate determination of 
Gep. Figure 29.6 shows one of the first significant experimental results 
from TJNAF. This is a measurement of Gep/Gmp [Jo00]. The quality of 
the data is truly superb. The simplest interpretation of this data is that 
since the charge form factor falls off faster with Q? than the magnetic 
form factor, the charge density in the proton has a greater spatial extent 
than the magnetization density. This experiment provides fundamental 
information on the internal structure of the nucleon. 
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Fig. 29.6. Experimental data on the ratio Ggp/Gmp obtained from polarization 


transfer measurement 'H(é,ep) at TJNAF [Jo00]. The author is grateful to C. 
Perdrisat and M. Jones for the preparation of this figure. 


As we have seen in chapter 21, the reaction whereby a polarized electron 
incident on a nucleus produces a scattered electron and a polarized proton 
allows one to study how the nucleon spin propagates out from the nuclear 
interior. In this way one has a direct test of relativistic models of nuclear 
structure that describe the spin dependence of the nuclear shell model. 
One of the initial Hall A missing-mass spectra for this reaction on a '$O 
target producing !?N is shown in Fig. 29.7. 

One of the first published experimental papers from TJNAF presents 
the results from CEBAF E89-12 shown in Fig. 29.8 [Bo98], along with 
results of the previous SLAC experiments NE8 and NE17, in addition 
to other measurements at lower photon (y-ray) energy, E,. In the CE- 
BAF experiment the electron beam strikes a target producing a beam 
of y-rays which are used for the investigation of the quark structure of 
nucleons and nuclei. In E89-12 the photon strikes a deuterium nucleus, 
+H which consists of a bound proton and neutron, causing it to dis- 
sociate into a proton and a neutron. The SLAC experiment presented 
some evidence that this dissociation gave indications that QCD effects 
(the presence of sub-structure in the nucleons) played a role, because 
the observed reaction obeyed what are called simple constituent quark- 
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Fig. 29.7. Missing-mass spectrum in coincidence reaction !$0(e,e' p)!5N* taken 
at CEBAF at an incident electron energy of 2.445 GeV and four-momentum 
transfer squared of 0.81 (GeV/c). The first peak is the (1p; Dn 1 proton hole in 
'6O and the second the (1p3/2)7'. Note the overall energy resolution in '3N of 
AE/E = 0.54/2445 = 2.2 x 1074 [Ma00a]. The author would like to thank C. 
Perdrisat and K. Wijesooriya for the preparation of this figure. 


counting rules at high energy. This behavior is signaled by the fact that 
the appropriately energy weighted cross section “scales”. So that, in this 
case, the product of the eleventh power of the square of the total en- 
ergy in the center-of-momentum frame and the cross section becomes 
constant (see Fig. 29.8). The new CEBAF data exhibit a flat scaling be- 
havior consistent with this rule, in photon energy approximately 1 to 4 
GeV at a reaction angle of 90° (between the incident photon beam and 
the detected proton) for the H(y,p)n reaction. Furthermore, the new 
data also suggest that there is an onset of the scaling behavior above 
an energy of 3 GeV at a reaction angle of 37°. The results are con- 
sistent with an onset of scaling occurring at a transverse momentum 
of 1GeVc™!. The new data support the picture where six constituent 
quarks in the deuteron (each nucleon contains three constituent quarks) 
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Fig. 29.8. The product of s (square of total C — Menergy)'! times cross section 
at 90° in {H(y, p)n as a function of photon energy in measurements in E89-12 
at CEBAF [Bo98]. The short dashed curve is the predicted flat scaling behavior 
from a simple constituent quark counting rule. Also shown are data from the 
previous NE8 and NE17 experiments at SLAC, as well as data from lower energy. 


organize a concerted response involving the exchange of gluons among 
themselves.” 

The author served as Scientific Director of CEBAF from 1986 to 1992 
when the initial scientific program and design for the initial complement 
of equipment were established.* The reader is referred to an article which 
the author wrote for the publication Physics News in 1996 when the initial 
experimental results from that Laboratory appeared [Wa97]. Current 
information about the facilities and program at TJNAF can always be 
found on its website [TJOO]. 


? At least five gluon exchanges are required to reorganize the six quarks into two high- 
momentum outgoing nucleons. At very large s, the quark propagators each scale as 
1/s. The square of the amplitude, and conversion from solid angle to four-momentum 
transfer, then gives do/dt oc 1/s!!. 

3 John Domingo, Associate Director for Physics, led the equipment design and construction 
effort (see [Do093a]). 
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The previous and subsequent chapters go into detail on TJNAF (CE- 
BAF) because that is the project in which the author was most deeply 
involved and about which he is most knowledgeable. Many other accel- 
erator laboratories have played, and continue to play, an important role 
in electron scattering studies of nuclei and nucleons. Worth highlighting 
from the early years are the Nuclear Physics Laboratory at the University 
of Illinois, where the betatron provided a tool to do the very first study 
of nuclear structure with electrons [Ly51, [187], and the High Energy 
Physics Laboratory at Stanford (HEPL), where Hofstadter carried out 
his pioneering work on charge and magnetization densities [Ho56, Ho63]. 
Many other important facilities sprang from the work at HEPL, includ- 
ing those at Amsterdam, Darmstadt, Mainz, Saskatchewan, Tohuko, and 
the Saclay Laboratory, which played a particularly important role in the 
development of the field. The Stanford Linear Accelerator (SLAC), under 
Wolfgang Panofsky’s inspired leadership, found its roots in HEPL, as 
did TJNAF. A prototype of the CEBAF superconducting accelerator was 
first constructed at HEPL. An excellent discussion of the early years of 
electron scattering is to be found in [1187]. 

It is the Bates Laboratory at M.I.T., where a variety of precision ex- 
periments truly demonstrated the power of electron scattering to study 
the nucleus, and the Stanford Linear Accelerator Center (SLAC), where 
high-energy experiments demonstrated the pointlike, asymptotically free, 
substructure of the nucleon and examined its weak neutral current, that 
are responsible for the role that electron scattering plays in nuclear and 
particle physics in the U.S. today. 

The principal centers today for nuclear structure studies with elec- 
trons are TJNAF in Newport News, the Bates Laboratory at M.LT. in 
Boston, and the Mainz Microtron (MAMI), in Germany. High energy 
studies, which probe the very short-range structure of nucleons are carried 
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out principally at SLAC, in Stanford, and at the Deutches Electronen- 
Synchrotron (DESY) in Hamburg. Electromagnetic studies with very high 
energy muons are carried out at CERN in Geneva. The European com- 
munity has an ongoing effort to design and fund a high-current electron 
accelerator to study physics in an energy regime intermediate between the 
few- and multi-GeV machines. 

This book attempts to lay out the basic motivation, analysis, and goals 
of electron scattering studies of nuclei and nucleons. It is impossible 
in a work of this length to go into detail on all the existing facilities 
and programs. In fact, up-to-date information is always better, and more 
easily, found on the websites for the laboratories [TJOO, Ba00, Ma00, SLOO, 
DE00]. It may be of some use, however, to provide a brief overview as 
guide to the four other principal current electron scattering centers: Bates, 
Mainz, SLAC, and DESY. 

The Bates Linear Accelerator Center is a university-based facility for 
nuclear physics which is operated by the Massachusetts Institute of Tech- 
nology for the Department of Energy as a National User Facility. Con- 
struction funding started in 1967. The accelerator is a room-temperature 
linac with a single-pass energy of 515 MeV at an average current of 100 
uA with a 1% df. A single recirculation was subsequently added which 
brought the maximum unloaded energy to 1060 MeV, with a maximum 
average current of 40 uA. The energy spread in the beam for 80% current 
is 0.3%. From the beginning, the Energy Loss (dispersion matching) Spec- 
trometer System (ELSSY) produced data of unprecedented resolution.! 
The best resolution achieved, for an extended period and limited by target 
thickness, is 5E/E = 4 x 1075. This was on 154 Gd [He83, Tu00]. We have 
already demonstrated the type of nuclear information that can be obtained 
with this resolution in Fig. 12.7 and the accompanying discussion. The 
author considers that the work on the charge distribution in deformed 
nuclei at Bates, with ELSSY, was predominant in convincing the nuclear 
physics community in the U.S. of the power of electron scattering for 
nuclear physics. A 180° scattering facility at Bates allowed one to isolate 
the transverse contributions to the cross section and study magnetization 
distributions in elastic and inelastic scattering (Figs. 12.4, 12.6 and accom- 
panying discussion).? A major recent addition to the detectors at Bates 


1 William Bertozzi and Stanley Kowalski led the effort to design and construct ELSSY. 
Note that the dispersion matching technique, whereby the incident beam is dispersed 
and the various components of the beam followed through the scattering, allows one to 
obtain scattering resolution orders of magnitude better than that in the primary beam 
itself. 

2 A magnet in front of the target bends the beam through a small angle 0; the backscattered 
beam is then bent through an additional angle 6, which removes it from the incident 
beam. 
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is an array of out-of-plane spectrometers (OOPS), which allows one to 
separate all the contributions in inclusive coincidence scattering (chapter 
13). The polarized beam capability at Bates led to the ground breaking 
parity-violation experiment discussed in chapter 16, and to the study of 
the strange quark contribution to the intrinsic magnetism of the proton 
in the SAMPLE experiment. A major effort at Bates involved a parallel 
study of the three-body systems }He, 7H. The latter involved an extensive 
radioactive target effort.* These studies resulted in data of the type shown 
in Fig. 23.13. 

A storage ring was subsequently constructed in the South Hall at Bates. 
This gives rise to a continuous external beam capability for coincidence 
experiments through slow spill of the stored beam. More importantly, 
with a large circulating current of 200-300 mA, it allows experiments 
on very thin, polarized, internal targets. A major new detector, the Large 
Acceptance Spectrometer Toroid (BLAST) is under construction at Bates 
to take advantage of this opportunity and to measure spin-dependent 
electron scattering from polarized nuclei. 

Even with the low duty factor, heroic, pioneering coincidence studies 
have been carried out with the Bates linac. 

The Mainz Microtron MAMI is an electron accelerator which delivers 
a c.w. beam (100% df) of 100 uA at a maximum energy 855 MeV. Built 
under the guidance of H. Herminghaus and coming into operation in 
1991, it consists of three cascaded racetrack microtrons with a 3.5 MeV 
injector linac. The last stage delivers beam from 180 to 855 MeV in 15 
MeV steps with excellent emittance and stability.4 The energy spread in 
the beam is 50 KeV for an impressive energy resolution of 6 x 1075. There 
is a polarized source. 

At Mainz, the electron scattering Hall A contains three spectrome- 
ters, rotating about a common pivot, with resolution dp/p = 1074. The 
maximum momenta are 735, 870, and 551 MeV c™!, with solid angle ac- 
ceptances of 28, 5.6, and 28 msr, respectively. The angular coverages are 
18°-160°, 7°-62°, and 18°-160°, and all have angular resolution at the 
target of less than 3 mrad. The second spectrometer has the capability of 
going out-of-plane. This is an exceptional set of spectrometers, and with 
the accelerator capability, MAMI provides a superb facility for doing 
nuclear structure studies that provide a lower-energy complement to the 
work that will done at TJNAF. There is also a tagged photon facility at 
MAMI. 


3 Because electron scattering cross sections are small, radioactive targets are ordinarily not 
a serious problem at electron scattering facilities, and one can re-enter the experimental 
areas relatively quickly while conducting experiments. 

4 Mainz is currently adding a fourth stage to the microtron which will take the maximum 
energy to 1.5 GeV. 
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Current experiments at Mainz include nuclear (e,e’p) measurements, 
with polarizations, and (e,e’x) studies on the nucleon. There are also 
ongoing experiments on the form factor of the neutron and on parity 
violation. 

The Stanford Linear Accelerator Center (SLAC) is located near the 
Stanford University campus. The 10,000-feet-long (2-mile) accelerator was 
originally designed to operate at a peak energy of 22.2 MeV with an RF 
frequency of 2856 MHz. It was designed with a (macroscopic) pulse length 
is 2.5 usec and peak current of 25-50 mA, with an average current of 
15-30 uA (df ~ 107?) [Ba65]. It met the design characteristics beautifully 
during the first year of operation, achieving an energy of 20.16 MeV with 
43 mA peak current for a 1.6 us pulse length [L067]. The linear accelerator 
has been continually upgraded over the years so that today the machine 
can achieve an energy of 48 GeV with 6 x 10!! particles in a 370-ns-long 
beam pulse (260 mA peak current) [De99]. 

End Station A at SLAC, designed for electron scattering experiments, 
was originally equipped with a complement of three spectrometers of 
maximum momenta 1.6 GeV c~!, 8 GeV c7!, and 20 GeV c™|, respectively. 
They rotated about a common pivot and covered an angular region match- 
ed to their maximum accepted electron momenta (25°—165°, 12°—100°, and, 
0°-20°). The spectrometers had solid angle acceptances of 4.1 x 1073, 1073, 
and 10~* sr, respectively. The original resolution of the 1.6 GeV c™! spec- 
trometer was 0.08%, and of the higher energy spectrometers, ~ 0.15% 
[Pa70, Ki75]. 

The contribution of the SLAC deep-inelastic scattering experiments 
to the understanding of the quark—parton structure of the nucleon has 
been extensively discussed in this book. Many spectrometers have been 
assembled and disassembled in End Station A over the years for particular 
experiments. The 8 GeV c™! spectrometer, in particular, has proven to be 
a workhorse over this period. 

The physics contribution of SLAC over the years from colliding beam 
(et-e—) experiments, where the annihilation creates a pure, virtual time- 
like quantum of electromagnetic radiation with definite quantum numbers, 
is well-known; nevertheless, important electron scattering experiments on 
hadronic targets continue to be done in End Station A up to the highest 
machine energies. 

As one example, the measurement of the spin structure function in 
deep inelastic scattering was discussed in chapter 12. Polarized-beam,> 
polarized-target experiments to provide precision measurements of this 
quantity for both the proton and neutron are currently underway at 
SLAC using the highest energy of the accelerator. To illustrate the quality 


5 SLAC has played a key role in the successful effort to obtain high beam polarizations. 
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Fig. 30.1. Measurement of g}(x) from experiments E143 and E155 in End 
Station A at SLAC, together with some other results. The data are evolved to 
Q? = 5 GeV? c7? [An00]. The author is grateful to K. Griffioen and G. Mitchell 
for providing this figure. 


of the currently available data, Fig. 30.1 shows results for g}(x) from 
experiments E143 and E155, evolved to Q? = 5 GeV? c7? [An00].° 

Deep inelastic electron scattering (DIS) experiments are also carried out 
at the HERA collider at the Deutsches Electronen Synchroton (DESY) in 
Hamburg. The HERA collider can store electrons (positrons) of up to 30 
GeV and protons of up to 820 GeV in two rings of 6.3 km circumference. 
The C-M energy is 314 GeV and the maximum achieved luminosity is 1.4 x 
107! cm~? s~!. HERA has four interaction regions. The general purpose 
detectors H1 and ZEUS study the interactions between electron (positron) 
and proton colliding beams. The HERMES collaboration measures the 
spin structure of nucleons by the interaction of the polarized electron 
(positron) beam with polarized nucleons (nuclei) of a gas-jet target [W097]. 

The proton structure function F2(x,Q*) has been measured at HERA 
over a wide range of x and Q?, with values of Q? as high as 5000 
GeV’c~? and x as low as 1075. The most striking feature of the HERA 
data is the rapid rise of F) as x — 0 which is seen to persist down 
to Q? values as small as 1.5GeV?c~*. The Alterelli-Parisi (DGLAP) 


é The Alterelli-Parisi QCD evolution equations relate the DIS structure functions at 
different Q? [A177]; this is discussed in [Ro90, Wa95]. 
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evolution equations describe the evolution of the parton densities with 
Q? [AI77, Ro90, St93, Wa95]. In order to solve these equations one must 
provide the parton densities as a function of x at some reference scale Q2. 
With the assumption of a Regge behavior at very small x, perturbative 
QCD then implies that F) grows faster than any power of In(1/x) as 
x — 0 [Wo97] 


1/4 
‘ 33 — 2ny 
° | 576m? In (1/x) In [25(02)/2(02)] 


144 In (1/x) 
apy 33— Inj 


F(x, Q’) x 


In [xs(Q8)/xs(Q°)] (30.1) 


Here «, is the strong coupling constant and ny is the number of quark 
flavors. Improved evolution schemes which can give a faster rise for small 
x are under current investigation [Mu97, Wo97]. 
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We have seen several examples of existing experimental results from TJ- 
NAF (CEBAF), and have discussed their implications for nuclear and 
particle physics. In the author’s opinion, the best way to get a feel for 
the quality and impact of the future CEBAF physics program is to show 
anticipated error bars, kinematic range, and event modeling in a few 
selected examples. While reluctant to show anticipated data because so 
much work lies ahead in actually carrying out the experiments, such a 
significant effort has already gone into modeling the detectors, magnetics, 
acceptances, efficiencies, electronics, and event rates for the real experi- 
ments that the author feels justified in presenting this material; it is taken 
from the proposals.'! The experimental program is dynamic and constantly 
evolving. Where data now exist, they more than satisfy the expectations. 
The following discussion only represents one snapshot in time. It is based 
on talks the author gave on the CEBAF scientific program, when the 
experimental program was still one of anticipation [Wa93, Wa94]. 

As one example, Fig. 31.1 shows the anticipated errors on the charge 
form factor of the proton Ggp (relative to the dipole fit) from the polar- 
ization transfer measurement 'H(é,ep) at CEBAF as anticipated in PR 
89-014 [Pe89]. This polarization transfer experiment measures the product 
of the magnetic and electric form factors of the proton [Ar81]. Since 
the magnetic form factor is well known, this interference term allows an 
accurate determination of Ggp. To get a feel for the validity of such 
projections, Fig. 29.6 shows subsequent actual data on the measurement 
of GEp/Gmp at TINAF [Jo00]. The data are indeed superb. 

Figure 31.2 shows the anticipated error bars on the determination of 
Gen from two experiments:a polarization transfer measurement TH(E, e’ ñ) 
in CEBAF PR 89-005 [Ma89a] similar to that discussed above; and a 


1 The proposals are available in the library at TINAF. 
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Fig. 31.1. Projected error bars in Ggp in polarization transfer measurement 
'H(é,ep) at CEBAF. From PR 89-014 [Pe89, Wa93]. Here k = Q. 
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Fig. 31.2. Projected error bars on Gegn from polarization transfer measure- 
ment {H(é,e’ ñ) in CEBAF PR 89-005 (upper); and polarized target experiment 
2H, e'n) in CEBAF PR 89-018 [Ma89a, Da89, Wa93]. Here k = Q. 


coincidence measurement with a polarized target Fie, e'n) in CEBAF PR 
89-018 which also determines Gg, through an interference term [Da89].? 
Since the measurement of Gg, ultimately involves nuclear physics (there 
are as yet no free neutron targets), it is important to have complementary 


2 The error bars are relative to the different theoretical estimates. 
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Fig. 31.3. Projected range and error bars in {H(e,e’ p) from CEBAF PR 89-028 
[Fi89, Wa93]. 


determinations. Both of the charge distributions Ggn and Ggp directly 
reflect the internal structure of the baryon; the theoretical description of 
the accurate measurements of these charge distributions will continue to 
provide a benchmark challenge to quark models and QCD. 

Consider next the nuclear coincidence reaction {H(é,e’ P) to be mea- 
sured in CEBAF PR 89-028 [Fi89]. This polarization transfer experiment 
explores the spin structure of the deuteron in unrivaled detail; it also pro- 
vides an important calibration for the measurement of Gg, by a similar 
procedure. In the course of this experiment, the momentum distribution 
in the deuteron will be determined at the same kinematics. Plotted in Fig. 
31.3 are the anticipated range and error bars in the determination of the 
basic nuclear coincidence cross section tH(e, e’ p) to be measured in PR 
89-028 [F189]. The arrow indicates the extent of existing data, and the 
inset demonstrates that the experiment will distinguish between different 
models; one calculation shown uses a good two-nucleon potential, the 
other a relativistic boson-exchange description.’ Elastic charge scattering 
essentially measures the Fourier transform of the spatial density (square of 
the wave function); the (e,e’ p) reaction essentially measures the Fourier 
transform of the wave function (whose square is the momentum density) 


3 The calculation is for illustration; it assumes plane waves in the final state and neglects 
exchange currents. 
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Fig. 31.4. Model calculation of in-plane Coulomb response surface for the 
reaction {5Ne(e, e’ 2p)'SO(g.s.) at (é1,0.) = (1 GeV, 20°); see text [Da92, Wa93]. 


—these are complementary quantities, and by measuring both one can 
examine the structure of this fundamental two-nucleon bound state in 
unprecedented detail. 

Consider the results of a very simple model calculation, meant only to 
provide some guidance for explorations into new territory. In principle, 
the most direct way to examine short-range correlations is to study two- 
nucleon emission with extreme kinematics. Figure 31.4 shows a preliminary 
analysis by John Dawson of the in-plane Coulomb response for the triple 
coincidence {§Ne(e, e' 2p)'$O(g.s.) [Da92] — this reaction is forbidden in 
a single-particle model. Here the initial wave function is the correlated 
relative 'So state obtained by solving the Bethe-Goldstone equation with 
a two-nucleon potential for the interacting (z1d5 2) pair in the presence 
of the '$O core.* The total energy and C-M momentum of the pair are 
(œw, P = pı +p = x) and 0 is the angle between the relative momentum of 
the pair 2p = pı — p2 and x. Plane wave final states are used in this initial 
calculation. Note the characteristic diffraction minimum as œ is increased 
and characteristic angular distribution of the 2-proton final state. In 
the present approximation, this surface measures the sum of the Fourier 
transforms of the two-nucleon correlation function with respect to p+ /2. 
This calculation was motivated by a presentation of William Hersman 
at PACS (Fifth Program Advisory Committee Meeting) at CEBAF, in 
which he showed a similar model surface for the basic nuclear two-proton 


4 This calculation and wave function are given in [Fe71]. 
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coincidence experiment 3He(e, e’2p) that will be studied in CEBAF PR 89- 
031 [He89]. This experiment will map out the two-proton wave function in 
this three-nucleon system — an unprecedented measurement, fundamental 
to our understanding of nuclear physics.’ 

Consider next pion production and the internal dynamics of the nucleon. 
In CEBAF PR 89-037 [Bu89], precision angular distributions will be mea- 
sured on the first nucleon resonance at W = 1232 MeV with varying k? 
for the reactions 'H(e,e’ p)x°, 'H(e,e’z*)n, and 7H(e,e’ x~)pp. The con- 
tributing multipoles can then be extracted from these angular correlation 
measurements. The resonant target transition is (1/27, 1/2) > (3/27, 3/2). 

As discussed previously, the electric quadrupole transition E14 is par- 
ticularly interesting. Quark bag models of the nucleon, with a one-gluon 
exchange interaction, indicate that the bag may deform — similar to the 
deformation of the deuteron arising from the tensor force. As with even— 
even deformed nuclei, the nucleon can have no quadrupole moment in 
its ground state, so the most direct evidence for this deformation would 
show up is in this transition amplitude. In the quark model, the above 
transition to the P33(1232) is predominantly spin-flip magnetic dipole 
Mi. The E+ is, in fact, observed to be small, and it is only very poorly 
known; this is illustrated in Fig. 28.2, which shows the existing world’s 
data on Re (Ei, Mı+)/|M1+}? at the A(1232) at the time of CEBAF PR 
89-037 [Bu89]; Fig. 28.3 shows the projected range and error bars in that 
proposal. Note, in particular, the expansion of the vertical scale in this 
second figure. The subsequent actual experimental results for this quantity 
have been shown previously in Fig. 28.4, more than meeting expectations. 

At CEBAF, the internal dynamics of the nucleon will be studied with 
unrivaled precision. These measurements will provide deep insight into 
the dynamical consequences of QCD. The accurate new data will con- 
tinue to provide benchmark tests for theoretical quark-model and QCD 
descriptions of the nucleon — the basic building block of matter. 

A simulation of the CLAS detector output for observation of meson 
production through the reaction 'H(y, p)X is shown in Fig. 31.5 from PR 
91-008 [Ri91]. Here the tagging of the photon and the measurement of the 
proton determine the missing mass of X, and well-defined peaks are seen 
for the two-body reactions producing (2°, 7,«@, 17’) at E, = 1.7 GeV. The n? 
production has already been referred to. The production of 7 with isospin 
T = 0 provides a selective mechanism to study the T = 1/2 nucleon 
resonances. CEBAF PR 89-039 [Dy89] utilizes the fact that the S11(1535) 
resonance has a large branching ratio into the ņ channel to selectively 
study the behavior of this state with high precision out to large k*. This 


5 More detailed calculations of the process (e,e’2N) on nuclei are described in [Ry96, 
Ry97, Ry00]. 
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Missing Mass Distribution for gamma*p -) p + X k = 1.7 CeV 
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Fig. 31.5. CLAS simulation of missing-mass determination of meson production 
through the reaction 'H(y, p)X at E, = 1.7GeV. The abscissa is in GeV’. From 
CEBAF PR 91-008 [Ri91, Wa93]. 


state is particularly interesting because its inelastic form factor appears 
to fall anomalously slowly. Both 7 production, and the production of the 
T = 0 œ meson studied in PR 91-024 [Fu91], can be used to selectively 
search for nucleon resonances that couple only very weakly to pions. The 
n and 7’ signals also provide the opportunity to study the structure of 
these mesons themselves in PR 91-008 [Ri91]. 

An important feature of coincident electron scattering is that the baryon 
levels in the § = —1 sector can also be accessed with the (e, e’ K*) reaction. 
In fact, PR 89-024 will look at the resulting photon transitions between the 
low-lying levels in this sector — a lovely extension of traditional nuclear 
y spectroscopy [Mu89]. A CLAS simulation of the reaction 'H(y, K+)A 
and subsequent decay A > p+” from PR 89-004 is shown in Fig. 31.6 
[Sc89]. The signature is very clear and this elementary process can be 
studied in unprecedented detail, as can the self-analyzing polarization of 
the A. The extension to tH in PR 89-045 provides a neutron target and 
allows one to examine the two-baryon final-state interaction [Me89]. An 
examination of the hyperon production mechanism in a series of nuclei 
will be carried out in PR 91-014 [Hy91]. Figure 31.7 shows the projected 
rates and error bars in PR 91-016 for the production of the lightest bound 
hypernucleus through 4He(e,e’ K+)4H [Ze91]. The bound state is clearly 
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Fig. 31.6. CLAS simulation of 'H(y,K+)A and subsequent decay A > p +77 
from PR 89-004 [Sc89, Wa93]. 
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Fig. 31.7. Projected rates and error bars for $He(e,e’Kt)iH in PR 91-016 
[Ze91, Wa93]. 


identified in this figure; the projected transition is almost entirely to the 
spin-flip 1*. This experiment forms the prototype for the production of 
hypernuclei through the (e, e’ KT) reaction at CEBAF — accessing a whole 
new dimension of nuclear structure. 

Let us return to the subject of parity violation. The nuclear domain 
consists of (u,d) quarks and their antiquarks. Consider elastic scattering 
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of polarized electrons from a (0*,0) nucleus, for example RCE, e). The 
nuclear quantum numbers serve as a filter, and the standard model states 
that for such a transition in this sector the weak neutral current and 
electromagnetic current are strictly proportional 


J) = —2sin? OwJ) (31.1) 


The predicted parity-violating asymmetry ./ = (do; — do.)/(do; + do) is 
then 

Gg? 

Pie. = a oy (31.2) 

nid 
It is important to note that this result depends only on the existence of 
isospin symmetry; it holds to all orders in the strong interactions (QCD). 
As we have seen, this quantity has been measured in a tour de force 
experiment at Bates at q = 150 MeV with the result that [S090] ° 


AncPe = 0.688 x 10~° ; theory 
0.60 + 0.14 + 0.02 x 10~° ¡experiment (31.3) 


This experiment serves as a demonstration of feasibility for the next 
generation of electron scattering parity-violation experiments. 

Now consider the extended domain of (u,d,s,c) quarks and their anti- 
quarks. The standard model then has an additional isoscalar term in the 
weak neutral current 

i 


ôP = zleru(l + ys)e — Syal + 95)5] (31.4) 


The asymmetry for elastic scattering of polarized electrons on a (0*,0) 
nucleus such as 4He then takes the form 


2 SFO 
Gq sin? Ow 1 = (7) 
na /2 2 sin” Ow F} (q?) 


The additional weak neutral current form factor comes from the vector 
current in Eq.(31.4) — expected to arise predominantly from the much 
lighter strange quarks. Hence one has a direct measure of the strangeness 
current in nuclei. The total strangeness of the nucleus must vanish in 
the strong and electromagnetic sector, and hence 5F')(0) = 0; however, 
just as with the electromagnetic charge in the neutron, there can be a 
strangeness density, which is determined in this experiment. 

Approval exists for the experimental measurements of the asymmetry 
in 4He(é,e) in CEBAF PR 91-004 [Be91], and the asymmetry for a similar 


A tHe 


(31.5) 


6 The first error is statistical. 
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elastic scattering measurement on the nucleon itself 'H(é,e) in CEBAF 
PR 91-010 [Fi91].? The measurement of the distribution of weak neutral 
current through (é,e) and (é,e’) will be one of the most important results 
at CEBAF. The beautiful experimental results that now exist on this latter 
experiment, and their deep implication for the structure of nuclei and 
nucleons, have already been presented in chapter 27. 

In summary, let us try to pull all this material together with a state- 
ment of the nuclear physics goals of electron scattering studies: first, 
quite generally, one wants to examine the limits of the traditional, non- 
relativistic many-body description of the nucleus based on baryons inter- 
acting through static potentials fitted to two-body scattering and bound- 
state data. The nuclear shell model, for example, provides a remarkably 
successful description of the strongly interacting quantum mechanical nu- 
clear many-body system. Just how far does that description hold, and 
when does it break down? 

The degrees of freedom of the shell model are the nucleons, protons and 
neutrons. We know from electron scattering that additional sub-nucleonic 
hadronic degrees of freedom, mesons and isobars, come into play when 
one examines the nucleus at shorter and shorter distance scales. What 
is the role of these additional degrees of freedom? The only consistent 
description we have of a relativistic, interacting, hadronic many-body 
system is through a relativistic quantum field theory based on a local 
lagrangian density constructed from the hadronic degrees of freedom. 
What are the limits of a relativistic, hadronic field theory description of 
the nuclear system? 

At shorter distances still, electron scattering first taught us that quark— 
gluon degrees of freedom are the relevant ones. At what distance scales 
are we forced to make the transition from a baryon—meson to a quark— 
gluon description of the nucleus? The constituent quark model provides a 
remarkably successful description of the interior structure of the hadrons 
themselves; however, it is still a model, and just as with the nuclear shell 
model, one wants to determine where this picture breaks down. 

At a more fundamental level, one has a relativistic quantum field theory 
of the strong interactions, quantum chromodynamics (QCD) based on the 
strong color interactions of quark and gluons. This is the true relativistic, 
strongly coupled, nuclear many-body system. As with any theory, the 
experimental implications of QCD must continually be explored. Electron 
scattering data will provide the most direct benchmarks against which to 
test the experimental implications of QCD. 

The standard model provides a marvelously successful unified descrip- 
tion of the weak and electromagnetic interactions. The experimental im- 


7 Here the quantum numbers eg allow other elastic form factors. 
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plications of the standard model must similarly continue to be explored. 
Electron scattering provides a tool for examining the weak neutral cur- 
rent distribution in nuclei, which, taken in conjunction with the study of 
the electromagnetic current distribution effectively doubles the power of 
electron scattering. 

At very short-distance particle physics scales, one examines the quark 
distributions in the nucleon, including those contributing to its spin. At a 
more basic level, deep-inelastic electron scattering provides an unrivaled 
tool to examine the short-distance behavior of the relativistic quantum 
field theory describing the strong interactions, QCD. 

Finally, at all levels, we are interested in exploring the phenomena man- 
ifest by the remarkable, strongly-coupled, quantum-mechanical, nuclear 
many-body system. 
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Long-wavelength reduction 


This appendix is concerned with the long-wavelength reduction of the 
electromagnetic multipole operators. The analysis follows closely the ar- 
guments developed in [B152] (see also [de66]). Consider first the transverse 
electric and magnetic multipoles, which govern real photon transitions.! 

The use of the relations 1/fic = 5.07 x 10!° cm~! MeV! and R = 
1.24! x 10- cm allows one to write for real photons 


kR = 6.1 x 10-°[E,(MeV)A!/?] (A.1) 


Evidently kR < 1 for photons of a few MeV. In this case, the spherical 
Bessel functions can be expanded as? 


(kx)? 


j;(kx) > QI+DN ; kx > 0 (A.2) 
One also needs from [Ed74] 
1 

LY, = qf x V)Ym = VI+ DM (A.3) 


With this relation, the multipole operators in Eqs. (9.16) take the form 


X 1 N 
Îi = Ea [bx {19 x Link Yan) F0 

+k? [Ljy(kx) You] - ax)} 
ama 1 ‘ N 
Tim = JUF J dx {Iv x Lijs(kx) Yam] ` B(x) 


+ILi(kx)YiulJax)} (A4) 


1 Recall x =r and x = |x| = r in all these discussions. 
? One has to get all the derivatives off the Bessel functions before they can be expanded 
— that is the point of the following exercise. 
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These expressions can now be manipulated in the following manner: 

1. The differential orbital angular momentum operator L in Eq. (A.3) 
commutes with any function of the radial coordinate [L, f(r)] = 0, and it 
is hermitian; thus it can be partially integrated in the last two terms on 
the r.h.s. in the above to get it over to the right [with a sign (—1)]. 

2. The divergence theorem in Eqs. (9.13) and (9.14) can be used on the 
first two terms on the r.h.s. of the above to get the curl to the right. 

3. One can then get L to the right in these terms using the first argument 
[again with a (—1)]. This leads to two types of terms: first 


Lv = Lo xV)v = Lv xyr = -iv x). UA) 
and second 
L(V xv) = ut xV)(V xy) = a x (V x v)]-r 
= -ivir x (V x v)] (A.6) 


Here the relation V x r = 0 has been used in obtaining these equations. 
4. Since all derivatives are now off the spherical Bessel functions and 
on the source terms, the Bessel functions may be expanded in the long- 
wavelength limit according to Eq. (A.2). 
5. One next invokes the general vector identity 


[evn x (Vx W)ex =U + i) fx’ Views (A.7) 


This identity holds as long as the source terms v(x) vanish outside the 
nucleus. 
With these steps the magnetic multipoles take the form 


A 1 k J + 1 1 A 
pras a ‘| | dbx xY, z VEKI, \ 
IM ~ FOF 4 1yil J xX" Yom V Âx rag [r x Jc(x)] 
(A.8) 
Partial integration of this result then gives for the long-wavelength limit 


of the transverse magnetic multipoles 


E 1 k! J+1 1 A 
pmag y ‘1 / Bx lâ Je(x)] Vx! Y 
JM iQ7+ DNV J AAS) ra SRV Er 


(A.9) 


Similarly, the electric multipole operators take the form 


J+1 f} k? J 
ius y fa feio + Vile x Ax si} xt 


(A.10) 
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Now use the continuity equation on the first term 


A A 1 0p i PO ye 
V-Je(x) = V-J(x) ae E7 [H, p] (A.11) 
The matrix element of this relation yields 
(FIA, Alli) = (Es —Ei(flpli) = —ħke (flĝli) (A.12) 


Thus, in the matrix element, one can replace? V - I(x) — ikp(x). Thus, 
for photon emission the long-wavelength limit of the transverse electric 
multipoles takes the form 


Z k! J+1 ik 
ed a 3 J A = Afg. J 
îl a z Duy F fe xh Ysmô(x) — 5x) lr x Vx Ysu} 
(A.13) 


The first term in Eq. (A.13) is just the JMth multipole of the charge 
density. The second term goes as fikc/mc” < 1 and hence the contribution 
of this term is very small compared to that of the first term for real 
photons.* 

Make a model where the nucleus is composed of individual nucleons, 
and where only the leading terms to order 1/m are retained in the current, 
that is, the terms in p(i) and o(i) [see Eqs. (9.17) and (9.20)]. The J = 1 
transverse magnetic dipole operator for k — 0 then takes the form 


mag. V2 fk | 3 [Si aay fer 

M ~ -3 Gee Fn DM +d Ali) (A.14) 
i=1 i=1 1M 

This is the familiar magnetic dipole operator to within a numerical factor 

and power of k. Here the nucleon magnetic moments in nuclear magnetons 

are given by 2p = 2.793 for the proton and A = —1.913 for the neutron. 

Static Moments. It is useful to make the connection between these 
general results for the electromagnetic nuclear moments and the static 
nuclear moments measured in time-independent electric and magnetic 
fields. 

Consider first the static electric moments of the nucleus. Suppose one 
places a static charge distribution p(r) in an external electrostatic potential 
alr) where the external electric field is given by E = —V®,,(r) (see Fig. 
A.1). A relevant example is a nucleus in the field of the atomic electrons. 
The interaction energy is given by 


U = ep / p(r)Pa(r) der (A.15) 


3 Note this is for photon emission; for photon absorption one has the opposite sign for 
this term. 

4 This term can become large in electron scattering where, as we shall see, the appropriate 
ratio is igc/mc* with q the momentum transfer. 
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Fig. A.1. Static electric nuclear moments. 


The external field satisfies Laplace’s equation since it is source-free over 
the nucleus 
V alr) = 0 (A.16) 


It is also finite there. Thus the external field in the region of the nucleus 
can be expanded in terms of the acceptable solutions to Laplace’s equation 


®,.\(r) a 5 amr’ Yim(Q,) (A.17) 


Im 


The numerical coefficients ajm can be related to various derivatives of the 
field at the origin. Substitution of Eq. (A.17) into Eq. (A.15) yields 


U =p > dim M in (A.18) 


Here the multipole moments of the charge density are defined by 
Min = | 3! Vin(Qx)p (x) Bx (A.19) 


These are exactly the same expressions, to within a numerical factor and 
powers of k, as the first term in the transverse electric multipole operators 
in Eq. (A.13).> Note that the nuclear quadrupole moment is conventionally 
defined by 


Q= / (3z* — r?)p(x) dx (A.20) 


which differs by a numerical constant from MS}. 
Consider next the nuclear magnetic moments. Take the ground-state 
expectation value that gives (0((x)/0t) = (i/h) (LA, p]) = 0. This implies 


viw) = vix) = 0 (A.21) 
Here the general decomposition of current has been invoked 


J=J5.4+Vx4 (A.22) 


> The charge multipole operators are defined in terms of the charge density operator. 
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Since the divergence of the last quantity in Eq. (A.21) vanishes everywhere, 
it can be expressed as the curl of another vector M(x) 


(J-(x)) = V x M(x) (A.23) 


One can assume that the additional magnetization M(x) vanishes outside 
the nucleus, for suppose it does not. Then since its curl vanishes outside 
the nucleus by Eq. (A.23), it can be written as M(x) = Vy(x) in this 
region. Now choose a new magnetization M’(x) = M(x)—Vy(x). This new 
magnetization has the same curl everywhere, and now, indeed, vanishes 
outside the nucleus. 

The expectation value of the interaction hamiltonian for the nucleus in 
an external magnetic field now takes the form 


A 


==>, J [V x M(x)]-A°*(x) d’x — ep F uX) Bx) dx (A.24) 


Here u = (jt). The use of Eqs. (9.13) and (9.14) permits this expression to 
be rewritten as 


(Hin) = —ep l [M(x) + a(x)]:B* (x) 3x (A.25) 


Since B™'(x) is an external magnetic field with no sources over the nucleus, 
it satisfies Maxwell’s equations there 


V-B% = VxB™ = 0 (A.26) 
Thus one can write in the region of interest 
Bt = —VOmag 
V'Onag = 0 (A.27) 


One can now proceed with exactly the same arguments used on the electric 
moments. The energy of interaction is given by 


ep [IMO + MJ] VOnae(X) dx 


—ep J Dmag V: (M + u) d’x (A.28) 


(Hint) 


The divergence in the last equation evidently plays the role of the “mag- 
netic charge.” Thus, just as before, when the general solution to Laplace’s 
equation is substituted for the magnetic potential ®mag, all one needs are 
the magnetic charge multipoles given by 

Mp = — f x!¥in( QVM + w) ax (A.29) 


Im 


1 
= l V- 3 
J Yim(Qx)V ea (V x M)+4yu] d°x 
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The second equality follows with the aid of the identity in Eq. (A.7). A 
partial integration, and the restoration to operator form yields the final 
result for the relevant static magnetic multipole operators 


1 
MEE = J Bx atx) + rept e) Vx Yim (A.30) 
This is recognized to be, within a numerical factor and powers of k, the 


long-wavelength limit of the transverse magnetic multipole operator in 
Eq. (A.9). 


Appendix B 


Center of mass (C-M) motion 


The center-of-mass (C-M) motion can, in fact, be handled correctly in 
the usual non-relativistic many-body problem. We follow the approach of 
[Fo69]. Introduce the usual C-M and internal coordinates as indicated in 
Fig. B.1. 


1 
X = — i 
A 2 ü 
x, = x—X SDA (B.1) 
It follows that [Fo69] 
A 
Sx, = 0 (B.2) 
i=1 
A 
dx, Px Px = (AX) dx, Px dx! 6 2 x) 
i=1 


C-M 


Fig. B.1. C-M and internal coordinates; i = 1,2,...,A labels the particles. 
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The rewriting of the volume element in the second equation is particularly 
useful. The target wave function can be written quite generally as 


1 , 
Wi(x1,...,X4) = eX wi(x',...,X4) (B.3) 


VAQ 


Now the nuclear charge density operator, for example, is given as 


A(x) = $7 dO%(K — xi) (B.4) 


Its Fourier transform is written in terms of C-M and internal coordinates 
as 


Z 
ae p(x) dx = e 14% ps oa) (B.5) 


The integral over the C-M coordinate can be done in the big box of 
volume Q with p.b.c., and the result is 


fi fe -igx 5 D( x) xli) = = Opp'-+q( vil fe eae (x) d?x|;) (B.6) 


The remaining matrix element is now written in internal coordinates in 
the C-M system. 


A 
(orl fem peg xlyi) = f Pxy daO (£x) 
x pr Xisca X (Sree wi(X{,--->X4)  (B.7) 


Now use 


2 — 
ÖSP +a m Opp'+q 


xs Opptq = D 2 Opp'tq = 5 (B.8) 
f f p 


F 


Here Er goes over all internal quantum numbers. This allows one to 
write the sum over final states of the square of the matrix element as 


Daj eax p(x) d3x|i)? = Tien fe “9x 5(x)dx|pi)? (B9) 


Now the analysis proceeds as in the text. 
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In summary, assume the current density has the form 


A 
Fix) = Soli (x)dO(K — xi) (B.10) 
i=1 


Its Fourier transform can then be written 
A 


TEER dx = X i)e] (B.11) 


i=1 


Assume further that this expression can be written in terms of C-M 
and internal coordinates as 


A 
/ ex], (x) Bx = eX Y (xpe™] (B.12) 
= 


This holds true in the following cases: 
e It is true for the charge density operator [see Eq. (B.5)]; 
e It is true for the spin current density [see Eq. (9.17)]; 
e It is true for the transverse part of the convection current density. 


We give a proof of this third case. Consider the transverse part of the 
current defined by (here 4 = +1) 


Z f 
J(x)-e! = [E-n "el, (B.13) 


q7 
Since mx; = mX + mx’, it follows that 


1 
pli) = 7P + p'(i) (B.14) 


Now note that the transverse part of the convection current from the 
C-M, when the target is initially at rest, satisfies 


: N. et E 
xq PtP) ey = 544 u50 (B.15) 
Hence the C-M momentum does not contribute, and one can rewrite Eq. 


(B.13) as 


Z Ns 
ix) ei = > [e gal vet (B.16) 
i=1 


A 
m sym a 


Thus the stated result is established. 
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In conclusion, it follows that 


Lr fem pees? = (B.17) 

D (yl J e™™x A(x)d?x|pi) | 
D IA f eio ehd i) 
SD D or fo iw ef, dxo) 


i f i=l 


2 
| 


All of the subsequent analysis proceeds exactly as in the text. 

A few comments are relevant. These are exact relations within non- 
relativistic quantum mechanics. The matrix elements are computed in 
the internal space according to Eq. (B.7); however, there is an A-body 
constraint SOSE] x;) in them. One usually does not deal correctly with 
this A-body constraint in calculations involving one or more valence 
particles, but there are models, such as the harmonic oscillator model, 
where it is possible to do so. 

Within the framework of many particles in a harmonic oscillator po- 
tential, the center-of-mass motion can be taken into account by writing 
[E155, Ta58] 


f(k) = fom(«)Fsm(k) (B.18) 


Here Fsm(x) is calculated with A independent nucleons in a harmonic 
oscillator shell-model potential, and f(x) is the transition form factor 
calculated with an intrinsic wave function with coordinates measured 
with respect to the center-of-mass; this is clearly what one is after. The 
C-M correction factor is 


y 


fom(k) = exp (4) 
= =), 
E AA 
h 
hose mo. (B.19) 


Osc 
Note that the correction factor goes as 1/A where A is the number of 
nucleons. In calculations, this additional factor can always be conveniently 
lumped, together with the single-nucleon form factor of chapter 19, into 
an effective Mott cross section 


õm = fen (i) fem(K) omot (B.20) 
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Unless stated otherwise, this expression is used in all the traditional nuclear 
physics calculations carried out in this text. 

We proceed to demonstrate the result in Eq. (B.19) in the case of 
four nucleons in the 1s state of the three-dimensional simple harmonic 
oscillator.! The independent-particle wave function in this case is 


1 A 
sm ~ exp (- T 5y e) (B.21) 


OSC j=] 


The norm is discussed below. Introduce C-M and relative coordinates 
according to 


1 
R = — i 
A 2 r 
r, = r,—-R (B.22) 
Use the simple, crucial identity 
A A 
Sor = Sor? + AR? (B.23) 
i=1 i=l 
Hence 
AR? 
Ysm ~ exp | —>75— | Vine(t) (B.24) 
2 bsc 
Now compute the charge form factor 
1 ibe 3 
Fsm(k) = z (Ys XO e" (Wom) (B.25) 
i=1 


1 ae AR? re 
~ z | @Re EER (- 5 ) (pine X e~t" pint) 
i=1 


The Fourier transform of the gaussian is immediately performed to give 


bq? \ 1 Et pod 
Fsm(k) = exp (- AA z Wine! 2 Nine (B.26) 


One can now check the normalization. Set k = |q| = 0, and since both the 
shell-model and internal wave function are normalized, the overall factor 
is correct. This result is now solved for the true internal form factor 


Fsm(k) = exp (—%) Fin) 
fin(k) = fom(«)Fsm(x) (B.27) 


1 For the extension, see [de66]. 
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This is the stated result. Note that fin(x) is now calculated with true 
internal wave functions, the true internal volume element (see above dis- 
cussion), and with the constraint 74, r; = 0 thereby incorporated. The 
physics of this result is the following. The independent-particle model 
includes motion of the center-of-mass. This smears out the charge (prob- 
ability) density. The true internal density is more compact, and hence its 
form factor falls off more slowly with x. With many nucleons, the C-M 
motion does not smear out the density as much. Of course, this discussion 
is still all within the framework of the harmonic oscillator shell model. 
The extension to other forms of the potential, and especially to the fully 
relativistic case, is still an open problem. 
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Weizsacker—Williams approximation 


A useful approximation for the electron scattering cross section at low q? 
follows from the results in chapter 11; it is due to Weizsacker and Williams 
(WWA). This approximation gives the dominant part of the inelastic cross 
section whenever the electron is undetected as it passes through matter, 
for then one has to sum over all possible momentum transfers, and the 
WWA cross section increases as 1/q? for small q?. Furthermore, the 
form of the WWA result derived below provides a stepping stone into 
the renormalization group evolution equations for quantum field theory 
[A177], as discussed, for example, in [Ro90, Wa95]. 

We relate the electron scattering process in Fig. 11.1 to the correspond- 
ing real photon process illustrated in Fig. 11.4. This will allow us to express 
the electron scattering cross section as q? — 0 in terms of a cross sec- 
tion measured in photoabsorption. In the course of the analysis, we will 
be able to identify a probability of finding a photon in the field of the 
electron. The classical basis for the WWA is described, for example, in 
[Ja62]. The Coulomb field of a relativistic electron Lorentz contracts and 
becomes predominantly transverse; the electron current produces a trans- 
verse magnetic field of comparable magnitude (Fig. C.1). This transverse 
field configuration is equivalent to a collection of real photons with a 
certain, specified momentum distribution. 

The QED analysis here follows [Dr64, Wa84]. Recall the structure of 
the response tensor in Eqs. (11.20) and (11.27) for a target of mass m 


Ww = (nPE Y Oa + p — p)(plJ.(0)|p")(p'|Ju()|p)(QE) 
i f 


Wı(a?,q ` p) (5. = fuse) 


1 pg pq 
2 
+W2(q°,4 D (>, = ge a») (>, = gi a) (C.1) 
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i 


Fig. C.1. Lorentz contracted electric field of relativistic electron; basis for 
Weizsacker—Williams approximation. 


The (unpolarized) cross section for real photon processes follows directly 
from this response tensor. The relationship is derived in chapter 11, and 
the photoabsorption cross section is given by Eq. (11.39) 


O (ral 


u me A 
(27)? 
= W,(0,—k : p) (C.2) 

(k: p}? 
The first line follows from the covariant polarization sum, and the second 
from a change to incoming photon momentum. Note that the real photon 
limit (q? —> 0) of Eq. (C.1) is perfectly finite; there are no singularities 
of the r.h.s. in this limit. Hence one establishes the following relations as 
q? — 0 (chapter 11) 


Wrq?.4°p) = O(a") sq 0 
mean = 2 wao) (C3) 
These equations can be inverted to give for q? —> 0 
oy) ; 
m= aala) 
W = me (C.4) 


The electron scattering cross section can be written in terms of the 
variables in Fig. 11.1 as (chapter 11) 


4x2 Pky 1 2 2(kı: p)(ko*p) 15 
qt 262 (ki: p? [ "m +| m? A | m} an 


The overall dependence of 1/q* coming from the square of the virtual 
photon propagator implies that in the integrated cross section, most of 


Oe 
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the contribution arises from the region where q? — 0. In this case, one 
can replace the structure functions by their limiting forms in Eqs. (C.4)! 


. 40° dk vlg p? 1 q`p 
doe = 3 58) ( ) 
q? 2e2 /(ky - p} (2a)°a m 


>, mq? [2k pyk2-p) 15 
i fa * (pay | m? 24 |} oo 


This expression is Lorentz invariant. It is exact in the limit q* — 0; 
at finite, but small q*, it forms the Weizsaicker—Williams approximation. 
Equation (C.6) is the principal result of this appendix. 

Let us, however, further develop this expression by using some kine- 
matics. From Fig. 11.1 one has in the lab frame 


q:p = m&— e) = mo 
kj-p = —me, (C.7) 


Also, the expression in brackets in Eq. (C.6) can be rewritten as 


42182 sin? 0/2 0 
=n 162 2 
p q D ee [2e182 — 2erea sin 3l 
82763 sin? 0/2 cos? 0/2 2e763 sin? 0 
2 12 2 12 
a w? T w? 


(C.8) 


Hence the result in Eq. (C.6) becomes 


| 8ko 1 e?eZsin? 0 1, 
"or q4 2e & (mya?) pas +74 io) 


Now change variables using 


Oo = &—é& 
q? = 2e1£2(1 — cos) (C.10) 


Hence (after an immediate integration over dd) 


aka €9€0dw dq? T 2 
= 2 = .11 
26 269 7 2816 221 doda E ) 


The limit q4? — 0 is achieved at finite ¢. by going to small angles where 
0 — 0. In this case one has 


erezsin?@ = e0? = q'e (C.12) 


1 Here the symbol = implies an approximate relation that is exact in the limit q? — 0. 
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Hence 


d 2 4nadwam 1 | 
7 @ e e Cr) 


€1€2 


A) pa 
T ;| dq2o,(w) (C.13) 


Now introduce the momentum fraction of the virtual photon 


=z ZAJ (C.14) 


(0) E2 
E1 E1 


Also introduce the differential of the so-called resolution in the electron 
scattering process defined here by 


2 


2 
dt = din (5) = aq (C.15) 
do q 


The electron scattering cross section in Eq. (C.13) can then be rewritten 


as 


2(1 —z) 
2 


Z 


do, = sade de | +1 o,(z) (C.16) 
2n 

We are now in a position to provide a more detailed interpretation 
of this result [A177]. The contribution from the accompanying photon 
field to the electron scattering cross section for a beam of N electrons 
can be written as the following product: [number of photons dy(z,t)dz 
viewed with resolution between t and t+dt carrying a momentum fraction 
between z and z+dz of the beam] x (photoabsorption cross section at that 
z). The first factor can in turn be related to the probability that at that t, 
a photon carrying momentum fraction z is produced by an electron; we 
define that differential probability by («/27)P,—(z)dtdz. It follows that 


Ndoe = [dy(z,t)dz] 0,(z) 
= [NP —elz\drds| 5,(z) (C.17) 
One is now in a position to identify the splitting function P,—¢(z) which 


forms the heart of the analysis of the evolution equations of QED and 
QCD. A comparison of Eqs. (C.16) and (C.17) gives 


Pede 574i] =e- C18) 


Note that the splitting function as calculated here is independent of t. 
For the additional splitting functions in QED and QCD, see for example 
[Qu83, Wa95]. 
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Polarization and spin-1/2 fermions 


It is essential to know the technique for dealing with the spin and po- 
larization of any spin-1/2 fermion, electron or nucleon, entering into a 
scattering process. Consider first the case of a massless fermion, for exam- 
ple a relativistic electron. The positive energy, stationary state, momentum 


eigenstate of the Dirac equation in this case satisfies! 
a py = Epy 
Ep F Ipi 
Introduce the Dirac matrix ys with the properties 


ys = pry2ysya 
YsYut mys = O 
ie ieee 


In the standard representation, y5 and ysa take the form 


_ 0 -tl ; TG Oia. 0 _ 
re eee sysa=ays=( o e )=—o 


Introduce the projection operators defined by 


1 1 
P, = ~(1+) Py = ~(1- 
D TP pleas) 
These satisfy 
2 
P? = P 
PP; = 0 


(D.1) 


(D.2) 


(D.3) 


(D.4) 


(D.5) 


1 Recall ñ = c = 1 here. The reader can extend the arguments to the negative energy 


solutions. 
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Define 


y, = Pip yt = Pry (D.6) 


Now multiply Eq. (D.1) on the left by, for example, P}. Since ys and a 
commute, this gives 


a py, = |ply, (D.7) 


Multiply this equation on the left by ys; and make use of the above 
relations 


PIY 
Y] (D.8) 


| 
a 
© 
2 
II 


q 
a|» 
eng 

< 
£ 
| 


One concludes that P) projects out of the Dirac spinors that part with 
negative helicity. P; does just the opposite. 

One can now compute the cross section for massless fermions of any 
helicity by inserting either P} or P, before the appropriate Dirac spinors 
and then summing over all helicities. This converts the required expressions 
to traces, and only the appropriate helicity will contribute to the answer. 

Suppose the fermion has a non-zero rest mass m. One can then go to 
the rest frame of the particle. In this frame, the four-vector p, = (0, im). 
The Dirac spinors for a particle at rest reduce to simple Pauli spinors, 
and the spin operator in this frame is just ¢/2. The spin can be quantized 
along any convenient z-axis in this rest frame. Introduce a spin vector 
which points along this z-direction 


S=— ; rest frame (D.9) 


Evidently 
o:Sy =y (D.10) 
One can readily construct projection operators for spin up or down along 
this z-axis in the rest frame 
1 


P= 50 +0:5S) Pi = 51—08) (D.11) 


Now define a four-vector S, to be the result obtained by Lorentz 
transforming S, = (S,0) from the rest frame. One evidently has the 
Lorentz invariant relations 


p:S=0 S*=1 (D.12) 
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The projection operators can be put into covariant form by using Eqs. 
(D.3), with the result that for positive energy spinors (for which, in the 
rest frame, Py = y) 


1 
P = 50-ysa: S) 


1 . 
= z + ts SB) 


1 
= 53 + iys YpSy) (D.13) 


This result can now be readily transformed from the rest frame to any 
other Lorentz frame. A similar result is obtained for P|, and the reader 
can verify that Eqs. (D.5) are again satisfied. 

These projection operators can now be inserted in front of the appropri- 
ate Dirac spinors and sums then taken over all spins, which converts spin 
sums to traces. Only the appropriate spin states will contribute. The result 
will be expressed in terms of Lorentz invariant expressions involving the 
four-vector S, which has a simple interpretation in the rest frame of the 
particle in terms of the direction of its spin. 

Let us illustrate these developments with a simple exercise. Consider the 
scattering of longitudinally polarized, relativistic (massless) electrons from 
point Dirac nucleons with one-photon exchange. Let h = +1 represent 
the helicity of the incident beam with P, = (1 —hys)/2. Calculate the 
polarization of the final nucleon defined by 


NN _ NW 
O N THN) D 
Here the arrows refer to the direction S in the rest frame. Since all 
common factors cancel in the ratio, one only needs to consider the Dirac 


traces obtained upon insertion of the appropriate projection operators. 
One needs the contraction of 


Av = trace {yu(1 = hys)(—ikpyp)yv(—ikgyo)} (D.15) 


Wray = trace {yu(1 + iysy,S,)(M me iDaYa)Yv(M Py ippyp)s 


At least four gamma matrices must be paired off with the ys to get a 
non-zero result, and 


Ps 


(D.14) 


trace {puYvYpVoVs} = 4Euvpo (D.16) 
Hence 
—4(kuk, + kyky — Spy k +k’) — 4h eupyokp ke 
v = 4M Spy — Aub + PvP — Sw PP’) 
—4M (epavpSaPg + pia SiPa) (D.17) 
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= 
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In the contraction of the two tensors, both terms must either be even 
or odd in the interchange of u and v to get a non-zero result. For the 
contraction of the antisymmetric terms use 


Epa Envap = 2(0px0ep — OppOca) 
Euvpo Euvap ApDoCadg = 2a-cb-d—2a-db-c (D.18) 


Hence for the polarization Ps in Eq. (D.14) one has for massless 
electrons 


N = +2hM(S-kp'-k’—S-k'p’-k—S-kp-k' +S-k'p-k) 
= —hMq’?S-(k+k) 
Q = 2M*k-k’+2k-pk'-p'+2k-p'k'-p (D.19) 


In the second line q = k’ —k = p—p’ has been used. One only has a 
non-zero Ps in this case if h is non-zero and there is a polarization transfer 
(see [Ar81]). 


Appendix E 


Symmetry properties of matrix elements 


In this appendix we derive symmetry properties of matrix elements of the 
electromagnetic multipole operators that follow from hermiticity of the 
current and time-reversal invariance of the strong and electromagnetic 
interactions [Pr65, Wa84].! The electromagnetic current is an observable 
and an hermitian operator 

= J 
= px) (E.1) 


The properties of the spherical and vector spherical harmonics under 
complex conjugation follow by inspection 


Yy = Œi) Yj -M 
yy = (1) yM (E.2) 


The adjoints of the multipole operators then follow from their definition 


Îmi = (-1) 2s mle) 
n = 1 ; current multipoles 
= 0 ; charge multipoles (E.3) 


It is useful to include isospin in the analysis. Define spherical components 
of t 


=q 


TH = TA 


Tt = 73 (E.4) 


(ty +it2) 


' Selection rules from parity invariance of these interactions are discussed in the text. 
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Now isolate the isospin dependence of a multipole operator in a factor 


1 
Irm; = 5 ;T=0 
1 
= ztLMr oT =i (E.5) 


It follows that the multipole adjoints further satisfy 


T Tm = (C1 P 7 _My (E.6) 


A combination of these results gives the full adjoints of the multipole 
operators 


F mrmr (K) = (1M FS 5 m,r -m (I) (E.7) 
We shall now derive from this the following relation on a general 
reduced matrix element of a multipole operator 
ETE A ar AT = E T rI 
(E.8) 
Here the symbol :: indicates a reduced matrix element with respect to both 


angular momentum and isospin. The proof of this relation follows from 
the Wigner—Eckart theorem [Ed74] 


-A - n Jy J Ji 
UMITIM omru MTM =C A a a) 


xI = T] x (J Te E P a7 EiT) (E.9) 
Now take the complex conjugate of this relation and use the definition of 


the adjoint (f|7|i)* = (itf) 


(1 ( = A a ) x [J = T] x (JT Far E TY 


Mf ai JI ds 
= Mj+Mr+n Ji—M;i i Í 
S (N E —M; a 


x = T] x TET a7 ITs) (E.10) 


Here the Wigner—Eckart theorem has been used once more on the last 
matrix element. Now use the properties of the 3-j symbols [Ed74] to 
rewrite the right hand side 


SAT, —T, M; Jy J Ji 
Jf Ji+Ty Ti+ Jf My Í i 
ee ae) (= ee M; a 


XJ = T] x (GT: Ë Far Ë STs) (E.11) 
Equation (E.8) has now been established. 
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Let us now investigate the restrictions imposed by time-reversal invari- 
ance. Recall that the time-reversal operator is anti-unitary and satisfies 


Tif = -i 
GIT) = (TH (E.12) 
The properties of the electromagnetic current under time reversal follow 
from classical correspondence 
ix = —J(x) 
Tax)? = px) (E.13) 


Thus the multipole operators satisfy 
TF ymyrmp>T = (CDM j -m:TMr (E.14) 


Note that the current only involves Mr = 0 and hence time reversal does 
not affect the isospin here. Our states are defined to transform according 
to ? 


T\JMj;TMr) = (-1)'™|J,—My;TMr) (E.15) 
Time-reversal invariance then says 
(JMi TMi P gy 7 My |JiMiTiM;) 
(JiM TMA? Fouy-rm, TT |iMiTiM;) 
lye ep 
x (Jp, —My Typ Mil 3m, 7 Mp lJ, —Mi TMi) * (E.16) 


Now use the Wigner—Eckart theorem on both sides and the properties of 
the 3-j symbols [Ed74] 


(—1) M ( “M; M; Mi ) x J = Tlo x Sp Ty Far 2 JiTi) 


4M; ; ; Jr J Ji 
= 1 Wit Mi __1)\F +My _1)Mi (1) +My f I 
(Lye ay hea ae ( M,; —M; —M; ) 


x[J = T] x (J T 2 Far 2 GTX (E.17) 
Since the isospin factors are identical, this relation implies 


(J Te Ë Pyr ETY = (1) Sp Ty Far E iT (E.18) 


? Note that this involves a phase convention. 
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Table E.1. Selection rules for multipole operators from parity and time reversal 
in elastic scattering; this quantity must be +1. 


Myu(«) Tul) Trn (K) 
Parity C (1 an 
Time Reversal (—1)’  (—1) +! ees 


(— 
(— 


A combination of Eq. (E.8) and Eq. (E.18) then leads to 


(JT 2 D yr ETÀ = (Is IAT, E D yr Ë JeTe (E19) 


This is the basic result of this appendix. It follows from the hermiticity 
of the current, time-reversal invariance of the strong and electromagnetic 
interactions, and a phase convention on the states. This relation allows 
one to turn around the matrix elements. If the initial and final states are 
identical, as is the case in elastic electron scattering, this relation leads to 
a selection rule. It states that 


(—1)7*" =1 ; elastic scattering (E.20) 


Thus J +7 must be an even integer in elastic scattering. Hence only 
the even charge multipoles and odd current multipoles can contribute 
to elastic scattering. The selection rules for the various multipoles from 
both parity and time reversal in the case of elastic scattering are shown 
in Table E.1. For the charge and transverse magnetic multipoles, time- 
reversal and parity invariance lead to identical selection rules, that is, only 
charge multipoles with even J and transverse magnetic multipoles with 
odd J contribute to elastic electron scattering. For the transverse electric 
multipoles, parity implies J must be even while time reversal implies 
J must be odd. Hence invariance under both parity and time-reversal 
invariance implies there are no transverse electric multipoles in elastic 
electron scattering 


(isl aoli) = 0 ; parity and time reversal (E.21) 
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Angular correlations 


Consider the basic coincidence reaction 
A(S;") [e, e’ X(SZ )] A'(S3”) (F.1) 


The angular distribution of particle X in the C-M system can be analyzed 
in more detail using some basic results from [Ja59]. If particle X is massive, 
so that all helicity states are present, one can make a change of basis to 
L-S coupling states for the final two-particle system. 


JJMAgdx) = So(J;LS|J;A24x) |JM; LS) 
LS 
(J; LS|J; 224x) = VĒL +S + 1-18-2454 


Es ed Se. We’ s 
x ( Oo Me =e 7) (E2) 


Here 2 = ż2—4x. This transformation reproduces the usual non-relativistic 
L-S coupling wave functions [Ja59]; however, it is also a completely gen- 
eral unitary transformation, for with some algebra [Wa84], one establishes 
the relations 


XO(LS|41%2) (LS |414) = Dari Sind, 

LS 

XO (LS]2122)(L'S'l2122) = Ot dss" (F3) 
o 


Here J is suppressed. The transformation thus remains valid for arbitrary 
relativistic motion of the final two particles. The transformation in Eq. 
(F.2) is real, and the coefficients are independent of M just as in the proof 
of the Wigner—Eckart theorem. 
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The L-S basis states have two advantages. First, since they reduce to the 
usual non-relativistic L-S wave functions, one can use angular-momentum 
barrier arguments in this case to classify the contributions. Second, they 
produce eigenstates of parity, for again with some algebra [Wa84], one 
establishes the relation 


P\|JM;LS) = nonx(—1)"|JM;LS) (F.4) 


The change of basis in Eq. (F.2) can now be substituted in the expression 
for the bilinear product of current matrix elements appropriately summed 
and averaged over the final and initial helicities in Eq. (13.68). The result 
is, again after some algebra [Wa84] 


P Saa 


J! L L' 


x(2J + DJ + DVOL + DOL + 1—1) tits S44 
fy E S JJ l 
( 00 0 n ULSS \ VT FDY, ylba) 


J J l ESA ; 
k ( Ai Ay A My ) (LST 214K)" (L'SIT” 2144) (F.5) 


Here 2; = 21 —2x and 4; = 2;—4/,, and a 6-j coefficient has been introduced 
[Ed74]. 
Transition amplitudes into states of definite parity can be defined by 


e(LS;J;41) = S(LS|T!|A,0) 
t(LS;J;à1) = (LS|T7|%,+1) (F.6) 


Recall these are functions of (W,k*) and still contain all the dynamics. 
Parity invariance then implies that 


(LS|T7 Ar, Ag) = (1) {LST = 21, —Ax) (F.7) 


Again n = ninjnx. This relation allows one to eliminate (LS|T’|—7,,—1) 
and leads to the selection rule 


e(LS;J;%) = (1) i e(LS;J;—41) (F8) 


Upon substitution of the appropriate values of Ag, one can identify the 
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coefficients appearing in Eqs. (13.71) as 


Ay = S_Kj,(LL'SA1) (F.9) 
Jeo J 2 ee ARN 7a Pee E 
x ( u a 0 ) eLs;3;41) e(L'S;J';21) 
Bi = —2X_Kip(LL'S21) 
J J' l gts x la. tiA 
x ( PERE E ) ES; t(L'S;J';21) 
—?2 l F 
— SS E T K (LL A 
Cı TES gy (LL S21) 
J J' l aritna irla qe 
x ( OEE ) Re e(LS; J; AL'S: J'A) 
—1 l ’ L'+J'—S 
Dı = XO Ky y(LL'SA,)(—1)" 7 
Ja DT ey 2 RE SAND 
x 4 A l t(LS; J; UY t(L'S 3 J’; —A1) 
A,—1 —); =, 2 oJ 5 Al >, >, 1 


Here X = Jy Vey Vs Mt Uv Dy, and the common summand factor is 
defined by 


2+1 ; : 
aya 2 + DO + 1) /QL+ DCL +1) 


aJs J ad LL Il 
a=) E L S$ 0 0 0 (E10) 


K} (LL'S%) = 


Thus we have derived a general expression for the angular distribution in 
the C-M system for the coincidence reaction in Eq. (F.1). The derivation 
is completely relativistic, as long as particle X has non-zero rest mass so 
that all helicity amplitudes are present in the reaction. 

For a 0* nuclear target, these angular correlation coefficients are dis- 
cussed and tabulated in [K183, Wa84]. We give one other application 
here. 

Consider pion electroproduction from the nucleon so that particle X 
is a pion and the initial and final target states are the nucleon with 
J” = 1/2*. For the pseudoscalar pion Sx = 0 and nx = —1. For the 
nucleon S; = S2 = 1/2 and 4; = m = +1. It follows from Eq. (F.2) that 
only one value of the total spin S = 1/2 enters the analysis, and this 
quantum number will subsequently be suppressed. The parity of the final 
m—N states follows from Eq. (F.4) 


P|JM; L) = (—1)4t!|JM;L) (F.11) 
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There are now only two values of the initial nucleon helicity 24; = +1/2, 
and the sum over this quantity can be immediately performed. Introduce 
the notation 


LI) = (LT Y(W A210) 


t(LJA1) (L|T?(W,k?)\Ay, +1) (F.12) 


Equations (F.9), which give the angular distributions in the C-M system 
through Eqs. (13.71) then reduce to the form 


Ay = >_K5j(LL’) (F.13) 
J J A lx srryl 
Gre 1/2 o ) 5) ALTS) 
Bi = -Y K} (LL') 
Perae 
$ ( ip 3 KOE AE) 


-( E7 5 o Jas, -p3 
TF > Kis (LL) Re LJE” 
(ii n 4 Jesa 
-qn ( E 1 K Ja, —=3) 
o rm Ha KLE yer 
i ( ap E7 ) Be (LI E= 


Here one is left with X = >>, Xy So, Soy, and the common summand is 
now 


Gp = 


) 


K} (LL') = (21+ 1)(2J +12 + 1)/(2L +12L + 1) 
_ J+J'+1 J J’ l L L' l 
A= g L AE 0 0 (Eg 
Also 


n = myznx =—1 (F.15) 


As one application, suppose the pion electroproduction proceeds entirely 
through the first excited state of the nucleon with J” = 3/2*. In this case 
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only one total angular momentum contributes so that J = J’. Furthermore, 
since L = J + 1/2 the positive parity picks out L = L’ = 1 from Eq. 
(F.11). The summand can be evaluated with the aid of [Ed74] to give 
K323 (11) = 8/5, and further evaluation of the required 3-j symbols 
leads to the explicit angular distributions 


JIA = pall + ost c 
112 —1)2 — 1 31 
AHAT alil C 


+P (cos 0,) (134) 
ase 33 


mAH +A) = 


Re( Jti (J!) = fig 008 26u PS(c0s 0) 
31 Coe 
«| rer (133) (14-3) (F16) 


The integrals over the angle-dependent terms vanish when f dQ, is per- 
formed, leaving just the angle-independent terms in the inclusive cross 
section. 
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Relativistic quasielastic scattering 


If one scatters an electron from a nucleon at rest to a final state of discrete 
mass, then, as was shown in chapter 12, the Lorentz invariant response 
surfaces take the following form! 


2 
m 4 
Wi(q?.4° p) = wild) 0(Po —po-—qo) 3 i=1,2 (G.1) 
0 


For a Dirac nucleon 


_ 4 2 
wto= Fi hi + 2mFo) 
q? 
w = Fr+ —5(2mF2)’ (G.2) 
4m 


For elastic scattering from an isolated nucleon, it was shown in chapter 
12 that 


E' 
[dea d(m—E'—q)) = >r 
m 
2e1 sin? 0/2 
five (: i ase) (G3) 
m 
Hence the differential cross section for elastic scattering is given by 
do 0 
77M bala?) + 2w1(q*) tan? 4 r (G.4) 


This is the celebrated Rosenbluth cross section. 


1 In this section, momenta denote four-vectors so that q? = qa: We explicitly denote the 
three-vectors by q, etc. 
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An alternative way to proceed is to rewrite the energy-conserving delta 
function in Eq. (G.1) as 


2. 

m 

g 9(Po — Po 40) = 2m’ d[(po — 40)" — pẹ] 
0 


= 2m’ d[(p—q)—p?] 
= 2m’ 5(2p-q—4q’) 


2 
— ay 
= mo ( £) 


= Taa — x) (G.5) 
Here 
; 2 
v= E ;x= ae (G.6) 
m 2mv 


The quantity v = £; — € is the electron energy loss in the lab, and x is the 
Bjorken scaling variable. Three-momentum conservation has been used in 
arriving at the second equality in Eq. (G.5) and the fact that this is elastic 


scattering so that p? = p? = —m? in the third. 
Note also that the combination 
2 2 2 2 
q q 1 q q 
ô = 6 (1 

4m2 ( £) 2m 2mv ( E) 

1 
= —òô(l—x) (G.7) 

2m 


Hence for elastic scattering from an isolated nucleon, the response surfaces 
are given by 


-W = ô(1-— x)w(q°) 
m 
2m 
—W, = d(1—x)Wi(q") 
4m? 
wi = Gea) = (Fi + 2m)’ 
q? 
w = Eia zemi (G.8) 
m 


If one now models the nucleus as a collection of non-interacting nucleons 
at rest, the nucleon cross sections can just be summed; equivalently, the 
structure functions take the form 


wy = 6(1—x)[Zw8(q?) + Nw3(q?)] 
2W® = 61 —x)[Zwr(q?) + Nwa] (G.9) 
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This is the world’s most naive model of the nucleus; however, it does 
have the following features to recommend it: 


e It is completely covariant, assuming only that the nucleons are at 
rest in the lab frame and remain nucleons after the scattering. The 
nuclear response tensor has the correct Lorentz covariant structure; 


e The nuclear current is conserved, and the structure of the nuclear 
response tensor reflects this fact; 


e The nucleons can have arbitrarily large final four-momentum p’ = 
p— q; the calculation still holds; 


e When divided by the appropriate single-nucleon response functions, 
the nuclear response tensors exhibit Bjorken scaling, depending only 
on the variable v through the Bjorken scaling variable x appearing 
in the factor 6(1 — x). 


It is a simple matter to generalize the above to the situation where the 
target nucleon is moving with momentum p. There are two changes that 
one has to consider: 

1) From the definition of the initial flux as the number of particles 
crossing unit area transverse to the beam per unit time, one has 


AE 
inc Q rel kı 
= i/k P kı 
Q & a . a 
1 V(p- ki)? 


Q Ek 


(G.10) 


This is exactly the same expression used previously in obtaining the 
invariant form of the cross section in Eq. (11.20). Hence it is appropriate 
to start from there. 

2) Since the electron tensor is conserved, the terms in the nucleon tensor 
proportional to q, and q, can be discarded in the contraction of the two. 
The required replacements are therefore: 


N uv Ôv => N uv Ôv 


; 1 
Nv me > APE): k) + (k: ka)m’] 


1 1 
a lea kı)? + q°(p k1) — 5am (G.11) 


The first contraction, given entirely in electron variables, is unchanged. For 
a nucleon at rest in the lab frame with p, = (0, im), the second contraction 
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takes the previous form 
m [2(p ` ka)(p ka) + (ki : ka)n"] = 28182 cos" 5 (G.12) 


For a moving nucleon, one simply evaluates Eqs. (G.11) for 


Py = (P. iE) = (p, iy P? +m?) (G.13) 


The cross section for scattering a massless Dirac electron from a Dirac 
nucleon moving with initial momentum p in the lab is thus given by 


do me 0 
= oy ——— 2m 6(2 = 2w1(q?) tan? — 
(sear mov nucl ie (ki: 7: ú n 1 ”) ae 2 


sas [20 kP teo k-z} (G14) 


2m?e1£2 cos? 0/2 


+w2(q’) 


Now suppose the nucleus is modeled as a collection of non-interacting 
nucleons where there are n(p”)d°p nucleons moving with momentum be- 
tween p and p+dp. This could, for example, be the momentum distribution 
for nucleons in an pe shell model? 


na (p ga Ip”) ;a=p,n (G.15) 


One can again just add the individual cross sections. 

The third modification required for this case, in addition to the previous 
two, is as follows: 

3) The expression for the energy-conserving delta function now takes 
the form 


2 Op 
2m [n ps dpi Cpa- P) = 5 [nip?) Pps aw (SE) aw) 


= ” fat n(pi +p) e PL (2) 


2 
E E E 


ow  Eqt+ ap, 
= (G.16) 
Op) Eq 
The equation W = 0 determines P\(p7.4.@) where now q = |q| and 


œ = —qo = € — €2. 


? Closed shells are assumed and hence the distribution is a function of p°. 
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The resulting nuclear cross section is given by an incoherent sum 


(ams) = MG De [rei trper. 


a=n,p 
Eq mei { (a), 2 20 
x 2w; (q*)tan* = 
(n) krp 2 

1 
2mĉ?e1 £2 cos? 0/2 


[20 k? +4249 ki) zare) } (0am) 


Here py is again determined from W = 0. 

These are exact results within this model. The nuclear current is again 
conserved, and the nucleon can be scattered through arbitrarily large 
(q,@). While achieving these goals, it is important to note that the kine- 
matics for electron scattering on a free nucleon have been employed, as 
well as the dispersion relation for a free initial nucleon in Eq. (G.13). 
Final-state interactions and modification of the initial nucleon spinors 
have been neglected. 

To obtain some insight into this answer, specialize to the case where 
\p/E| = |(v/c)initial < 1. To leading order, the coefficients in the cross 
section reduce to those in Eq. (G.8), and the only change is to introduce 
a new quantity into the previous y-scaling analysis in Eq. (23.36) 


y= — i (G.18) 
This is energy-momentum conservation to order (v/c)?,is;4. Note again, 
(q,@) can be arbitrarily large as long as the nucleon remains a nucleon. 


y-scaling is discussed in much more detail in the review article [Da90], 
and also in [Do99]. 
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Pion electroproduction 


Much can be said about the amplitude for pion electroproduction from 
the nucleon, N(e,e’z)N, on general grounds. This is the first inelastic 
process one encounters in scattering electrons from protons or neutrons. 
The development in this appendix follows [Fu58, Wa68, Pr69, Wa84]. 
The pioneering work on the photoproduction process was carried out by 
CGLN [Ch57]. Other important early references on pion electroproduction 
include [De61, Za66, Vi67, Ad68, Pr70]. 

The kinematic situation is shown in Fig. 13.1; here particle X is now 
a pion. The laboratory cross section is given in terms of the covariant 
matrix elements of the current in Eq. (13.41) by Eq. (13.47). The angular 
distribution of the pions in the C-M system is given in terms of the 
helicity amplitudes by Eq. (13.68). With a transition to the L-S basis, and 
unobserved polarizations, the angular distribution takes the form in Eqs. 
(13.71, F.13). Here for the nucleon J” = 1/2* and for pseudoscalar pions 
n=ninonx = —1. 

From Lorentz invariance, the S-matrix for the process N(e, e’ 2)N in the 
one-photon-exchange approximation can be written as 


1/2 
(2n)* a m? 
Si = ib (k 4 k Tři 
f a? (ki + pi — k2 — p2 — q) Jo, E Ee Í 
a 1 
Th = Analin(ks) yuki) Ju 
1/2 
204 E1 E2? X 
Jy Gs (ap5 Jul) (H.1) 


Assume one has a theory for the pion—-nucleon interaction with a set of 
Feynman diagrams and Feynman rules so that an expression for Tp; is at 
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hand. Define the Moller potential by 


1 
Eu = ü(k2)yuulkı) rz (H.2) 


where, as before, k = kı — k2. The quantity ¢,J, is then a Lorentz scalar.! 
Conservation of the electromagnetic current states that the amplitude 
must vanish under the replacement ¢, > ky 


kyJn =0 (H.3) 


With the aid of the Dirac equation and current conservation, the tran- 
sition amplitude can always be reduced to the following form 


6 
EuJ = (po) |X aW, A?, k’) ep MÀ | u(p1) (H.4) 
i=1 
The Dirac spinors for the nucleon are now normalized to iu = 1. The four- 
momentum transfer to the nucleon used here, and mean four-momentum 
used below, are defined by 


1 
A = ak —q) 
P = To + p2) (H.5) 


There are six independent kinematic invariants, and they can be taken 
to be [Fu58] 


Ma = ss EK -K A] 

Mg = 2iys[(P -e)(q-k)—(P kg 2) 

Mc = yslé(q°k)—k (a: 8) 

Mp = 2ys [A (P°k)—K (P -e)] — imys [EK —# £] 

Mr = iys|(k-e(q-k)—(q- 8k] 

Ms = y5 [k (k: e)—£k?] (H.6) 


Here the Feynman notation ý = yv, is employed. Current conservation 
is evidently satisfied since the replacement € —> k causes each invari- 
ant to vanish identically.? Furthermore, in photoproduction, the last two 
invariants are absent since k? = k - e = 0 in that case [Ch57]. 


1 Strictly speaking one must renormalize the electron wave functions with a factor 
(E/m.)!? so that ūu = 1 for this to be true [Bj65]; however, since all subsequent 
expressions in this appendix are linear in (and we know how to get the correct cross 
section) the overall normalization of ¢ here plays no role. 

2 Recall pp = v?. 
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Without loss of generality, one can reduce the transition amplitude to 
an expression taken between two-component Pauli spinors by substituting 
the explicit form of the Dirac spinors introduced previously in Eq. (19.9) 
and now normalized to uu = 1 


Ns 
u(p, s) = ( rt ) a (H.7) 
Ep + ms 
1 0 ; 
Here y; = 0 and n; = 1 represent spin up and down along 


the z-axis, taken to be the direction of the incident nucleon in the C-M 
system as in Fig. 13.3. Substitution of Eq. (H.7) in Eq. (H.6) and explicit 
evaluation of the Dirac matrix products leads to the following equivalent, 
but still exact, expression for the spatial part of the transition matrix 
element expressed in term of Pauli matrices in the C-M system 


o> 


6 
J = ni, z GWA. Ns 
i=l 


m = io-k(q-8) ms = io -Â (k -ê 
m, = io-4(q-8) mo = io :k(k-3) (H.8) 


na 


In this expression ¥ denotes a unit vector. The linear relations between 
the amplitudes a; referred to as {A,B,...,E} and the G; is given by 
[Wa68, Wa84] 


(E1 + m)\(E2 +m)]*/? 


Gi An (W —m) 
k-q k? 
x|a+ 0r m)D ~~ ——(C D+ A 
g = —— UKW +m) 
: [4m (E1 + m)(Ez +m]? 
EEL E EE ee py K p 
m W +m W +m 
= * Ex+m 1/2 
Gs = Iqik*(W +m) aaa] 


k2 
—D W B E 
«fe + ( m) Wm | 
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) 


308 
Gan m aE n 


x lop +ma+ ae =| 
|q] k* 
[4m2(E, + m)(Ey + m2 
x {ko [-A + (W +m)(D — F) — k - 4(B — E)] 
—k -q [C — D — (W + m)(B — E)]} 
= x2 Ex,+m t2 
PeT Ea ral 
x[-A+k-q(E—B)—(W4+mF—-(W—m)D] (H9) 


Gs = 


The Coulomb matrix element can be obtained from these results by 
current conservation 


EEA k 2 
(qpS|3- kipi) = (3) (ap \p|p1) (H.10) 


If the Coulomb matrix element is evaluated directly, the result is 


1/2 
20 E EQ? = 
(Zac) (qp5\(—1)Jocolp1) = ni [m7G7 + mgGs] ns, 


m = —ie&go : ĝ 
mg = —iso: k (H.11) 
Equation (H.10) allows the identification 
k* PEEN 
G7 = [Gs + (k: 4) G4] 
0 
k* A 
Gg = fg tt Ga Gel (H.12) 


It is convenient to take out the same overall factor as in Eq. (13.41), and 
one defines new transition amplitudes by 


az 
~ Anw 


It then follows from Eq. (H.8) that 


Ji G; i=1,...,8 (H.13) 


6 
Es = ni > fw a? Ns, (H.14) 


i=1 
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To carry out a multipole analysis of the transition amplitude of the 
current, the covariant transition matrix element of the current is expanded 
according to Eq. (13.58) 


6 
Nh, (>: mai) Ns) = (H.15) 
i=1 


1 
ooe OF +0 )Di,— —Ak, al — op, —4, bp)” (Aol T?( W, kay Ak) 


Here (= sı) and %2 are the initial and final nucleon helicities, and 2, is 
the virtual photon helicity. The C-M configuration is shown in Fig. 13.3. 
A little study shows that the Pauli spinor Ni, can be expressed in terms of 
the previous spinor Ns, (representing spin up or down along the =k axis) 
by the rotation 


= Ñ 2r Op, bp) me, (H.16) 
s2 


Now one has the invariant amplitude expressed in terms of helicity ampli- 
tudes. This relation can be inverted using the orthonormality properties 
of the rotation matrices [Ed74]. Thus, given any invariant amplitude for 
pion electroproduction, one has all the equivalent helicity amplitudes. 

Recall the transformation coefficients to the L-S basis, which provides 
eigenstates of parity. For the case of the 2—N, the transformation in Eq. 
(F.2) takes the form (again S is suppressed) 


L 1/2 J 
= as F192 
IJL) = ak 1)! +EH k Z, ) Wa) (H.17) 


Substitution of this expression in the definition of the transition amplitude 
in Eq. (F.6) gives 


1 k narve g 1/2 J ) shd 
Bare 1) 0 a -a ) ATIS 


L 12 J 
(aD VEFE n o i yy ) T+) 
A2 
(H.18) 


In the second relation 21 = +1/2, and the sum in both relations goes over 
Ay = +1/2. Thus, once the helicity amplitudes have been obtained, the 
transition amplitudes into eigenstates of parity follow immediately. The 
angular correlation coefficients are then given by Eq. (F.13). The transition 


Appendix H 327 


multipole amplitudes into states of definite parity are sometimes more 
conventionally defined according to 


OET lk Ie 
(LJ, 5) = +(4k"q) ior 
1 " I Sai 
KEI) = LAK Tip 
1 7 i eee 
(LJ,—5) = +(4k a Le (H.19) 


Here J = L + 1/2 with L= 1. 

Although we now have all one needs to obtain the general angular 
distribution in pion electroproduction, it is useful in comparing with 
current analyses [Bu94] to derive an equivalent expression directly from 
Eq. (H.14) by taking simple (two-component) traces. The cross section 
is given by Eq. (13.47) where the helicity unit vectors are defined in Eq. 
(13.43) with & = &3. The result is readily shown to be 


[Fe = |F71\ +F? + 2Re J7,f cos 0, (H.20) 
IHP HIP = Fil + Aa? — 2Re J} F2 cosO,) + sin? 0, 
x (1P3P + Fal? + 2Re Fifa + 2Re J3H3 + 2Re $3F4 cos 0,) 
Im Jo" [J+ +I) = —(1/V2)sing, sin, [2Re $1.7 + 2Re 3.47 
+2Re $3 $8 + 2Re f3 fs 
+ cos 6,(2Re f3 f1 + 2Re $4 Ls)| 


Re(f+!)* (g-!) = —(1/2) cos 2¢, sin? 0, 
x Cai +a? + 2Re J} $4 + 2Re J3,f3 +2Re J3,f4 cos 04) 


The amplitudes .f; for i = 1,...,4 are expressed in terms of more 
familiar multipole amplitudes by 


Ji = X {UMi + Erg] Pig) + (+ DM + E-P) 
i 


£2 = YAM + 1M, + 1M] P/(x)} 
l 


A3 = X {En — MPa) + [E + Mp] Py 0)} 
l 


Js = SIM — En — Mi- — Ei] P (x)} (H.21) 
l 


Here x = cos 0; and P/(x) = dPı(x)/dx. The notation /+ indicates that 
J = l + 1/2. For k? — 0, that is the limit of photoproduction, these four 
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equations reduce to those of CGLN [Ch57].° In pion electroproduction, 
the multipole amplitudes are still functions of both the energy in the 
C-M frame and the four-momentum transfer (W,k*). In addition in 
electroproduction, there are the Coulomb multipoles 


k* 
J1= kg (4° +xf$a) = X {ICi — Ci4]Pi(x)} (H.22) 


k* 
fs = AGA +xI$3+ A6) = Y{(CPi(x) — CPi (H23) 
1 


Here ko = œ*. 
These equations can be inverted to solve for the mutlipole amplitudes 
themselves. Define 


Ji(W, k?) = a P(x) f (w, k?, x) dx (H.24) 


Then use of the properties of the Legendre polynomials [Ed74] and a 
little algebra lead to 


l 
lE = $1 — fi Con fi l+ Ca Fil 


IM)— 


-Il + fi eit Fil 


l+1 
(4DEy = A-Aa- : ia — Fal — taste — 


(+ 0My4 = Fi- Fin +> - Fil 


Cy = la +A 
= flats (H1.25) 
Finally, to close the loop, we give the relations between these multipoles 


and the helicity amplitudes into states of definite parity defined in Eqs. 
(H.19) 


To 


Eos «ON ai 

+)M, = Spes (=) JA 
ace A Ae 

(+1 Ey = alti (=) Tl 
ae es tee 

IM- = gpi (G) Tol 
A TEIN ce 


3 Recall that E1- = Mo, = O. 
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The longitudinal multipoles are defined in terms of the Coulomb multi- 
poles with the aid of current conservation 


x * 


k o 
ge ie 


Ci Nı+ (H.27) 

If only the electron is detected in an inclusive experiment, one must 
integrate over the final pion direction. Only the terms (Ao, Bo) remain in 
Eq. (13.71), and the result is written, with the aid of Eqs. (H.19), as 


dOa a3 1 2 
— |fe = = H.2 
J EFE = E (3+3) ie (H.28) 
dQ = ` 1 id 12 
JE (Cae |S TP) = 2 (s+ 3) (i + |Ti75| ) 
Consider the role of isospin in pion electroproduction. Let « = 1,2,3 be 


the hermitian components of isospin for the produced pion. Recall that 
the electromagnetic current has the isospin structure 


Ie (H.29) 


Isospin invariance of the strong interactions implies that the transition 
matrix of the current must then have the covariant form 


1 
T = T63 + TO zlto 73] + TOt, (H.30) 


The transition amplitudes into states of given total isospin from a proton 
target then follow as 


Tope J o F 


2 3 
1 1 1/2 
TGP) = -(3) (T+ +2T7 +3T?) (H.31) 


The relations between the multipoles presented in this appendix are all 
derived in detail in [Wa84]. The reader now has enough background to 
proceed from any covariant, gauge-invariant expression for the S-matrix 
in pion electroproduction in the form of Eqs. (H.1) and Eq. (H.13) to 
individual multipole amplitudes. The coincident angular distribution is 
then given by Eqs. (13.71, F.13), or by Eqs. (H.20). Simultaneously, one 
has all the information needed for a general phenomenological analysis 
of pion electroproduction in terms of contributing multipoles [Bu94]. 

Finally, for the transition below the two-pion threshold into a z—N state 
with given (J”, T), there is a theorem due to Watson that the phase of 
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the electroproduction amplitude is given by the strong-interaction elastic 
scattering phase shift in this channel [Wa52]. To understand Watson’s 
theorem, consider a 2-channel process where the first channel a+b = a+b 
is elastic scattering through the strong interaction in a given partial wave, 
the transition amplitude is weak, say of O(e) as in y +a = a + b, and the 
scattering in the second channel y + a = y +a is of O(e?). Time-reversal 
invariance implies that the S-matrix for this process must be symmetric 
and unitarity implies that “TY = 1 [Ja59]. To O(e), the first condition 
implies that the S-matrix in this channel must have the form 


e”? Pit 
S= ( it 1 ) (H.32) 


Explicit evaluation of the unitarity condition for this 2 x 2 matrix then 
leads to the relation 


t = |t\e” (H.33) 


Thus the phase of the weak transition amplitude is that of the strong- 
interaction phase shift. This is Watson’s theorem. 
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Light-cone variables 


In this appendix we introduce light-cone variables and discuss the response 
function in deep-inelastic electron scattering (DIS) when analyzed in terms 
of these quantities. The discussion follows closely that in [De73], which 
provides a much more extensive introduction to this topic. 

Suppose that in coordinate space one has a four-vector x, = (X1, X2, X3, 
ixo) = (x, y,z, ict).! The light-cone variables are defined by 


x, = Bete 
x, = (x,y) (1.1) 


The situation is illustrated in Fig. I.1, where the new axes are defined by 
the lines x; = 0. The square of the four-vector x, is evidently 
= XpXp = W_X + x? (1.2) 


In inclusive DIS we have two kinematic four-vectors q, = (k2 — ki), = 
(dx dy, 4z, igo) and py = (Px, Py, Pz, ipo). We similarly define light-cone com- 
binations 


Ill 


P+ (pz + po) ; PL = (Dx, Py) 


lil 


al-l- 


q+ (4z + q0) > q1 = (4x. qy) (1.3) 
The scalar products are given by 


mv =p:q = p+q- + p-q+ + Pi‘ 41 


qg = 2444- +04 (1.4) 


' We restore fi and c in this appendix for clarity. 
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ct X+ Z 


Fig. I.1. Transformation to light-cone variables. 


Assume the momentum transfer q defines the z-axis so that q1 = 0. 
Further, assume for simplicity that pı = 0 (as is true, for example, in the 
lab). From the electron scattering kinematics, one has 


qz = |ko —ki| = (k? + kå — 2kıkz cos 0)" 


qo = k= kı 
1 

oi © ig [(k? +k} — 2kiky cos 0)? — (kı — k2)] 
1 


[(ki + kå — 2kıkz cos 0)'/? + (kı — k2)] (1.5) 


io ge 


Here we have written |k| = k. 
The DIS limit is defined by v > œ, q? — œ, with constant q?/2mv = xg; 
it is evidently achieved by the following: 


Fix (q+,py); and let q- > œ (1.6) 


In this case 


@ q 
EN En 


— I. 
a ee 


mv > p+q- ; @ > 2q+4- 


To illustrate the arguments, we consider a very simplified, heuristic 
version of Eq. (14.18) where all indices and sums are suppressed 


1 : 
woa) = zz f eile). iO) dx (1.8) 


Now 
d’x = x, dx_dxs. 
Q°X = q4x- +q-x+ (L9) 


In the DIS limit of Eq. (1.6), the integrand in Eq. (1.8) oscillates very 
rapidly, and the resulting integral goes to zero, unless there is a finite 
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contribution from the region where x, — 0. If x} — 0, then Eq. (I.2) 
implies that x? — x7. This now represents a space-like separation of two 
points. The principle of microscopic causality states that the commutator 
of two hermitian observables (here the currents) must vanish for space-like 
separations since their measurements cannot interfere outside of the light 
cone. Hence the only contribution to the integral in Eq. (1.8) will come 
from the region where (x,,x,) — 0, which implies (for any finite x_) 
that x? — 0; this defines the light cone and illustrates the utility of the 
new variables. To obtain the asymptotic form of the response function 
in the DIS region, one is led to an investigation of the structure of the 
commutator of the two currents on the light cone. 

Geometrically, the forward light cone is a cone around the ct axis that 
lies in the second quadrant in Fig. I.1. Both the x, and x_ axes lie in the 
surface of the cone. In the DIS limit, one is forced to the x+ = 0 plane, 
which is tangent to the light cone along the negative x_ axis. Since by 
causality the commutator of the currents vanishes outside the light cone, 
the only contribution to the integral in Eq. (1.8) comes from the negative 
x— axis in the DIS limit. 

What kind of singularities exist on the light cone for the commutator 
of two hermitian operators in field theory? To get some insight, consider 
the very simple example of a free, massless, real (neutral), scalar field 


Jeje aX 1/2 (eke + che~) (1.10) 


It is one of the standard introductory exercises in field theory to show 
that the commutator of this field taken at two different space-time points 
is given by 


ñ 
(Xp), b(yu)I = ACn = Vu) 
A(x,) = ay j d'k elk 5(k2) e" 
= A nbd (1.11) 
2m 


Here d*k = ď'kdko. The invariant commutator has a delta-function singu- 
larity on the light cone. 
One can quite generally define 


w= z / eG(p, x) D(x2) dfx (1.12) 


Assume now that the free-field singularities of the commutator have been 
isolated in D(x”) and that the function G(p,x) contains the details of 
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the currents and the states. From Lorentz invariance one must have 
G(p, x) = G(p- x, x7). In the DIS limit one requires the singularities of the 
commutator on the light cone. In extracting the asymptotic limit, one can 
then replace the regular coefficient G by its value on the light cone 


G(p- x,x°) = G(p- x,0) = g(p- x) ; DIS (1.13) 
Introduce the Fourier transform of this function 


g(o) = J e™ F(a) da (1.14) 

Substitution into Eq. (1.12) then gives 
w(p,q) * = J Foda f eero) ax (1.15) 
Again, for simplicity and illustration, suppose the light-cone singularity 


structure is that of Eq. (1.11). A four-dimensional Fourier transform then 
leads to 


w(p,q) ~ 2 f elapo — qo) 5[(ap — 4)"] F(a)da (1.16) 


In the DIS limit go + —œ and with p*/q? < 1, 


l 


wpa) ~ 2 f 62xp-q—«?)F(a) da 
Lia (1.17) 
mv 


l 


One thus derives the scaling relation of the quark—parton model from the 
free-field singularities, and details of the structure, of the commutator of 
the currents on the light cone. 

With local currents constructed out of bilinear combinations of quark 
fields, one first separates the points in the quark fields and introduces 
the notion of bilocal operators when evaluating the required current 
commutators [De73]. To quote from [De73], ... “The important lesson 
we learn ... is that the behavior of the structure function in the inelastic 
region is strictly related to the light-cone behavior of the commutator 
of the currents. The nature of the commutator singularity at x; = 0 
determines the precise nature of the scaling, while the scaling function can 
be expressed as the Fourier transform of g(o), which in turn is related to 
the matrix element of a bilocal operator.” 

The idea of using the commutation relations of free-quark currents on 
the light cone to derive the DIS quark—parton results is due to Fritzsch 
and Gell-Mann [Fr71, De73]. It is Wilson’s operator product expansion 
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that provides a systematic way of looking at the short-distance behavior 
of a field theory [Wi69]. 

With the asymptotically-free theory QCD, one can justify the use of 
the free-field results at very short distances.” One can then proceed to 
calculate corrections to these free-field results. A useful way to proceed is 
to make use of the analysis in chapter 14 to rewrite the expression in Eq. 
(1.8). First, introduce a scattering amplitude analogous to that for forward 
virtual Compton scattering 


an ee ar 
apa) = 5 | (LP UG) jONp) dz (1.18) 
Here P denotes the time-ordered product 


PLj(Z), j(0)] = F(Z) j(O)O(Zo) + F(0)j(z)O(—Zo) (1.19) 


This expression is immediately analyzed in terms of Feynman diagrams 
[Fe71]; the necessary Feynman rules for QCD are given in chapter 25. 
Insertion of a complete set of states and explicit evaluation of the in- 
tegrals in Eq. (1.18), with the inclusion of an adiabatic damping factor 
for convergence in the time integrals, leads to the Low equation for the 
scattering amplitude 


1 O(a +p — O(a — p + 
alpa) = E2” (a +p — pP) (a-p +p) 
f 


qo + Po — Po — in  qo— Po + po + in 
x (plipp ljO)p)(QE) (1.20) 


Now take the imaginary part of this expression. As in chapter 14, the 
second term does not contribute by the stability of the target, and 


Ima(p,q) = X (27 (q +p — ppl) IOPE) (1.21) 
7 
The right side is recognized as the analog of Eq. (14.8) for the simplified 
response function in Eq. (1.8), and therefore 


Ima(p, q) = w(p, q) (1.22) 


Thus by taking the imaginary part of the scattering amplitude written in 
terms of Feynman diagrams, one can evaluate the response function in 
DIS. 

The quark-parton result for the DIS response function in the impulse 
approximation in the p — œ frame is derived in chapter 12; it is evidently 


2 Indeed, the non-abelian gauge theory QCD was originally developed to do just that! 
3 More generally, take the absorptive part. 
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obtained by considering the imaginary part of the scattering diagram 
where the scattering takes place from a single non-interacting quark in 
the target (the so-called handbag diagram). The probability of finding such 
a quark in the target, F(x), still depends on the strong-coupling aspects 
of the theory. From the above analysis, this result is equivalent to keeping 
the contribution of the singularities of the free-quark commutator on the 
light cone, with an amplitude g(c) again determined by the dynamics. 

By considering additional Feynman diagrams, with radiative corrections, 
one can obtain perturbation-theory corrections to the response function of 
DIS. The evolution equations then allow one to obtain renormalization- 
group-improved results [A177, Ch84, Ro90, Wa95]. 

The topics of operator product expansion, QCD radiative corrections, 
and evolution equations are explored in many texts (e.g. [Ch84]). In 
particular, the reader is referred to [Ro90] for an extensive discussion of 
the current theory of DIS scattering from the proton (with a summary of 
experimental results). Hopefully, the present text and this appendix will 
make that discussion more meaningful. 
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18, 20, 96, 100, 112, 117, 224, 250, 
277, 278, 289, 333, 337 

SLAC data, 100, 100n, 108, 110 

deformed nuclei, 73, 256, 275, 284 

and !%4Gd(e,e’), 74, 275 

A (1232), (see nucleon resonances) 

density—density correlations (see 
Coulomb sum rule) 

density functional, 182 

DESY, 3, 275, 278 

HERA, 278 
detectors H1 and ZEUS, 278 
HERMES collaboration, 278 
diffraction pattern, 9, 15 
circular disc, 11, 12 
diffraction zero, 163 
spherical charge distribution, 12, 13 
dimensional regularization, 133n 
Dirac equation, 4, 46, 57, 143, 172, 325 
Dirac hamiltonian, 47, 50 
Dirac matrices, 46 
electromagnetic current, 48 
magnetic moment, 220 
modal matrix, 48 
plane wave solutions, 48, 150, 306, 
325, 326 
point-like particles, 102 
polarization, 306-309 
helicity projection, 307 
spin projection, 307 
projection operators, 49, 57, 120 
propagator, 192 
with electromagnetic field, 47, 50 
with fields [do(r), Vo(r)], 176 
angular momentum, 176 
form of solution, 178 
M.LT. bag, 213 

Dirac field, 50 

Dirac hole theory, 49, 234n 

dispersion corrections, 133n 

dispersion matching, 275 

distance scale, 15 

Division of Nuclear Physics (DNP), 5 

Doppler shift, 20, 201 

duty factor, 267 


effective field theory, 7, 182, 233 


for QCD, 233 
chiral symmetry, 233 
lagrangian, 233 
n-r scattering, 233 
pion field, 233 
lagrangians, 191, 233 


elastic scattering, 20, 65, 184-196 


Ot target, 65 

1/2" target, 66 

from 48Ca(e,e), 15 

from jH(e,e), 164, 165, 276 

from 3He(e, e), 164, 165, 194, 276 
from 33Nb(e,e), 71 

from '.O(e,e), 179 

(see also form factors, nucleon) 


electromagnetic current, 14, 123, 229, 


310 

charge density operator, 198, 297 

commutator, 99 

conservation, 57, 58, 62, 65, 80, 89, 
98, 121, 132, 143, 174, 180n, 193, 
206, 259, 292, 321, 325 

convection current, 17, 37, 39, 298 

Dirac current, 48 

hermiticity, 70n, 72n, 310 

intrinsic magnetization, 17, 37, 38, 
72, 166, 294, 298 

local density operators, 32, 97, 156 

localized densities, 33, 37, 45, 69, 
152 

transition densities, 20, 24 

(see also one-body, densities; 
standard model) 


electromagnetic field, 31 


field tensor, 26 


electron—positron annihilation, 189 
electron scattering, 3, 14, 19 (see also 


individual topics) 


electroweak interactions, 117, 234 


electroweak bosons, 7, 117 
boson exchange, 123 

electroweak currents, 224 

standard model, 17—18, 117, 118, 
234-249 

unitary gauge, 118 
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(see also standard model, weak 
neutral current) 
EMC effect, 96, 110 
emittance, 267 
energy conservation, 44, 64, 106, 199, 
320 
energy resolution, 143, 267, 275, 276 
energy transfer, 96, 198 
y production, 285 
Euler angles, 44 
Euler-Lagrange equations, 171, 228 
evolution equations, 96n, 278n, 279, 
302, 338 
momentum fraction, 305 
resolution, 305 
splitting function, 305 
exchange currents, 6, 153, 191, 193 
and °H(e, e’)PMthresh; 195 
and 3He(e,e), 194 
pion-exchange current, 192-195 


Faddeev equations, 195 
Fermi constant, 18, 243, 249 
Fermi distribution, 206 
Fermi gas, 197, 198, 211 
Coulomb response, 200 
Fermi momentum, 172 
Fermi motion, 20 
Fermi sphere, 200, 208, 211n, 212 
Fermi wave number, 197 
Pauli correlations, 210 
relativistic, 206 
with hard-core interactions, 211 
Fermi’s Golden Rule (see Golden 
Rule) 
Feynman diagrams, 53, 131, 142, 190, 
192, 258, 324 
Feynman parameterization, 133n 
Feynman rules, 192, 324 
for QCD, 229, 337 
for QED, 53, 131, 142 
for standard model, 118 
final-state enhancement, 258 
fine-structure constant, 14, 26, 56 
first quantization, 38, 149 
flavor (see quarks) 


form factors, 20, 140 

nucleon, 67, 153, 153n, 174, 190, 
252, 253, 258, 261, 280 
dipole form factor, 187 
Sachs form factors, 174n, 187, 
252 

(see also nucleon, spectral 
representation) 

Fourier transform, 12, 14, 24, 25, 53, 
99, 133, 152, 163, 187, 189, 204, 
210, 297, 300, 336 

partial, 187 
four-momentum, 18, 19, 24, 52, 78, 
104, 321 
conservation of, 78 
transfer 27, 27n, 77, 96, 150, 189, 
257, 325 
Fraunhofer diffraction, 10 


gamma matrices, 47, 56 
Ys, 306 
traces, 50, 112, 120, 308 
gauge 
Coulomb, 31, 32, 132, 132n 
Landau, 230 
Lorentz, 52n 
unitary, 239 
gauge invariance, 143 
(see also current conservation) 
Gauss’ theorem, 37 
Gell-Mann matrices [see SU(3)] 
Gell-Mann-—Nishijima relation, 236 
giant resonances, 20, 254 
dipole, 92 
GIM identity, 245, 246 
gluons, 7, 213, 220, 226, 273n, 288 
field tensor, 226 
(see also one-gluon exchange, 
quantum chromodynamics 
(QCD)) 
Golden Rule, 33, 44 
cross section, 55, 61 
unpolarized electrons, 56 
unpolarized and unobserved 
targets, 44, 56, 61, 91, 112 
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hadrons, 6, 224 
hadronization, 25 
hamiltonian, 31 
interaction with radiation, 37 
QED, 31 
Hamilton’s principle, 228 
harmonic oscillator, 157, 163, 165, 
214n, 221, 255, 299 (see also shell 
model, C-M motion) 
Hartree approximation, 172 (see also 
relativistic Hartree theory) 
Hartree-Fock states, 153 
calculations, 187 
Heaviside—Lorentz (rationalized c.g.s.) 
units, 26 
Heisenberg equations of motion, 57, 
98 
Heisenberg states, 24, 52, 119 
helicity, 39, 43, 113, 173, 234, 307, 308, 
328 
matrix elements of current, 86 
angular dependence, 89 
photon, 40, 43 
unit vectors, 62, 85 
Helmholtz equation, 37 
HEPL, 92, 174, 184, 208, 211, 274 
Higgs 
field, 241 
mechanism, 239 
(see also standard model) 
Hilbert space, 36, 38 
hole states, 25, 49, 93, 160, 234n 
Huygens Principle, 10 
hypernucleus, 25, 286 


Illinois betatron, 274 

impulse approximation, 104, 113 

incident flux, 55, 97, 105, 321 

inclusive process, 96n 

infinite momentum frame, 102, 104n, 
110, 114, 337 

infrared divergence (see quantum 
electrodynamics (QED)) 

in-plane configuration, 23 

interaction representation, 52, 61 

interference, 24, 94, 124 


internal targets, 276, 278 
irreducible tensor operators (ITO), 33, 
36, 38, 39, 43, 155 
isospin, 155, 162, 310 
form factor dependence, 66, 190 
isospinors, 150 
isovectors, 249 
isovector transitions, 170 
symmetry, 107, 248, 252, 310 


Jacob—Wick, 42, 87 


kinematics, 23, 63, 96 
Kroll-Ruderman theorem, 193 
Kronecker delta, 31 


laboratory frame, 58, 59, 63, 69, 78, 
81, 82, 86, 102, 115, 122 
lagrangian density, 171 
effective for standard model, 243 
effective for QCD, 233 
free quarks, 225 
pion—nucleon, 190 
pion—photon, 190 
QCD, 227 
QHD, 171 
standard model, 237, 242 
gauge bosons, 237, 241 
leptons, 235 
point nucleons, 236 
quarks, 245 
scalar field, 238, 240, 241 
strong and electroweak, 247 
Laplace’s equation, 293, 294 
lattice gauge theory (LGT), 8, 213, 
231, 233, 262 
Legendre polynomials, 330 
leptons, 234 
fields, 234 
light cone, 100, 333-336 
quark—parton result, 337 
singularities, 335 
bilocal operators, 336 
free field, 335 
scalar field, 335 
variables, 333—336 
Lorentz contraction, 302 
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Lorentz covariance, 65, 79, 99, 110, Mott cross section, 60, 100, 144 
179, 321 effective, 153, 299 
four-vectors, 58, 79, 249, 307 multipole analysis, 17, 31, 68 
axial-vector, 249 multipole operators, 37, 38 


scalar invariants 18, 19, 58, 83, 98, 
102, 304, 325, 334 
tensors, 19, 56, 57 
pseudotensors, 58, 113 
Lorentz force, 26 
Lorentz transformation, 23, 55, 56 
laboratory to C-M, 78, 81, 83, 85 
Low equation, 337 
Low reduction, 89 
L-S coupling states, 314 
eigenstates of parity, 315 
luminosity, 270, 278 


magnetic field, 26n, 37, 294, 302 
magnetic interaction, 17 
magnetization (see electromagnetic 
current, shell model) 
in nucleon, 186 
Mainz Laboratory, 3, 274 
MAMI accelerator, 276 
MAMI spectrometers, 276 
many-body problem (see nuclear 
many-body problem) 
mass renormalization (see quantum 
electrodynamics (QED)) 
Maxwell’s equations, 26, 52, 139, 294 
meson exchange, 6 
mesons, 224 
microscopic causality, 335 
missing momentum, 93n, 180 
M.LT. bag, 213, 218, 255 
Møller potential, 173, 325 
effective, 173 
momentum conservation, 97, 320 
momentum distribution, 25, 281 
in nuclei, 208 
in nucleons, 18, 107, 110 
momentum sum rule, 105, 108 
momentum transfer, 9, 14-15, 25, 70, 
81, 96n, 257, 334 
three-momentum, 20n, 70, 81 
(see also four-momentum) 


charge (Coulomb) multipoles, 70, 
293, 327 

long-wavelength reduction, 45, 
167n, 290-295 

magnetic dipole moment, 292 

parity, 45 

quadrupole moment, 293 

static, 292 

symmetry properties of matrix 
elements, 310-313 

time reversal, 310, 312 

transverse electric and magnetic, 37, 
38, 70, 290 
real photons, 290 


muons, 116 


mu-mesic x-rays, 184 


NIKHEF, 3, 93, 274 
non-relativistic quark model of 


nucleon, 214, 257, 281, 284, 288 
baryons, 217 
supermultiplet, 218 
electric charge, 219 
ground-state matrix elements, 218 
form factor, 223 
isoscalar, 219 
isovector, 219 
magnetic moment, 220 
transverse magnetic dipole, 220 
transition matrix elements 
higher excitations, 223 
isovector, 222 
magnetic dipole to A (1232), 221, 
223 
wave functions 
color, 214, 215, 218 
isospin, 215 
space, 215 
space—spin—isospin, 215, 217 
spin, 216 
spin—isospin, 215, 216, 217 
(see also constituent quarks) 
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normal-ordered, 162n 
nuclear many-body problem, 154, 288 
creation and destruction operators, 
154, 155 
many-body matrix elements, 153 
cross sections and rates, 157 
exact eigenstates, 154 
principal result, 156 
sum of s.-p. matrix elements, 156 
many-body multipole operators, 
154 
isospin structure, 154, 156 
(see also one-body, relativistic 
many-body problem, shell model) 
nuclear matter, 172, 205n, 206, 210 
Bruekner theory, 187 
density, 184 
saturation, 173 
Nuclear Science Advisory Committee 
(NSAC), 5 
nuclear state vectors, 42 
invariant norm, 79, 99 
rotation of, 42 
nucleon 
anomalous magnetic moment, 150, 
190 
form factors, 67, 153, 153n, 190, 
252, 253, 258, 261 
magnetic moment, 150, 170, 220, 
292 
matrix elements 
electromagetic current, 150, 251 
weak neutral current, 251 
relativistic electromagnetic vertex, 
150, 206 
(see also non-relativistic quark 
model of nucleon) 
nucleon emission, 20, 73n 
protons, 92 
nucleon resonances, 20 
A33(1232), 20, 206, 255, 256 
E,, amplitude, 254, 284 
excitation of, 74, 221, 223, 254-262 
N(e, e’)A(1232), 257, 258 
analytic properties, 258, 259, 260 
Feynman amplitude, 258, 260 


final-state enhancement, 258 

multipole amplitudes, 258 

pole terms, 261 

threshold behavior, 259 
S11(1535), 285 (see also 

non-relativistic quark model of 

nucleon) 


Omnès equation, 259 
one-body 
current densities, 149, 152, 154, 156 
densities to O(1/m), 152 
nucleon form factors, 153, 153n, 
191 
matrix elements, 155 
Donnelly—Haxton tables, 157, 
158, 167 
multipole operators, 158 
isospin dependence, 156, 158 
reduced matrix elements, 157 
one-gluon exchange, 213, 223, 256, 
284 
one-pion exchange potential, 193 
operator product expansion, 336 
optics, 9-13 
optical pathlength, 10 


pair production, 50 
parity, 45, 88, 88n, 91, 114, 121, 189 
conservation of, 112, 315 
pseudoscalar, 113 
parity violation, 4, 17, 18, 112, 117, 
250-253, 286 
parity violation asymmetry in (é,e’), 
120, 122, 250 
for '2C(é,e), 125, 286 
for N(é,e)N, 251, 288 
for ?H(è, e’) in DIS, 250 
for SHe(é,e), 288 
(OT) target, 124 
(07,0) target, 124, 126 
(see also quark parton model) 
particle-hole transitions, 73 
and !2C(e,e’), 167 
and 73Mg(e,e’), 73 
(see also shell model) 
particle production, 57, 78n, 254 
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partons, 102 
Pauli Exclusion Principle, 49 
Pauli matrices, 66, 149, 225, 326 
Pauli spinors, 326 
Pauli-Villars regulator, 135, 136 
periodic boundary conditions, 14n, 31 
continuum limit, 53, 54, 64 
large box, 14n, 31, 50, 54, 61, 97, 
173, 198, 297 
number of states, 55 
perturbation theory, 131, 213, 233 
time-dependent, 52 
phase space integral, 83 
photoabsorption, 75, 302 (see also 
S-matrix, cross section) 
photon emission, 37 
transition matrix element, 43 
transition rate, 40, 44, 45 
photon exchange, 14, 77, 123 
virtual photon, 15, 23, 24, 89, 140, 
189 
photon propagator, 132, 303 
Coulomb propagator, 132n 
transverse photon exchange, 132n 
(see also quantum electrodynamics 
(QED)) 
pion electroproduction, 20, 86, 222, 
284, 324-332 
angular distribution in C-M system, 
316, 329 
isospin, 331 
N(e, e’ 2)N, 324 
angular correlation coefficients, 
329 
expansion in invariants, 325, 326 
L-S basis, 328 
multipole amplitudes, 328-330 
S-matrix, 324 
states of definite parity, 329 
and photoproduction, 324, 326, 330 
through A(1232), 318 
plane wave, 35 
polarization sum 
covariant, 62, 303 
massive vector meson, 144 


polarized electrons, 15, 86, 106n, 112, 
117, 267, 276, 277, 306-309 
and polarized nucleons, 18, 22, 112, 
277, 308 
scattering asymmetry, 114 
and polarized nucleus, 86 
(see also parity violation) 
polarization of outgoing proton, 182, 
308 
polarization transfer, 25, 280, 309 
positron, 49 


quantized radiation field, 31, 60 
quantum chromodynamics (QCD), 
4-5, 18, 32, 96n, 125, 182, 191, 
213, 224-233, 254, 257, 262, 281, 
284, 286, 288 
asymptotic freedom, 231, 233, 255, 
337 
color current, 229 
confinement, 231, 255 
conserved currents, 228 
electromagnetic current, 229 
equations of motion, 228 
Feynman rules, 229 
flavor, 224, 232 
ghost loops, 231 
lagrangian, 227 
local gauge transformation, 227 
nuclear domain, 233 
perturbation theory, 233, 279 
renormalized charge, 232 
and standard model, 247 
vacuum, 232n 
(see also color, lattice gauge theory 
(LGT), quarks, S U(3)) 
quantum electrodynamics (QED), 4, 
14, 31, 131-145, 302 
charge renormalization, 136, 140 
bare charge, 136 
renormalized charge, 136, 231 
divergences 
infrared, 138, 140, 144, 145 
ultraviolet, 138, 140, 145 
Feynman rules for S-matrix, 131 
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quantum electrodynamics (QED) 
(continued) 
closed fermion loop, 132 
electron propagator, 131 
external particles, 132 
photon propagator, 132 
vertex, 131 
mass renormalization, 133, 135 
mass counterterm, 133, 135 
radiative corrections 
electron self-energy, 134 
S-matrix with, 139, 140 
vacuum polarization, 133, 135, 
136, 137, 139n, 231 
vertex, 137, 138, 140 
Ward’s identity, 139 ‘ 
wave function renormalization, 139 
quantum hadrodynamics (QHD), 6, 
75, 171, 182, 205n, 257, 288 
(see also relativistic Hartree theory, 
relativistic many-body problem) 
quark model, 213 
(see also M.LT. bag, non-relativistic 
quark model of nucleon, 
quark—parton model) 
quark—parton model, 96, 100, 112, 
113, 115, 336 
parity-violating asymmetry, 126, 
250 
spin structure functions, 115 
structure functions, 107 
quark—parton substructure, 3, 224, 277 
quarks, 7, 22, 25, 100, 104, 107, 113, 
191, 224, 269, 273n, 279, 288 
color, 214-215, 224, 247 
extended domain, 126, 249, 252, 287 
field, 214, 224, 247 
isodoublet, 248 
flavor, 224, 232, 247 
quantum numbers, 213 
helicity distribution, 114 
momentum distribution, 18, 107, 
110 
nuclear domain, 108, 125, 214, 233, 
247, 248, 251, 252, 286 
sea, 108 


valence, 108, 251 

weak neutral charges, 126 

(see also non-relativistic quark 
model of nucleon, quark—parton 
model of nucleon, quantum 
chromodynamics (QCD), 
standard model) 

quasielastic scattering, 20, 174, 182, 

186, 197, 211 

in 33Ca(e,e’), 208, 209, 211n 

in 3He(e, e’), }H(e,e’), 210, 276 

in 795 Pb(e,e’), 208 

quasielastic peak, 20, 176, 200, 211n 

relativistic, 319-323 


radiative corrections, 20n, 133 
(see also quantum electrodynamics 
(QED)) 
radioactive targets, 276n 
reaction notation, 25n 
reaction plane, 23, 86 
relativistic Hartree theory, 176, 182, 
208n 
and '6O(e,e’ p)!3 Nes, 180 
and '{O(e,e), 179 
charge density in 4}Ca, 187 
charge density in '$O, 179 
charge density in 79§Pb, 179, 187 
computer program for, 179 
Coulomb field, 179 
Dirac equation, 178 
radial wavefunctions, 179 
wave functions, 180 
meson field equations, 178 
neutral p field bo(r), 179 
isovector baryon density, 179 
parameters, 179 
(see also relativistic many-body 
problem) 
relativistic many-body problem, 171 
baryons 
conserved baryon current, 172 
Dirac equation, 172 
field, 171 
scalar density, 172 
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Dirac optical potential, 179, 180, Rosenbluth 
182 cross section, 66, 319 
effective electromagnetic current, plot, 72 
173, 174n, 180 separation, 123 
mean field theory (RMFT), 171, rotation matrices, 33, 42, 44, 89, 90, 
172, 173, 182, 187, 205n, 206, 208, 328 
209 rotation operator, 33, 40 
baryon field, 173 rotation of state vectors, 40 


ground state, 172 
meson fields, 172 


normalization, 173 Saclay, 3, 15, 194, 209, 274 
nucleon effective mass, 176 SAMPLE. 276 

response functions for (e, e’ N), Saskatchewan 274 
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scaling, 18, 174n, 272 

(see also Bjorken scaling, y-scaling) 
scattering plane, 23, 80, 86 
Schrödinger equation, 6 
Schrödinger picture, 31, 50, 61 
Schwinger correction, 144, 145 
second quantization, 38n, 151, 154, 


self-consistency, 176 

relativistic impulse approximation 
(RIA), 179, 182 

scalar and vector fields, 171 
field equations, 174 

scalar mass, 176 


spin-orbit interaction, 179, 182 198. 236n 
Thomas—Fermi theory, 174 Sac rules. 33 
and Cale, E 174 angular momentum, 43, 70, 160, 165 
and *33Pb(e, e’), 174 isospin, 160 
(see also relativistic Hartree theory) parity, 45, 313 
relativistic quantum field theory, 6, time reversal, 165, 313 
131, 172, 225n shell model, 72, 154, 271, 288, 232 
renormalization group, 231, 302 closed j-shells, 159 
response functions, 18, 19, 86, 319, 320 elastic charge scattering, 162 
angle dependence, 86 from (0*,0) target, 163 
scaling, 107 from '$0, 163 
(see also Coulomb response ground-state density, 163 
functions) elastic magnetic scattering 
response tensors from 3He and 3H, 164 
lepton, 56, 57, 98, 113, 117 from 3}Nb, 166 
pseudotensor, 113, 121 hole—hole transition, 161 
with weak neutral current, 121 intrinsic magnetization, 166 
quark, 106, 126 in 31V, 167 
target, 56, 57, 61, 79, 98, 106, 113, isovector transitions, 170 
117, 302, 303 non-interacting ground state, 159 


discrete state, 64 
general form, 58 
pseudotensor, 113, 121 
with weak neutral current, 121, 
250 
RF, 267, 277 


particle-hole transitions, 160 
in '2C to (1*, 1), 167 
particle-hole operators, 159 
(see also shell model, stretched 
states) 

particle—particle transitions, 159 
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shell model (continued) 
radial wave functions, 157 
harmonic oscillator, 157, 163, 
165 
Woods-Saxon, 163 
stretched states, 169, 170 
in 73Mg to (67,1), 170 
in 7°5Pb to (147), 170 
(see also nuclear many-body 
problem, relativistic many-body 
problem, one-body) 
short-range behavior, 25 
single-particle matrix elements (see 
one-body) 
6-j symbols, 215 
SLAC, 3, 18, 74, 96, 100, 112, 117, 
250, 274, 277 
accelerator, 277 
spectrometers, 277 
Slater determinant, 214 
S-matrix, 14, 17 
for (e,e’), 14, 97, 105 
for (e,e’ X), 24 
for (é,e’), 17, 118, 119, 250 
for N(e,e’ z)N, 324 
for photoabsorption, 61 
with two-body currents, 192 
(see also quantum electrodynamics 
(QED)) 
space-like separation, 335 
spectral representation, 187 
two-pion contribution, 190 
anomalous magnetic moment, 
190 
radius, 190 
weight functions, 189 
Yukawa distributions, 190 
spectrometers, 267—270 
BLAST, 276 
CLAS, 269, 284 
8 GeV, 277 
ELSSY, 275 
HMS, 268 
HRS, 270 
OOPS, 276 
SOS, 268 
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spectroscopic factor, 182 
spherical harmonics, 91n, 310 
spherical unit vectors, 35, 69 
spin-orbit interaction, 179, 182 
spin spherical harmonics, 177 
spin structure functions, 18, 22, 115, 
116, 278 
spontaneous symmetry breaking, 238 
standard model, 234-249, 287, 289 
covariant derivative, 237 
currents 
charge-changing, 246 
electromagnetic, 246 
electroweak, 247, 248 
hadronic, 243 
leptonic, 243 
weak neutral, 245, 246 
fermion mass, 244 
coupling to Higgs, 244 
gauge bosons, 236 
mass, 237 
physical fields, 240 
leptons, 234, 235, 243 
and gauge bosons, 237, 242 
mass, 235 
neutrinos, 235n 
point nucleons, 236, 243 
and gauge bosons, 237, 243 
quarks, 244, 245 
and gauge bosons, 246 
(see also quarks) 
scalar field, 238, 240, 241 
vacuum expectation value, 238 
(see also Higgs) 
spinor field decomposition, 234 
unitary gauge, 239 
particle content, 242 
weak angle, 241 
weak hypercharge, 236 
weak isospin, 235 
weak quantum numbers, 236 
stationary state solutions, 172, 178 
(see also Dirac equation) 
strangeness, 25, 269 
associated production, 25, 269 
current, 126, 288 
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strangeness (continued) 
form factors, 253 
(see also hypernucleus) 
sum rules (see Coulomb sum rule, 
momentum sum rule) 
superconducting, 267 
superconducting accelerator (SCA), 
92, 211, 274 
superfluid, 267 
supermultiplets, 218, 224 
SU(2), 235 
(see also angular momentum) 
SU(3) 
fundamental representation, 226 
Gell-Mann matrices, 225 
Lie algebra, 225 
structure constants, 225 
symmetrizing operator, 216 


target recoil, 45, 71, 298 
tensor product, 38, 156 
Thomas—Fermi theory (see relativistic 
many-body problem) 
3-j symbols, 311, 312 (see also 
Clebsch—Gordan coefficients) 
time dilation, 102 
time-ordered product, 337 
time-reversal 
invariance, 72, 165 
operator, 312 
(see also multipole operators, 
selection rules) 
TJNAF, 3, 256, 255, 257, 265-273, 
274, 280 (see also CEBAF) 
T-matrix, 61, 88, 141 
and cross section, 141, 143 
Tohuko, 274 
traces (see gamma matrices) 
transition form factors, 65 
for 0+ > 1+, 68 
two-body correlations (see Coulomb 
sum rule) 
and coincidence reactions, 283 
two-body currents (see exchange 
currents) 


ultraviolet divergence (see quantum 
electrodynamics (QED)) 

units, 26-27, 51 

unpolarized target, 40 (see also 
Golden Rule) 


vacuum, 26, 49, 238, 255 
vacuum polarization (see quantum 
electrodynamics (QED)) 
strong, 108, 209, 232 
vector mesons 
form factors with p and œ, 191 
(see also quantum hydrodynamics 
(QHD)) 
vector potential, 27 
external, 52, 133 
quantized radiation field, 31 
transverse, 39 
vector spherical harmonics, 35, 38, 310 
virtual Compton scattering, 91n, 99, 
337 
virtual photon (see photon exchange) 


Ward’s identity, 139 
Watson’s theorem, 259, 332 
wavelength, 10, 18 
weak neutral current, 17—18, 117, 121, 
123, 124n, 287, 289 
axial vector, 18, 121, 123 
hermiticity, 251n 
lepton matrix elements, 119, 123 
nucleon matrix elements, 119 
vector, 18, 121, 123 
weak neutral charges, 126, 250 
Weizsacker—Williams approximation, 
302-305 
Wigner—Eckart theorem, 33, 39, 43, 
44, 66, 70, 88, 155, 157, 160, 161, 
189n, 222, 249, 311, 312, 314 
reduced matrix elements, 40, 160 
double reduced, 155n, 157, 311 
Wigner’s supermultiplet theory, 218n 


Yang-Mills theory 7, 8, 225, 226, 236 
y-scaling, 206, 323 
Yukawa interaction, 227, 244 


